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1. INTRODUCTION

Oneapproachto theverificationof distributedsystemsis basedon anexhaustivestatespaceexploration.This
approachsuffers from the well-known state-explosionproblem. Much researchis devotedto algorithmsthat
generatea reduced,but essentiallyequivalent,statespace.In thispaper, wepresentanew reductionalgorithm.
Thefocusis onτ-confluence,whichprovidesthetheoreticalfoundationof thereductionalgorithm.

Following [Mil89], severalnotionsof τ-confluencehavebeenproposed.All of thesenotionshavein common
that they usediagrampropertiesto identify setsof τ-stepsbetweenequivalentstates.In [GS96], it is defined
what it meansfor thesetof all τ-transitionsto beweaklyconfluent.Theformulationof this propertyrequires
convergenceof τ-transitions.That is, all τ-sequencesmustbefinite. In [Yin00] weakconfluenceis redefined
in sucha way thatconvergenceis no longerneeded.To distinguishthetwo notions,we will referto thenotion
in [GS96] asultraweakconfluence.In [GP00], thenotionof ultraweakconfluenceis extendedto subsetsof τ-
transitions.Sincethisnotiondoesnot referto all τ-transitions,wereferto it asanotionof partialτ-confluence.

A propertyof weaklyconfluentτ-transitionsis thatif thereis aweaklyconfluenttransitionfrom onestateto
anotherthesestatesarebranchingbisimilar [vGW96]. Thus,weakconfluenceinducesanequivalencerelation
on thesetof states.A branchingbisimilar statespacecanbeobtainedby takingthesetof equivalenceclasses
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asnodesandallowing a transitionfrom oneclassto anotherif thereexistsa transitionfrom a nodein thefirst
classto a nodein thesecond.

The reducedtransitionsystemdefinedabove would bedifficult to compute,if onewould have to compute
a wholeequivalenceclass.Fortunately, it canbeproventhat if onechoosesany statein theequivalenceclass
oneonly needsto considerstatesthat arereachableform the chosenstateto computethe transitionsof the
equivalenceclass. However, the setof statesthat mustbe consideredcanstill be large. It would be more
efficient if we would only have to considera singlerepresentative of eachequivalenceclass.For theexisting
notion of strongτ-confluence,it is correct to usea single representative. For weak τ-confluenceit is not.
Unfortunately, strongτ-confluencea very restrictiveproperty. Hence,we introducethenotionof confluentset
of τ-transitions.Thisnew notionof τ-confluenceallows theuseof asinglerepresentative for eachequivalence
classandis muchlessrestrictive thanstrongτ-confluence.

1.1 Relatedwork
Severalpartial order reductionalgorithmsthatpreserve branchingbisimilarity have beenproposedin the lit-
erature[Pel97]. Theseapproachesalsoallow thereductionto a representative subsetof all states.In contrast
with τ-confluence,theseapproachesinvolve somenotion of determinacy. That is, theseapproachesneedto
partitionthesetof τ-stepsandimposesomerestrictionson thepartitions.

The ’Twophase’algorithmdescribedin [NG01], requiresthatat mostonetransitionfrom eachpartition is
possiblein any stateandthat thepartitionsarecompletelyindependent.Givena stateto expandthealgorithm
startsby following transitionsfrom the first partition eventuallyeitherno moretransitionsarepossibleor a
cycle is foundandthealgorithmstopsin theminimalstateonthatcycle. Thealgorithmthenrepeatsthis for the
otherpartitions.Finally all transitionsof theresultingstatearecomputed.Our own algorithmcanbeseenas
anextensionof this algorithmthat replacesthe partitioninganduniquenessconstraintswith the τ-confluence
property.

In [GP00], analgorithmthat first finds the maximalsetof stronglyconfluentτ-stepsin a finite statespace
andthenreducesthestatespacewith respectto thatsetof confluentτ-stepswaspresented.Thisalgorithmwas
alsoimplementedandin somecasesit yieldsremarkablereductions.Themajordrawbackof this approachis
thatthecomparatively hugeintermediatestatespacemustbegenerated.

In this paper, we developa theoryof τ-confluenceandwe describeanalgorithmto computereducedstate
spaces.In [Pol01] it is describedhow confluentsubsetsof τ-transitionscanbefound.Thesamepaperdescribes
atransformationbasedonτ-confluence,whichspeedsupthecomputationof representativesandwhichenables
his detectionalgorithmto find moreconfluenttransitions.

1.2 Overview
In section3 we formally introducethe differentnotionsof τ-confluenceandcomparethem. In section4 we
definereducedtransitionssystemsfor a labeledtransitionsystemwith confluentτ-stepsandshow thattheseare
branchingbisimilar. in section5 weconsidertheunionof setsof confluentτ-transitionsandatransformationof
labeledtransitionsystems,whichpreservesconfluence.In section6 weexplainanalgorithmthatwill compute
thereducedtransitionsystem“on-the-fly”. In section7 we presenta few casestudies.

2. PRELIMINARIES

In this sectionwe fix our notationfor equivalenceclassesandlabeledtransitionsystems.We alsorecall the
definitionof branchingbisimulation[vGW96].

For equivalenceclasses,we usethefollowing notation:

Definition 2.1 Givena setSandanequivalencerelationR ¶ S · S, we define¸
s ¹ S: sº R »½¼ s¾�¹ S ¿ sRs¾wÀ andSº R »#¼ sº R ¿ s ¹ SÀÁµ

Our labeledtransitionsystemsarelabeledwith actionsfrom agivensetAct. We assumethatτ ¹�Â&Ã - .
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Definition 2.2 A labeledtransitionsystemis a triple È SÉLÊ½É s0 Ë , consistingof a set of statesS, transitionsÊÍÌ S · Â&Ã - · Sandaninitial states0 ¹ S.

We write s aÎ Ê t for È sÉ a É t Ë ¹ Ê . We alsohave thefollowing arrow notations:

Definition 2.3

aÎ Ê Ê thetransitive reflexiveclosureof aÎ ÊÏ Ï aÎ Ê Ê thetransitivesymmetricreflexiveclosureof aÎ Ê
aÎ ÊÑÐ thereflexiveclosureof aÎ Ê

a» » Ò » Ó τÎ Ê Ð , if a » τ
aÎ Ê , otherwise

In rewriting theory Ï Ï ÎÊ Ê is known astheconvertibility relationandis oftendenotedwith the » -sign.For use
in diagramsÏ Ï ÎÊ Ê is muchmoreconvenient.Also, using Ï Ï ÎÊ Ê avoid overloading» toomuch.

As notionof equivalencebetweenlabeledtransitionsystems,wewill usebranchingbisimulation:

Definition 2.4 Giventwo transitionsystemsÔ 1 Õ È S1 É Î Ê 1 É sÖ 1×0 Ë andÔ 2 Õ È S2 É Î Ê 2 É sÖ 2×0 Ë . A relationR Ì S1 · S2

is a branchingbisimulationon Ô 1 andÔ 2 if

¸
s1 ¹ S1 É s2 ¹ S2 : s1 Rs2 »�Ò

ØÙÙÙÙÙÙÙÙÚ ÙÙÙÙÙÙÙÙÛ

¸
t1 ¹ S1 : s1

aÎ Ê
1

t1 »FÒ
ØÚ Û a Õ τ Ü t1 Rs2ÝÞ

s¾2 É t2 ¹ S2 : s2
τÎ Ê Ê s¾2 aÎ Ê 2 t2 Ü s1 Rs¾2 Ü t1 Rt2ß

¸
t2 ¹ S2 : s2

aÎ Ê 2 t2 »FÒ
ØÚ Û a Õ τ Ü t2 Rs1ÝÞ

s¾1 É t1 ¹ S1 : s1
τÎ Ê Ê s¾1 aÎ Ê

1
t1 Ü s¾1 Rs2 Ü t1 Rt2

If abranchingbisimulationRon Ô 1 andÔ 2 exists,suchthatsÖ 1×0 RsÖ 2×0 thenwesaythat Ô 1 andÔ 2 arebranching
bisimilar, denotedÔ 1 à b Ô 2

3. PARTIAL τ-CONFLUENCE

In this sectionwegive thevariousτ-confluencedefinitionsandcomparethem.

In [GS96] a notion of weakτ-confluencewasdefined,which wasredefinedin [Yin00]. We will refer to
thesenotionsasultra weakτ-confluenceandweakτ-confluence.Theessentialdifferencebetweenultra weak
τ-confluenceandweak τ-confluenceis the samedifferenceas the differencebetweenweakconfluenceand
confluencein termrewriting. Givenconvergence(termination)of theτ-stepsthenotionsareequivalent,but in
thepresenceof divergent(non-terminating)τ-stepsthey arenot. To expressthis distinction,we usea different
definitionof weakτ-confluencethanthatin [Yin00]. We will show that thetwo definitionsareequal.We will
alsoshow that, just asfor termrewriting, weakτ-confluenceimplies ultra weakτ-confluenceandultra weak
τ-confluenceplustermination(convergence)of labeledτ-stepsimpliesweakτ-confluence.In addition,wewill
definea new notion of τ-confluence,which is essentiallystrongerthanweakconfluence.This new notion is
necessary, becauseweakτ-confluenceis not sufficient to guaranteethecorrectnessof our reductionalgorithm.
We will alsousethenotionof strongτ-confluence,definedin [GS96].

Givena labeledtransitionsystemÈ SÉuÊÍÉ s0 Ë andasubsetof τ-transitionsc ¶ τÎ Ê , wewrite s τcÎ Î Ê t for È sÉ t Ë ¹ c.
For subsetsof τ-transitions,wedefinethefollowing properties:

Definition 3.1 Givena transitionsystemÔ Õ È SÉuÊÍÉ s0 Ë anda subsetof τ-transitionsc, we saythatc is ultra
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weaklyconfluentif thefollowing diagramholds:

τc

a

τc

a

τc

τc

We saythatc is weaklyconfluentif thefollowing diagramholds:

τc

a

τc

a

τc

τc

We saythatc is confluentif thefollowing diagramholds:

τc

a

a

τc

τc

We saythatc is stronglyconfluentif thefollowing diagramsholds:

τc

a a

τc

It wasalreadymentionedin [GS96] and[Yin00] thatthepropertiesdefinedin thosepapersform ahierarchy.
With theadditionof τ-confluence,we still havea hierarchy. First,we will provetheimplications.Afterwards,
we will explain thedifferencesandgivecounterexamples.

Proposition3.2 Givena transitionsystemÔ Õ È SÉLÊ½É s0 Ë anda subsetof τ-transitionsc, wehave that

c is stronglyconfluent »FÒ c is confluent »FÒ c is weaklyconfluent »FÒ c is ultraweaklyconfluent.

Proof. It is easyto provethatthefollowing diagramholdsif c is stronglyconfluent:

τc

a a

τc
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á
1

τc

τc

τcτc

Figure1: TheLTS Ô 1

This diagramis a specialcaseof the diagramfor confluence,which is a specialcaseof thediagramof weak
confluence,which is a specialcaseof thediagramof ultraweakconfluence. â

We now givesomecounterexamplesto show thattheimplicationsareproperimplications.

To compareultra weakconfluenceto weakconfluence,we needto borrow thenotionsweakconfluenceand
confluencefrom termrewriting:

Definition 3.3 Given a setA and relation ÊÍ¶ A · A. The relation Ê is weakly confluentif the following
diagramholds:

Therelation Ê is confluentif thefollowing diagramholds:

Ultra weakconfluenceimpliesthat τcÎ Î Ê is weaklyconfluent.Weakconfluenceimpliesthat τcÎ Î Ê is confluent.It
is well-knownthatweakconfluencedoesnotimply confluence.LTS Ô 1 in Fig. 1 is anexampleof anLTS,which
is ultraweaklyconfluent,but not weaklyconfluent.It wasconstructedfrom theclassicalcounterexample,that
shows thatweakconfluencedoesnot imply confluence,by taggingoneof thestatesin thetransitionsystemas
theinitial state.

The well-known “Newman’s lemma” statesthat terminationplus weakconfluenceimplies confluence.A
similarpropertyholdshere:

Proposition3.4 Givena transitionsystemÔ Õ È SÉLÊ½É s0 Ë anda subsetof τ-transitionsc, we have that if c is
ultraweaklyconfluentand τcÎ Î Ê is convergent(terminating)thenc is weaklyconfluent.

Proof. Givens1 É s2 É s3 ¹ S, suchthats1
aÎ Ê s2 Ü s1

τcÎ Î Ê Ê s3. Wecannow constructthreefinite sequencesthatsatisfy
theconditionsi

1
a» » Ò si

2 Ü si
1

τcÎ Î Ê Ê si
3 asfollows: Let s0

1 » s1, s0
2 » s2 ands0

3 » s3.
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If si
1 » si

3 thenthesequenceends.Otherwise,wecanfind si ã 1
1 , si ã 1

2 andsi ã 1
3 suchthat

si
1

τc

a

τc

τc
si
3

τc

si ã 1
1

a

τc
si ã 1
3

si ã 1
2

τc

si
2 τc

The left sub-diagramexists due to ultra weak confluence. The right sub-diagramexists due to ultra weak
confluenceandNewman’s lemma.Terminationof this constructionfollows from thefactthatgivenaninfinite
sequence,wewould haveaninfinite τc sequence:

s0
1

τcÎ Î Ê τcÎ Î Ê Ê s1
1

τcÎ Î Ê τcÎ Î Ê Ê s2
1

τcÎ Î ÊåäPäTä
Suchaninfinite sequencecontradictstheconvergenceassumption.Hence,thesequenceis finite. Let n bethe
lengthof thesequencesthenwe have

s0
1

τc

a

s0
3

τc

sn
3

a

s0
2 τc

sn
2

Weakconfluenceof c followseasilyfrom this diagram. â
This propositionexplainswhy ultra weakconfluenceworks in a settingwith convergentτ-stepsandwhy

weakconfluencehasto beusedin thegeneralcase.

The key differencebetweenweakconfluenceandconfluenceis this: if in a certainstatean a-transitionis
possiblethenaftera confluentτ-transitionsomea-transitionis possible.After a weaklyconfluentτ-transition
the a-transitionneednot be possibleuntil someother weakly confluentτ-transitionhave beentaken. This
explainswhy thetransitionsystemÔ 2 in Fig. 2 is weaklyconfluent,but not confluent.

In Fig. 3 we havedrawn a transitionsystemÔ 3, which is confluent,but not stronglyconfluent.
Thiscompletesthecounterexamples.We continuewith a few elementaryproperties.

Our definition of weakτ-confluenceis not identicalto the definition in [Yin00]. In termsof diagramsthe
differenceis thatwe usemultiplestepsin thetop of thediagramanda singlestep,whereasYing usesmultiple
stepson the left anda singlestepat thetop. Thefollowing propositionstatesthatour definition is equivalent
to thatof Ying:

Proposition3.5 Given a transitionsystemÔ Õ È SÉuÊÍÉ s0 Ë anda subsetof τ-transitionsc, we have that c is
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a b

á
2

τc

τc

Figure2: TheLTS Ô 2

á
3

τc

a a

τc

Figure3: TheLTS Ô 3

weaklyconfluentif f thefollowing diagramholds:

τc

τc τc

a a

τc τc

τc

Proof. Simpleinductive tiling argument. â
A subsetof τ-stepsis confluentif it formsa confluentabstractreductionsystemandif in everystateit holds

that if an action is possiblebeforea confluentτ-stepit is still possibleafter that stepandthe resultsof the
actionsbeforeandafterconvertibleusingconfluentτ-steps:

Proposition3.6 Given a transitionsystemÔ Õ È SÉuÊÍÉ s0 Ë anda subsetof τ-transitionsc, we have that c is
confluentif f thefollowing two diagramshold:

τc

τc τc

τc

τc

a a

τc

Proof. Trivial. â
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4. STATE SPACE REDUCTION

In this section,we defineseveralnotionsof reducedstatespaceandshow thatundertheright conditionsthese
reducedstatestatespacesarebranchingbisimilar to their originals.

Definition 4.1 Given a transitionsystemÔ Õ È SÉLÊ½É s0 Ë and an equivalencerelation R on S, we definethe
transitionsystemÔ º R as È Sº R É Î Î ÊR É s0 º R Ë , whereC1

aÎ Î ÊR C2 if
Þ
s1 ¹ C1 É s2 ¹ C2 : s1

aÎ Ê s2.

Theconversion Ï Ï τcÎ Î Ê Ê is anequivalencerelationandgiventhat thesubsetis weaklyconfluentwe have that
thetransitionsystemmodulo Ï Ï τcÎ Î Ê Ê is branchingbisimilar to theoriginal transitionsystem.

Theorem4.2 Givena transitionsystemÔ Õ È SÉLÊ½É s0 Ë with aweaklyconfluentsubsetof τ-stepslabeledc, we
have that

Ô à b Ô@ºTæ æ τcç ç è è µ
Proof. First,weshow thattherelationR »#¼ È sÉ sº æ æ τcç ç è è Ë ¿ s ¹ SÀ is a branchingbisimulationfor Ô andÔ@º æ æ τcç ç è è .

GivensRsºTæ æ τcç ç è è , we have to considerthefollowing cases:

[s τcÎ Î Ê s¾ ] We have thats¾ Rs¾ ºTæ æ τcç ç è è Õ sº0æ æ τcç ç è è .

[s aÎ Ê s¾ for a é» τc] We havethatsºTæ æ τcç ç è è aÎ Ê s¾ ºTæ æ τcç ç è è andthats¾ Rs¾ º0æ æ τcç ç è è .

[sºTæ æ τcç ç è è aÎ Ê C] For somes¾ ¹ sºTæ æ τcç ç è è we have thats¾ aÎ Ê t ¾ ¹ C. By definitionwe have thats Ï Ï τcÎ Î Ê Ê s¾ . Becauseof
weakconfluencewehave thefollowing diagram:

s
τc

τc

s¾
aτc

τc

t ¾
τc

u

a

u¾
τc

We mustnow distinguishtwo casesfor u
aÒ u¾ :

a Õ τ andu Õ u¾ Becausewe havethats Ï Ï τcÎ Î Ê Ê t ¾ , we alsohave thatt ¾ Rt ¾ º0æ æ τcç ç è è Õ sºTæ æ τcç ç è è .

u aÎ Ê u¾ We have thats τcÎ Î Ê Ê u aÎ Ê u¾ , u Rsº0æ æ τcç ç è è andu¾ Rt ¾ ºTæ æ τcç ç è è .

Thus,wehave thatR is abranchingbisimulation.Becauses0 Rs0 º æ æ τcç ç è è this impliesthat

Ô à b Ô@ºTæ æ τcç ç è è µ
â

Our next methodfor statespacereductionis reductionmoduloa representationmap.A representationmap
choosesa representative in every Ï Ï τcÎ Î Ê Ê equivalenceclass.Theideais thatthetransitionsof therepresentative
arepreciselythetransitionsof thewholeclassin thetransitionsystemmodulo Ï Ï τcÎ Î Ê Ê . To make this ideawork
therepresentationmapcannotyield any element.Givenanequivalenceclasssº æ æ τcç ç è è is mustyield anelement

of theterminalstronglyconnectedcomponentof È sº0æ æ τcç ç è è É τcÎ Î Ê Ë .
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s0
τc

Ð
s1

τc

τc

s2

τc

sn

τc

t0
τc t1

τc t2 tn

Figure4: Constructionin theproof of Prop.4.4

Definition 4.3 Given a transitionsystemÔ Õ È SÉLÊ½É s0 Ë anda subsetof τ-stepsc, a mapφ : È Sº æ æ τcç ç è è Ë Ê S is
calleda representationmapif¸

s ¹ S: s τcÎ Î Ê Ê φ È sºTæ æ τcç ç è è Ë µ
We definethe transitionsystemmoduloφ asÔ@º φ » È Sº0æ æ τcç ç è è É Î Ê φ É s0 ºTæ æ τcç ç è è Ë , whereC1

aÎ Ê φ C2 if a é» τc and
Þ
s2 ¹

C2 : φ È C1 Ë aÎ Ê s2.

To make this reductionpossible,a representationmap must exist. If the LTS is infinite then an infinite
sequenceof confluentτ stepsmayprohibit theexistenceof a representationmap.However, for theinteresting
casesof finite transitionsystemstheexistenceis guaranteed:

Proposition4.4 Givena transitionsystemÔ Õ È SÉLÊ½É s0 Ë andasubsetof τ-stepsc. If τcÎ Î Ê is confluentandS is
finite thena representationmapexists.

Proof. Define

TSCC È sË »Ñë sìEí sî	ï ï τcð ð�ð ñ ñ ¼ s¾ ¾�¹ S ¿ s¾ τcÎ Î Ê Ê s¾ ¾ Àòµ
Any mapφ : È Sº0æ æ τcç ç è è Ë Ê S, suchthat for all s ¹ Sφ È sºTæ æ τcç ç è è Ë ¹ TSCC È sË , is a representationmap. If for all s ¹ S
TSCC È sË is notemptythensucha mapexists.

Givens ¹ S, wehavethatsº0æ æ τcç ç è è is finite, sofor somen wemaywrite sº0æ æ τcç ç è è »Ñ¼ s0 É s1 ÉPäTäPäpÉ sn À . Definet0 » s0.

BecauseτcÎ Î Ê is confluentthereexist ti suchthatsi
τcÎ Î Ê Ê ti andti ç 1

τcÎ Î Ê Ê ti . Weknow thattn ¹ TSCC È sË , soTSCC È sË
is non-empty. (SeeFig. 4.) â

Although this reductionis very similar to reductionmoduloconfluentτ-stepstherearedifferences.Most
importantly, we needconfluencefor thestatespacemoduloa representationmapto bebranchingbisimilar to
theoriginalstatespace.For example,in Figure5 wehavedrawn theresultsof takingstatespaceÔ 2 from Figure
2 moduloconfluentτ-stepsandmoduloeachof thetwo possiblerepresentationmaps.Thestatespacemodulo
confluentτ-stepsis branchingbisimilar to Ô 2, but theothertwo arenot.

Evenif thestatespacemoduloa representationmapis branchingbisimilar to theoriginal statespaceit need
notbeidenticalto thestatespacemoduloconfluentτ-steps.For example,in Figure6 wehavedrawnatransition
systemandtwo of its reductions.In thetransitionsystemwe have indicatedtherepresentativesasopencircle
andotherstatesasfilled circles. We have indicatedthenon-trivial equivalenceclasswith a dashedloop. The
first reductionis modulothe representationmap. Thesecondreductionis moduloconfluence.Notehow this
reductionintroducesa new loopat thetop state.Thetwo reductionsdiffer only by thatloop.

Also, the resultdependson thechoiceof representationmap. For example,in Figure7 we have drawn the
samegraphwith differentrepresentationmaps.

Theorem4.5 Givena transitionsystemÔ Õ È SÉLÊ½É s0 Ë with a confluentsubsetof τ-stepslabeledc anda rep-
resentationmapφ, wehave that

Ô à b Ô@º φ µ
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a

á
2 ó φa

a

á
2 óSô ô τcõ�õ ö ö

b

á
2 ó φb

b

Figure5: Threereductionsof Ô 2.

τ

τ

τ
τ

τcτc

a

a

a

a a

a

á
4 ó ô ô τcõ�õ ö öá

4 ó φá
4

Figure6: A comparisonof transitionsystemsmodulo.

á
5 ó φ1

τ

τc

á
5 ÷ φ2 ø

τ

τc

á
5 ÷ φ1 ø

τ
τc τc

τcτc

á
5 ó φ2

Figure7: Differencesdueto choiceof representatives.
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Proof. We will show thattherelationR »½¼ È x É xº0æ æ τcç ç è è Ë ¿ x ¹ SÀ , is a branchingbisimulationfor Ô andÔ@º φ.
By definitions0 Rs0 ºTæ æ τcç ç è è . GivensRsº0æ æ τcç ç è è , wehave to considerthefollowing cases:

[s τcÎ Î Ê s¾ ] By definitionwehave thats¾ Rs¾ ºTæ æ τcç ç è è Õ sº0æ æ τcç ç è è .

[s aÎ Ê s¾ for a é» τc] We havethefollowing diagram:

s

a

τc φ È sº æ æ τcç ç è è Ë
a

s¾ τc
t

We cannow distinguishtwo cases:û Thestepfrom φ È sº0æ æ τcç ç è è Ë to t is empty. In this casewehave thats¾ Rs¾ º0æ æ τcç ç è è Õ sºTæ æ τcç ç è è .û Thestepfrom φ È sº0æ æ τcç ç è è Ë to t is non-empty. In thiscaseswehavethatsºTæ æ τcç ç è è aÎ Ê t º0æ æ τcç ç è è Õ s¾ º0æ æ τcç ç è è and
s¾ Rs¾ ºTæ æ τcç ç è è .

[sºTæ æ τcç ç è è aÎ Ê C] We havethata τcÎ Î Ê Ê φ È sºTæ æ τcç ç è è Ë , φ È sºTæ æ τcç ç è è Ë Rsº0æ æ τcç ç è è , φ È sºTæ æ τcç ç è è Ë aÎ Ê t andt RC,

Thus,wehave thatR is abranchingbisimulation. â
5. PROPERTIES OF SETS OF CONFLUENT τ-TRANSITIONS

In this section,we prove sometheoremsthat are useful for proving the correctnessof the confelm and
confcheck toolsfor theµCRL toolset.

Theconfcheck tool describedin [Pol01] is usedto labelconfluentsummands.It doessoby checkingeach
τ-summandseparately. In otherwords,givena partitionedsetof τ-transitionsthetool checkswhich partitions
areconfluentandreturnstheunionof theconfluentpartitionsasthesetof confluenttransitions.To prove the
correctnessof thistool it is usefulto know thattheunionof confluentsetsof τ-stepsis aconfluentsetof τ-steps:

Theorem5.1 Givena transitionsystemÔ Õ È SÉLÊ½É s0 Ë andsubsetsof τ-transitionsci , i ¹ I . If for eachi ¹ I the
setci is confluentthen ü i í I ci is confluent.

Proof. Let cI » ü i í Ici . By inductionon thenumberof stepsat thetop of theconfluencediagramwe canprove
thatcI is confluent:

a

τci

a

τcI

a

confluence inductionhypothesis
τcI

of

τci

τcI

τcici claim

τci τcI

Theclaim is alsoprovenusinginductionon thenumberof stepsat thetopof thediagram:

τci

τcj

τci

τcI

τciconfluenceof ci inductionhypothesis

τcj τci τcI
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â
Theconfelm tool is a prototype,which symbolicallyappendssomeconfluentτ-stepsto othersteps.That

is, a systemwith a traces0
aÎ Ê s1

τcÎ Î Ê s2 might betransformedinto a systemwherewe have thetraces0
aÎ Ê s2.

This transformationis quiteuseful.First, therearecaseswhereconfelm hasenabledconfcheck to find more
confluenttransitions.Second,therearecaseswheretheτ-confluencereductioncouldbecomputedsymbolically
with confelm.

The transformationperformedby confelm is a specialcaseof a transformationwherethe destinationof
every arrow, which is not a confluentτ-transition,canbe changedto a τc-convertible state. The following
theoremstatesthatthelattertransformationpreservesτ-confluenceandbranchingbisimilarity.

Theorem5.2 GiventransitionsystemsÔ 1 Õ È SÉ Î Ê 1 É s0 Ë andÔ 2 Õ È SÉ Î Ê 2 É s0 Ë andaconfluentsubsetof τ-transitions
c of Î Ê 1 .

If c is alsoa subsetof τ-transitionsof Î Ê 2 andthefollowing diagramshold

1
a 2

a

τc

2
a 1

a

τc

thenc is a confluentsubsetof τ-transitionsof Î Ê
2

andÔ 1 à b Ô 2.

Proof. First we provethatc is a confluentsubsetof τ-transitionsof Î Ê 2 . By Prop.3.6,we havethat

τc

τc τc

τc

We canomit thesubscripts1 and2 becauseasfarasc stepsareconcernedthereis no difference.
We alsohave

τc

2 a1
a 1 a2 a

τc τc τc

Hence,by Prop.3.6,we havethatc is confluentfor Ô 2.
FromThm.4.2,wecanconcludethatÔ 1 à b Ô 1 ºTæ æ τcç ç è è andÔ 2 à b Ô 2 ºTæ æ τcç ç è è . Fromthegivendiagramsit follows

thatÔ 1 ºTæ æ τcç ç è è Õ Ô 2 ºTæ æ τcç ç è è . Becausebeingbranchingbisimilar is a transitiveproperty, theconclusionis thatÔ 1 à bÔ 2. â
Thepresentationof thetheoryendshere.We now continuewith theapplicationof thetheory.

6. APPLICATION TO STATE SPACE GENERATION

In thissectionweexplainanalgorithmfor statespacegeneration,which is capableof computinga representa-
tion mapandthestatespacemodulothatrepresentationmap“on-the-fly”.
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init A constantwhichdenotestheinitial state.
transitions A functionwhich takesa stateandreturnsthepossibletransitionsfrom thegivenstatein the

form of a setof pairsof labelsandstates.

Table1: StandardtransitionsystemAPI

outInit A procedurethatwritestheinitial stateof thegeneratedstatespace.
outTrans A procedurethattakesa transitionin theform of a from state,a labelanda to state,andoutputs

this transition.

Table2: OutputAPI

A simplemethodfor implementingstatespacegenerationis to implementan API that allows on-the-fly
generationof a transitionsystemandthenusingthat API for a simpletraversalof all reachablestates.(See
Tables1, 2 and3.)

Often the generatedtransitionsystemis reducedwith respectto somenotion of bisimulationimmediately
after its generation.Our new algorithmexploits τ-confluenceto reducethetransitionsystemon-the-fly. More
precisely, our algorithmcomputesa representationmapon-the-flyandgeneratesthe statespacemodulothat
mapratherthanthefull statespace.

The input API and the top-level traversalof the generationalgorithm arequite similar to the simple im-
plementation.(SeeTables4 and5.) The only differenceis that for both the initial stateandthe targetstates
of transitionswe computerepresentatives. In Table 6, we give a detaileddescriptionof the algorithm that
computesrepresentatives. This descriptionusesmutablepartial functions(hashtables)andsimplelists with
constructorsconsandnil andfunctionheadandtail.

Thealgorithmis derivedfrom Tarjan’s algorithmfor finding stronglyconnectedcomponents(see[Tar72]).
Like Tarjan’s algorithm we perform a depthfirst traversalof the confluenttransitiongraph. However, we
terminateassoonaseithera statewith a known representative is found or the terminalstronglyconnected
component(TSCC) is found. In the former casewe return the known representative, in the latter casewe
choosetheentrypoint to theterminalstronglyconnectedcomponentastherepresentative. Therepresentative
of all stateswevisitedis setto theonewe found.

To determinewhichstatesbelongto theTSCC,wenumbereachstateasweenterit to exploreit. Wemaintain
apartialfunction‘low’, which is initially setto thenumberandwhichonbacktrackingfrom astatewill contain
theleastpossiblenumberfor a state,reachableby following sometransitionsin thedepthfirst searchtreeand
at mostoneothertransition.Thefirst time we try to backtrackfrom a statewhosenumberis equalto its ‘low’
value,we know thatwe try to backtrackfrom theentrystateto theTSCC.Backtrackinginformationis keptin

generate()
visited:= ¼ init À
explored:= /0
outInit(init)
while visited é» explored

s := choose(visited� explored)
explored:= exploredü ¼ sÀ
for (a,s’) ¹ transitions(s)

outTrans(s,a,s’)
visited:= visited ü ¼ s’ À

Table3: Standardstatespacegenerationalgorithm
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init A constantwhichdenotestheinitial state.
conftau A functionwhich takesastateandreturnsthesetof statesthatarereachableform thatstatein

oneconfluentτ-step.
transitions A functionwhich takesa stateandreturnsthepossibletransitionsfrom thegivenstatein the

form of a setof pairsof labelsandstates,excludingtheconfluentτ-transitions.

Table4: τ-confluenceawaretransitionsystemAPI

generate()
repr:=undefined
visited:= ¼ representative(init) À
explored:= /0
outInit(representative(init))
while visited é» explored

s := choose(visited� explored)
explored:= exploredü ¼ sÀ
for (a,s’) ¹ transitions(s)

s’ := representative(s’)
outTrans(s,a,s’)
visited:= visited ü ¼ s’ À

Table5: τ-confluenceawarestatespacegenerationalgorithm

a partial function ‘back’. The stackof visited statesthatTarjan’s algorithmmaintains,is not necessaryhere,
becausetheonly informationweneedis membershipof thisstackanduntil thefirst SCCis foundmembership
of thestackis equalto having beenexplored.

Note that the confluenttransitionsarebeinggenerated”on-the-fly”. Also notethat ‘repr’ will containthe
representationmaponcethestatespacegenerationis finished.

7. CASE STUDIES

In thissectionwedescribesomecasestudiesperformedby JacovandePol. Thesecasestudiesareperformedin
thesettingof theµCRL toolset.They useanimplementationof thestatespacegenerationalgorithmdescribed
in theprevioussectionandtheconfluencelabelingalgorithmdescribedin [Pol01].

In table7, we presentthe resultsfor a few instancesof the firewire tree identify protocolanda program
written in theSplicearchitecture.Thetablelists thesizesof theoriginal andreducedstatespaces.The latter
arelistedunder’generated’.Thecolumnsunder’visited’ arelistedto give a fair comparisonof theamountof
work. Thetimeneededto computetheoriginal statespaceis linearin thesize,thetimeneededto computethe
reducedstatespaceis linearin the’visited’ column.

Theresultsfor thetreeidentify protocolshowsthatby usingconfluence,wegainanorderof magnitude.The
resultsfor theSpliceproblemareevenbetter.

Thespliceproblemis describedextensively in [Pol01], sowewill just givea shortdescriptionhere.
Spliceis a distributedshareddataspacearchitecture.A Splicenetwork consistsof a numberof application

processes,thatcoordinatethroughagents.Theagentsarecoupledvia anetwork. Fig. 8 depictsasimpleSplice
network. Theagentsmaintainasetof items(theshareddataspace),whichapplicationscanwrite itemsinto, or
readitemsfrom. Theagentsdistributetheir itemsby asynchronouslysendingmessagesto eachotherover the
network.

Due to the asynchronouscommunicationmechanism,thereis muchnon-determinism:messagesfrom one
agentaresentto otheragentsin any order. Consequently, differentagentscanreceivetwo messagesin different
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representative(v)
if repr(v)definedthenreturnrepr(v)
visited:= /0
number(v):= 0
count:=0
loop

if number(v)=0then
count++
number(v):=count
low(v):=count
next(v):=nil
visited:= visited ü conftau(v)
for s ¹ conftau(v)

if repr(s)definedthen
v := repr(s)
exit loop

next(v):=cons(s,next(v))
number(s):=0

if next(v)=nil then
if number(v)=low(v) thenexit loop
low(back(v)):=min(low(back(v)),low(v))
v:= back(v)

else
u:=head(next(v))
next(v):=tail(next(v))
if number(u)=0then

back(u):=v
v:=u

else
if number(u)� number(v)thenlow(v):=min(low(v),number(u))

endloop
for s ¹ visited

repr(s):=v
returnv

Table6: Findingtherepresentative
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original statespace reducedstatespace

visited generated
system nodes transitions nodes transitions nodes transitions

Splice(2,1) 85362 613482 105 106 9 10
Splice(2,2) � 15µ 106 ��� 15µ 107 157 158 9 10
Splice(4,2) ?? ?? 617 628 25 36
Splice(6,2) ?? ?? 1573 1606 56 89
Firewire(10) 72020 389460 8443 24940 6171 22668
Firewire(12) 446648 2853960 40919 137588 27219 123888
Firewire(14) 2416632 17605592 167609 606970 105122 544483

Table7: Results

orders,evenif they originatefrom thesameagent.After proving confluence,thegenerationalgorithmdetects
thatall thesedifferentordersareequivalent,andreducesthestatespaceasif therewereonly oneglobalset.

Anotherpossiblereductionoccurswhenthe workersreadany messagefrom their agent,andwrite some
computedresult back. Suchtransactionscannotbe representedby super-deterministictransitions,because
a worker canstartwith any messagein the currentsetof its agent. Nevertheless,several suchtransactions
commute,basicallybecauseÈ A ü ¼ a À Ë ü ¼ b À » È A ü ¼ b À Ë ü ¼ a À . Using confluencereduction,only a fixed
transactionorderis explored.

8. CONCLUSION

Wehaveintroducedanew notionof τ-confluence,whichallowsareducedstatespaceto becomputedefficiently
from asymbolicrepresentationof astatespace.Theexpirimentalresultsshow thatthegaincanbeveryuseful.

As a resultof addingτ-confluencebasedtools to the µCRL toolset,we arenow capableof dealingwith
biggerproblems.Thenext stepwill be the developmentof a distributedversionof the statespacegenerator,
which is capableof computingtheredution.

9. ACKNOWLEDGMENTS

Theauthoris gratefulto WanFokkink, JanFrisoGroote,Izak vanLangevelde,andJacovandePol for com-
mentson draftsof thispaper.

REFERENCES

[BP97] M.A. BezemandA. Ponse. Two finite specificationsof a queue. Theoretical ComputerScience,
177(2):487–507,1997.

input worker worker outputApplications

Agents

Network

Figure8: Splicearchitecture



� _�ú�_0ac_0j*¡0_L] 17

[GP00] J.F. GrooteandJ.C.vandePol. Statespacereductionusingpartialτ-confluence.In M. Nielsenand
B. Rovan,editors,Proc.of MFCS2000, LNCS 1893,pages383–393.Springer, 2000.

[GS96] J.F. GrooteandM.P.A. Sellink. Confluencefor processverification. Theoretical ComputerScience,
170:47–81,1996.

[Mil89] R. Milner. CommunicationandConcurrency. PrenticeHall, 1989.

[NG01] R. NalumasuandG. Gopalakrishnan.An efficient partialorderreductionalgorithmwith analterna-
tiveproviso implementation.FormalMethodsin SystemDesign, (to appear),2001.

[Pel97] D.A. Peled. Partial order reduction: Linear andbranchingtemporallogics andprocessalgebras.
In D.A. Peled,V.R. Pratt,andG.J.Holzmann,editors,Partial Order Methodsin Verification, vol-
ume29 of DIMACSSeriesin DiscreteMathematicsandTheoretical ComputerScience, pages233–
258.AmericanMathematicalSociety, July1997.

[Pol01] J.C.van de Pol. A prover for the µCRL toolsetwith applications– Version0.1. TechnicalReport
SEN-R0106,CWI, Amsterdam,2001.

[Tar72] R.E.Tarjan.Depthfirst searchandlineargraphalgorithms.SIAMJournalon Computing, 1(2):146–
160,1972.

[vGW96] R.J.van GlabbeekandW.P. Weijland. Branchingtime andabstractionin bisimulationsemantics.
Journalof theACM, 43(3):555–600,1996.

[Yin00] MingshengYing. Weakconfluenceandτ-inertness.Theoretical ComputerScience, 238:465–475,
2000.


