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ABSTRACT

We extend the theory of partial order methods with a new notion of T-confluence. Based on this new notion
we define a reduced transition system, which is branching bisimilar to the original state space. We show that
the new notion is preserved under various transformations. We present an algorithm which efficiently computes
the reduced transition system from a symbolic representation.
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1. INTRODUCTION

Oneapproactto the verificationof distributedsystemss basedn anexhaustve statespacesxploration. This
approactsuffers from the well-known state-e&plosion problem. Much researchs devotedto algorithmsthat
generatereducedput essentiallyequivalent,statespace In this paperwe presentnew reductionalgorithm.
Thefocusis ont-confluencewhich providesthe theoreticafoundationof the reductionalgorithm.

Following [Mil89], severalnotionsof T-confluencénave beernproposedAll of thesenotionshavein common
thatthey usediagrampropertieso identify setsof t-stepsbetweenequialentstates.In [GS9€q, it is defined
whatit meandor the setof all t-transitionsto be weakly confluent. The formulationof this propertyrequires
corvergenceof T-transitions.Thatis, all T-sequencemustbefinite. In [Yin0O0] weakconfluencds redefined
in suchaway thatcorvergences nolongerneededTo distinguishthe two notions,we will referto thenotion
in [GS94 asultraweakconfluenceln [GP0O(Q, thenotionof ultraweakconfluences extendedo subset®f 1-
transitions.Sincethis notiondoesnotreferto all T-transitionswe referto it asanotionof partialt-confluence.

A propertyof weakly confluentt-transitionss thatif thereis aweakly confluenttransitionfrom onestateto
anotherthesestatesarebranchingbisimilar vGW96]. Thus,weakconfluencenducesanequialencerelation
onthesetof states. A branchingbisimilar statespacecanbe obtainedby takingthe setof equivalenceclasses



asnodesandallowing a transitionfrom oneclassto anotherif thereexistsa transitionfrom a nodein thefirst
classto anodein thesecond.

The reducedransitionsystemdefinedabose would be difficult to compute,if onewould have to compute
awhole equialenceclass.Fortunately it canbe proventhatif onechoosesry statein the equivalenceclass
one only needsto considerstatesthat are reachableform the chosenstateto computethe transitionsof the
equivalenceclass. However, the setof statesthat mustbe considereccanstill be large. It would be more
efficientif we would only have to considera singlerepresentatie of eachequivalenceclass.For the existing
notion of strongt-confluence,it is correctto usea single representatie. For weak 1-confluenceit is not.
Unfortunately strongt-confluencea very restrictive property Hence we introducethe notion of confluentset
of t-transitions.This new notion of t-confluenceallows the useof a singlerepresentatie for eachequivalence
classandis muchlessrestrictive thanstrongt-confluence.

1.1 Relatedwork

Several partial order reductionalgorithmsthat presere branchingbisimilarity have beenproposedn the lit-
erature[Pel97. Theseapproachesalsoallow the reductionto a representatie subsebf all states.In contrast
with 1-confluencetheseapproachefvolve somenotion of determinacy Thatis, theseapproacheseedto
partitionthe setof 1-stepsandimposesomerestrictionson the partitions.

The 'Twophasealgorithmdescribedn [NGO01], requiresthat at mostonetransitionfrom eachpartitionis
possiblein ary stateandthatthe partitionsarecompletelyindependentGiven a stateto expandthe algorithm
startsby following transitionsfrom the first partition eventually either no more transitionsare possibleor a
cycleis foundandthealgorithmstopsin theminimal stateonthatcycle. Thealgorithmthenrepeatghis for the
otherpartitions. Finally all transitionsof the resultingstateare computed.Our own algorithmcanbe seenas
an extensionof this algorithmthat replaceghe partitioninganduniquenesgonstraintswith the t-confluence
property

In [GP0Od, analgorithmthatfirst finds the maximalsetof strongly confluentt-stepsin afinite statespace
andthenreduceshe statespacewith respecto thatsetof confluentt-stepswvaspresentedThis algorithmwas
alsoimplementedandin somecasest yieldsremarkableeductions.The major drawbackof this approachs
thatthe comparatiely hugeintermediatestatespacemustbe generated.

In this paper we developatheoryof T-confluenceandwe describean algorithmto computereducedstate
spaceslin [Pol0]] it is describechow confluentsubset®f T-transitionscanbefound. Thesamepaperdescribes
atransformatiorbasedn t-confluencewhich speedsipthecomputatiorof representatiesandwhichenables
his detectionalgorithmto find moreconfluenttransitions.

1.2 Overviav

In section3 we formally introducethe differentnotionsof t-confluenceand comparethem. In section4 we

definereducedransitionssystemdor alabeledtransitionsystemwith confluentt-stepsandshow thattheseare
branchingoisimilar. in section5 we considettheunionof setsof confluentt-transitionsanda transformatiorof

labeledtransitionsystemswhich preseresconfluenceln section6 we explain analgorithmthatwill compute
thereducedransitionsystent‘on-the-fly”. In section7 we present few casestudies.

2. PRELIMINARIES
In this sectionwe fix our notationfor equivalenceclassesandlabeledtransitionsystems.We alsorecall the
definitionof branchingbisimulation[vGW96).

For equivalenceclasseswe usethefollowing notation:

Definition 2.1 GivenasetSandanequialencerelationR C Sx S, we define
VseS:s/r={s €S| sRs} andS/r={s/r|se S} .

Ourlabeledtransitionsystemsarelabeledwith actionsfrom agivensetAct. We assumehatt e Act.



3. Partial t-confluence 3

Definition 2.2 A labeledtransition systemis a triple (S, —, %), consistingof a setof statesS, transitions
—C Sx Act x Sandaninitial statesy € S.

We write s-3 t for (s,a,t) e—. We alsohave thefollowing arrov notations:

Definition 2.3

By thetransitive reflexive closureof -2
«2 thetransitive symmetricreflexive closureof -2
= thereflexive closureof -2

T = .
a = ifa=1
== = ;
{ 4, otherwise

In rewriting theory«—» is known asthe corvertibility relationandis oftendenotedvith the =-sign. For use
in diagrams«—» is muchmorecornvenient.Also, using«—» avoid overloading= too much.
As notionof equivalencebetweerlabeledtransitionsystemswe will usebranchingbisimulation:

Definition 2.4 Giventwo transitionsystems$; = (S, —l>,sgl)) ands$; = (S, 7,582)). ArelationRC § x S
is a branchingbisimulationon $; and.$; if

( a=1At1 R
theSl:sl—i‘Hl = \
3%,t2€$2152i)>%—g)t2/\81R%/\t1Rt2
Vs1€§,2eS:51Rp = < A
a=T1AtRs
VtzeSZ:SQ—gnz = \
L 3§1,t1€Sg_ZS]_l»S’1—i)t1/\SIlR82/\t1Rt2

If abranchingbisimulationRon $; and.s; exists,suchthatsél) Rséz) thenwe saythat$; and.$; arebranching
bisimilar, denotedS; ©, $2

3. PARTIAL T-CONFLUENCE
In this sectionwe give the varioust-confluencedefinitionsandcomparehem.

In [GS94 a notion of weakt-confluencewas defined,which wasredefinedin [Yin0Q]. We will referto
thesenotionsasultra weakt-confluenceandweakt-confluence The essentiatlifferencebetweerultra weak
1-confluenceand weak t-confluenceis the samedifferenceas the differencebetweenweak confluenceand
confluencen termrewriting. Givencorvergencegtermination)of the t-stepsthe notionsareequialent,but in
the presencef divergent(non-terminatingX-stepsthey arenot. To expressthis distinction,we usea different
definition of weakTt-confluencehanthatin [Yin0Q]. We will show thatthetwo definitionsareequal. We will
alsoshaw that, just asfor termrewriting, weakt-confluencamplies ultra weakt-confluenceandultra weak
T-confluenceplustermination(corvergencepf labeledt-stepampliesweakt-confluenceln addition,we will
definea new notion of T-confluencewhich is essentiallystrongerthanweak confluence.This new notionis
necessarbecausaveakt-confluences not sufiicientto guarante¢he correctnessf our reductionalgorithm.
We will alsousethenotionof strongt-confluencedefinedin [GS94.

Givenalabeledtransitionsystem(S, —,s) andasubsebf t-transitionsc C-1, wewrite s <% t for (st) e c.
For subset®f t-transitions we definethefollowing properties:

Definition 3.1 Givenatransitionsystem$ = (S, —,s) anda subsebf t-transitionsc, we saythatc is ultra



weaklyconfluenif thefollowing diagramholds:

Tc
_—

K — <= &K~

We saythatc is weaklyconfluentf thefollowing diagramholds:

Tc
E—

% - <= & -

It wasalreadymentionedn [GS964 and[Yin0Q] thatthepropertiesdefinedin thosepaperdorm ahierarchy
With the additionof t-confluenceye still have a hierarchy First,we will provetheimplications.Afterwards,
we will explainthe differencesindgive countergamples.

Proposition 3.2 Givenatransitionsystems = (S, —,s) andasubsebf 1-transitionsc, we have that
cis stronglyconfluent=- cis confluent—=- cis weaklyconfluent—=>- cis ultraweakly confluent.

Proof. It is easyto prove thatthefollowing diagramholdsif cis stronglyconfluent:

Tc
%}
Il
Il

Il
a 2
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S1
Tc

| T
T(/ Tc x:

Figurel: TheLTS $;

This diagramis a specialcaseof the diagramfor confluencewhich is a specialcaseof the diagramof weak
confluencewhichis a specialcaseof the diagramof ultraweakconfluence. m|

We now give somecountergampleso show thattheimplicationsareproperimplications.

To compareultra weakconfluenceo weakconfluencewe needto borrow the notionsweakconfluenceand
confluencdrom termrewriting:

Definition 3.3 Given a setA andrelation—+C A x A. The relation — is weakly confluentif the following
diagramholds:

Ultra weakconfluencempliesthat—» is weaklyconfluent Weakconfluenceémpliesthat S is confluent.It
is well-known thatweakconfluencaloesnotimply confluencelL TS 1 in Fig. 1is anexampleof anLTS,which
is ultraweakly confluentbut not weakly confluent.It wasconstructedrom theclassicalcountergample that
shavsthatweakconfluencedoesnotimply confluenceby taggingoneof the statesn thetransitionsystemas
theinitial state.

The well-known “Newman’s lemma” statesthat terminationplus weak confluencemplies confluence. A
similar propertyholdshere:

Proposition 3.4 Givena transitionsystem$ = (S,—,%) anda subsebf t-transitionsc, we have thatif cis
ultraweakly confluentand S is corvergent(terminating)thenc is weakly confluent.

Proof. Givens;, s, 3 € S, suchthats; 3 5 As1E»s3. We cannow constructhreefinite sequencethatsatisfy
theconditions; = &, A s, %5, asfollows: Lets) = 51, =, ands) = ss.



If s, = <5 thenthesequencends.Otherwisewe canfind s, s ands;™ suchthat

Tc Tc

4 g
|
e I Tc
¥ ¥
§1+1 77777 . %'+1
I fe
a Ila
v
§'2+1
|
| Te
¥

Tc

The left sub-diagramexists due to ultra weak confluence. The right sub-diagramexists due to ultra weak
confluenceandNewman’s lemma. Terminationof this constructiorfollows from thefactthatgivenaninfinite
sequenceye would have aninfinite 1. sequence:

S oy Topgl Toy Topg? Toy ...

Suchaninfinite sequenceontradictshe corvergenceassumptionHence the sequencés finite. Let n bethe
lengthof the sequencethenwe have

S‘i*ﬁ

I Tc

Weakconfluenceof ¢ follows easilyfrom this diagram. m|

This propositionexplainswhy ultra weak confluenceworks in a settingwith corvergentt-stepsand why
weakconfluencehasto beusedin thegenerakase.

The key differencebetweerweak confluenceand confluencads this: if in a certainstatean a-transitionis
possiblethenaftera confluentt-transitionsomea-transitionis possible.After a weakly confluentt-transition
the a-transitionneednot be possibleuntil someotherweakly confluentt-transitionhave beentaken. This
explainswhy thetransitionsystems$, in Fig. 2 is weakly confluent but not confluent.

In Fig. 3 we have drawn atransitionsystemss, whichis confluentbut not stronglyconfluent.
This completeghe counterexamples.We continuewith afew elementaryproperties.

Our definition of weakt-confluencds not identicalto the definitionin [Yin0Q]. In termsof diagramsthe
differences thatwe usemultiple stepsin thetop of the diagramanda singlestep,whereasyring usesmultiple
stepson the left anda singlestepat the top. The following propositionstateshatour definitionis equivalent
to thatof Ying:

Proposition 3.5 Given a transitionsystemS$ = (S,—,s) and a subsetof 1-transitionsc, we have thatc is
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S2
Tc

e
A

Figure2: TheLTS S

Figure3: TheLTS $3

weakly confluentiff thefollowing diagramholds:

Proof. Simpleinductivetiling agument. O

A subsebf 1-stepsis confluentif it formsa confluentabstracreductionsystemandif in every stateit holds
thatif anactionis possiblebeforea confluentt-stepit is still possibleafter that stepandthe resultsof the
actionsbeforeandaftercorvertible usingconfluentr-steps:

Proposition 3.6 Given a transitionsystems$ = (S, —, %) anda subsetof T-transitionsc, we have thatc is
confluentff thefollowing two diagramshold:

Tc Tc
I Il
I Il
I Il
Tc ‘TC a Ha
| 1
¥ \4
***** » & »
Tc Tc

Proof. Trivial. O



4. STATE SPACE REDUCTION
In this section,we defineseveral notionsof reducedstatespaceandshav thatundertheright conditionsthese
reducedstatestatespacesrebranchingbisimilar to their originals.

Definition 4.1 Given a transitionsystemS$ = (S, —,s) and an equialencerelationR on S, we definethe
transitionsystems /r as(S/r, &, %/R), WwhereCy = Czif 351 Cp,5€Co: 81 B 5.

The corversion«—S» is an equivalencerelationandgiventhatthe subsets weakly confluentwe have that
thetransitionsystemmodulo«—» is branchingbisimilar to the original transitionsystem.

Theorem4.2 Givenatransitionsystems = (S —,s) with aweakly confluentsubsebf t-stepdabeledc, we
have that

Sﬁbj/«i» .

Proof. First,we shawv thattherelationR = {(s,s/, ., ) | s€ S} is abranchingbisimulationfor S and.§/ x, -
GivensRs/, ., , we have to considetthefollowing cases:

[s—% s] We havethats RS/ 1, =/, 1,
[s-% ¢ fora#1c] We havethats/, «, - S/, x, andthats RS/, «, .

[S/ .z, = C] For somes e s/ ., we havethats - t’ e C. By definitionwe have thats «—%»s. Becausef
weakconfluencewne have thefollowing diagram:

Tc

S s
\ /
\ /
\
\ TC/ a
Tc \ Y
\ s
\ /
s v
N /
\
T /
u /
Q /
a\y / Tc
u ,
N\ /
Te > %

We mustnow distinguishtwo casedor u 2.
a=tandu=U Becausave havethats «—%»t’, we alsohave thatt’ Rt'/, ., =S/, x, .
u3u Wehaethats=»u 3 U, URS/, x, andu’ Rt/ x, .
Thus,we have thatR is abranchingbisimulation.Becausexy R So/«i,, thisimpliesthat

S48/ 1, -
o

Our next methodfor statespacereductionis reductionmoduloa representatiomap. A representatiomap
choosesa representatie in every «—<» equivalenceclass.Theideais thatthe transitionsof the representatie
arepreciselythetransitionsof thewhole classin the transitionsystemmodulo«—<». To make this ideawork
the representatiomapcannotyield ary element.Givenanequialenceclasss/, ., is mustyield anelement

of theterminalstronglyconnectedomponenbf ( o).

S/, 1c,,
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1 1
S0 4—» SL 4—» S
| | |
= | Tc | Tc | Tc
¥ ¥ ¥
1 1
to— S wt1— S st th

Figure4: Constructionin the proof of Prop.4.4

Definition 4.3 Givena transitionsystems$ = (S, —,) anda subsetof t-stepsc, amap@: (S/ ) — Sis
calledarepresentatiomapif

Vse S s Q(S/,xc,) -

We definethe transitionsystemmodulo@ as.S /o = (S/,x, , —(p>,80/«_r£»), whereCy —$> Cif a# 1c and3s €
C2 . q)(Cl) _a> Sp.

To malke this reductionpossible,a representatiomap mustexist. If the LTS is infinite then an infinite
sequencef confluentt stepsmay prohibit the existenceof a representatiomap. However, for theinteresting
casedf finite transitionsystemshe existences guaranteed:

Proposition 4.4 Givenatransitionsystems = (S, —,%) andasubsebf t-stepsc. If % is confluentandSis
finite thenarepresentatiomapexists.

Proof. Define
TSCC(s) = Nees/ 1 {S” €S| di»s”} .

Any map@: (S/, x,) — S, suchthatfor all se S@(s/, «,, ) € TSCC(s), is arepresentatiomap. If for allse S
TSCC(s) is notemptythensucha mapexists.

Givense S, we ha/ethats/«_rg» is finite, sofor somen we maywrite s/«_xg» ={%0,51, " ,5S}. Definety = .
Because™S; is confluentthereexistt; suchthats <S»t; andtj_; —»t;. We know thatt, € TSCC(s), soTSCC(s)
is non-empty (SeeFig. 4.) O

Although this reductionis very similar to reductionmodulo confluentt-stepsthereare differences.Most
importantly we needconfluencdor the statespacemoduloa representatiomapto be branchingbisimilar to
theoriginal statespace For example,in Figure5 we have dravn theresultsof takingstatespaces$, from Figure
2 moduloconfluentt-stepsandmoduloeachof thetwo possiblerepresentatiomaps.The statespacemodulo
confluentt-stepsis branchingbisimilarto S, but the othertwo arenot.

Evenif the statespacemoduloarepresentatiomapis branchingbisimilar to the original statespacdt need
notbeidenticalto thestatespacanoduloconfluentt-steps.For example,in Figure6 we have drawn atransition
systemandtwo of its reductions.In thetransitionsystemwe have indicatedthe representatiesasopencircle
andotherstatesasfilled circles. We have indicatedthe non-trivial equivalenceclasswith a dashedoop. The
first reductionis modulothe representatiomap. The secondreductionis moduloconfluence .Note how this
reductionintroducesa new loop atthetop state.Thetwo reductiondiffer only by thatloop.

Also, theresultdependn the choiceof representatiomap. For example,in Figure 7 we have drawvn the
samegraphwith differentrepresentatiomaps.

Theorem4.5 Givena transitionsystems = (S, —, ) with a confluentsubsebf 1-stepslabeledc anda rep-
resentatioomap@, we have that

SﬁbS/(p .
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52/1L» 52?)51 52?)0
A A

Figure5: Threereductionsof S,.

Sa Sa/o Sa/ oy

Figure6: A comparisorof transitionsystemsnodulo.

S5/, S5(@2) . S5/
C
e Ty T
o @) [ ] O O
T T
Tc fe ° Tc

Figure7: Differenceslueto choiceof representaties.
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Proof. We will shav thattherelationR= {(x,x/,x,) | X€ S}, is abranchingbisimulationfor § and.s /.
By definitionsy Rsp/, wc,, - GivensRs/, «, , we have to considerthefollowing cases:

[s—% ] By definitionwe have thats RS/ x, =S/, x, -
[s3 ¢ for a # 1¢] We havethefollowing diagram:
s-- ¥ s/ 1, )
a Ha
\
¢ - ot
We cannow distinguishtwo cases:

e Thestepfrom ¢(s/ ., ) tot is empty In this casewe have thats RS/, 1, =8/, .
e Thestepfrom ¢(s/, ) tot is non-empty In this casesve have thats/, «, %t/ 1, =5/, 1, and

SRS/, 1,.
[S/ 1, = C] We havethata—»@(s/, 1, ), ®(S/ 1, ) RS/ 1, ®(S/ 1, ) > t andt RC,
Thus,we have thatR is abranchingbisimulation. O

5. PROPERTIES OF SETS OF CONFLUENT T-TRANSITIONS
In this section,we prove sometheoremsthat are useful for proving the correctnesof the conf el m and
conf check toolsfor the uCRL toolset.

Theconf check tool describedn [Pol0]] is usedto labelconfluentsummandslt doessoby checkingeach
T-summandseparatelyln otherwords,givena partitionedsetof 1-transitionsthe tool checkswhich partitions
areconfluentandreturnsthe union of the confluentpartitionsasthe setof confluenttransitions.To prove the
correctnessf thistool it is usefulto know thattheunionof confluentsetsof 1-stepds aconfluentsetof 1-steps:

Theorem5.1 Givenatransitionsystems = (S, —, ) andsubset®f 1-transitionsc;, i € . If for eachi €| the
setc; is confluentthenui ¢ is confluent.

Proof. Let ¢; = Uil Gi. By inductionon the numberof stepsatthetop of the confluencediagramwe canprove
thatc is confluent:

Tg

i Tg

I I
I . . _ Ua

confluence all inductionhypothesis ‘
I T

14 +

a,  of @@ - - - - - - - _ _

of | T »

| |
Ci e | claim | Ta

| |

¥ ¥

——————— R e T

Theclaimis alsoprovenusinginductionon the numberof stepsatthetop of the diagram:

Tej T

Tg inductionhypothesis | Tq

i confluenceof ¢ Tg
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O

The conf el mtool is a prototype,which symbolicallyappendsomeconfluentt-stepsto othersteps. That
is, asystemwith atracesy & s; =% s, might betransformednto a systemwherewe have thetracesy 2 sp.
Thistransformations quite useful. First, therearecasesvhereconf el mhasenabled:onf check to find more
confluentransitions.Secondtherearecasesvherethet-confluenceeductioncouldbecomputedsymbolically

with conf el m

The transformationperformedby conf el mis a specialcaseof a transformatiorwherethe destinationof
every arrov, which is not a confluentt-transition,can be changedo a tc-corvertible state. The following
theoremstateghatthelattertransformatiorpreserest-confluenceandbranchingpisimilarity.

Theorem5.2 Giventransitionsystemss; = (S, 3, %) andS; = (S, -, %) andaconfluentsubsebf t-transitions
cof 3.
If cis alsoasubsebf t-transitionsof — andthefollowing diagramshold

\ \
\ \
1 ) 2 \
a 2\a a 1\a
\ \
\ \
Tc v Tc hYg
4 ————% $————%

thenc is a confluentsubsebf T-transitionsof - ands: ©, 5.

Proof. Firstwe provethatc is a confluentsubsebf 1-transitionsof —. By Prop.3.6,we have that

We canomit the subscriptsl and2 becauseasfar asc stepsareconcernedhereis no difference.
We alsohave

Tc

K=" &—_» & »
Tc Tc

Hence by Prop.3.6,we have thatc is confluentfor $,.

FromThm.4.2,we canconcludethat$; <, 51/«_12» and$; & 52/«_12». Fromthegivendiagramdt follows
that$i/, ., = $2/,c, - Becausédeingbranchingpisimilaris atransitive property the conclusions that Sy <y,
S$2. O

The presentatiomf thetheoryendshere.We now continuewith the applicationof thetheory
6. APPLICATION TO STATE SPACE GENERATION

In this sectionwe explain analgorithmfor statespacegenerationyhichis capableof computinga representa-
tion mapandthe statespacemodulothatrepresentatiomap“on-the-fly”.
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init A constanwhich denotegheinitial state.
transitions A functionwhich takesa stateandreturnsthe possibletransitionsfrom the given statein the
form of a setof pairsof labelsandstates.

Tablel: StandardransitionsystemAPI

outlnit A procedurahatwritestheinitial stateof the generatedtatespace.
outTrans A procedurghattakesatransitionin theform of afrom state,alabelandato state,andoutputs
thistransition.

Table2: OutputAPI

A simple methodfor implementingstatespacegeneratioris to implementan API that allows on-the-fly
generatiorof a transitionsystemandthenusingthat API for a simpletraversalof all reachablestates.(See
Tablesl, 2 and3.)

Oftenthe generatedransitionsystemis reducedwith respecto somenotion of bisimulationimmediately
afterits generation Our new algorithmexploits T-confluenceo reducethe transitionsystemon-the-fly More
precisely our algorithm computesa representatiomap on-the-flyand generateshe statespacemodulothat
mapratherthanthefull statespace.

The input API andthe top-level traversalof the generatiomalgorithm are quite similar to the simpleim-
plementation.(SeeTables4 and5.) The only differenceis thatfor both the initial stateandthe target states
of transitionswe computerepresentaties. In Table 6, we give a detaileddescriptionof the algorithm that
computegepresentaties. This descriptionusesmutablepartial functions(hashtables)and simplelists with
constructorgonsandnil andfunctionheadandtail.

The algorithmis derivedfrom Tarjan’s algorithmfor finding stronglyconnecteccomponentgsee[Tar73).
Like Tarjan’s algorithm we perform a depthfirst traversal of the confluenttransitiongraph. However, we
terminateas soonas either a statewith a known representatie is found or the terminal strongly connected
componenTSCC)is found. In the former casewe returnthe known representatie, in the latter casewe
choosehe entry point to the terminalstronglyconnectedcomponentisthe representatie. Therepresentatie
of all stateswe visitedis setto the onewe found.

To determinevhich statesdelongto the TSCC,we numbereachstateaswe enterit to exploreit. We maintain
apartialfunction‘low’, whichisinitially setto thenumberandwhichonbacktrackingrom astatewill contain
the leastpossiblenumberfor a state reachabldy following sometransitionsin the depthfirst searchtreeand
at mostoneothertransition. Thefirst time we try to backtrackirom a statewhosenumberis equalto its ‘low’
value,we know thatwe try to backtrackirom the entry stateto the TSCC.Backtrackinginformationis keptin

generate()
visited:= {init}
explored:= 0
outlnit(init)
while visited # explored
s:= choose(visited explored)
explored:= exploredJ{s}
for (a,s’) € transitions(s)
outTrans(s,a,s’)
visited := visitedU {s’}

Table3: Standardstatespacegeneratioralgorithm
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init A constanwhich denotegheinitial state.

conftau A functionwhich takesa stateandreturnsthe setof stateghatarereachabldorm thatstatein
oneconfluentt-step.

transitions A functionwhich takesa stateandreturnsthe possibletransitionsfrom the given statein the
form of a setof pairsof labelsandstatesgxcludingthe confluentt-transitions.

Table4: t-confluenceawaretransitionsystemAPI

generate()
repr:=undefined
visited:= {representatie(init)}
explored:= 0
outlnit(representatie(init))
while visited # explored
s:= choose(visited, explored)
explored:= exploredJ{s}
for (a,8’) € transitions(s)
s’ ;= representatie(s’)
outTrans(s,a,s’)
visited:= visitedU {s'}

Table5: 1-confluenceawarestatespacegeneratioralgorithm

a partialfunction ‘back’. The stackof visited statesthat Tarjan's algorithm maintains,is not necessaryere,
becausehe only informationwe needis membershimf this stackanduntil thefirst SCCis foundmembership
of thestackis equalto having beenexplored.

Note that the confluenttransitionsare being generatedon-the-fly”. Also notethat ‘repr’ will containthe
representatiomaponcethe statespacegenerations finished.

7. CASE STUDIES

In this sectionwe describesomecasestudiesperformedoy JacavandePol. Thesecasestudiesareperformedn
the settingof the UCRL toolset. They useanimplementatiorof the statespacegeneratioralgorithmdescribed
in the previoussectionandthe confluencdabelingalgorithmdescribedn [Pol01].

In table 7, we presentthe resultsfor a few instanceof the firewire tree identify protocolanda program
written in the Splicearchitecture. Thetablelists the sizesof the original andreducedstatespacesThe latter
arelistedunder'generated’.The columnsunder'visited’ arelistedto give a fair comparisorof the amountof
work. Thetime neededo computetheoriginal statespacses linearin the size,thetime neededo computethe
reducedstatespaces linearin the'visited’ column.

Theresultsfor thetreeidentify protocolshowvs thatby usingconfluenceye gainanorderof magnitude The
resultsfor the Spliceproblemareevenbetter

Thespliceproblemis describedxtensiely in [Pol01], sowe will justgive ashortdescriptiorhere.

Spliceis adistributedshareddataspacearchitecture A Splice network consistsof a numberof application
processeghatcoordinatehroughagents Theagentsarecoupledvia anetwork. Fig. 8 depictsa simpleSplice
network. Theagentanaintaina setof items(the shareddataspace)which applicationsanwrite itemsinto, or
readitemsfrom. The agentdistribute their itemsby asynchronouslgendingmessaget eachotheroverthe
network.

Dueto the asynchronousommunicatiormechanismthereis muchnon-determinismmessagefrom one
agentaresentto otheragentsn ary order Consequentldifferentagentcanrecevetwo messagem different



7. Case studies

representatie(v)
if repr(v) definedthenreturnrepr(v)
visited:= 0
number(v).=0
count:=0
loop
if number(v)=0hen
count++
number(v):=count
low(v):=count
next(v):=nil
visited := visitedU conftau(v)
for s e conftau(v)
if repr(s)definedthen
Vv :=repr(s)
exit loop
next(v):=cons(s,net(v))
number(s):=0
if next(v)=nil then
if number(v)=lav(v) thenexit loop
low(back(v)):=min(lav(backV)),low(v))
v:= back(v)
else
u:=head(ngt(v))
next(v):=tail(next(v))
if number(u)=ahen
back(u):=v
Vi=u
else
if number(u)< number(v)thenlow(v):=min(low(v),numkber(u))
endloop
for se visited
repr(s):=v
returnv

Table6: Findingtherepresentatie
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References
original statespace reducedstatespace
visited generated
system nodes| transitions nodes| transitions nodes| transitions
Splice(2,1) 85362 613482 105 106 9 10
Splice(2,2) || >15.10° | >> 15107 157 158 9 10
Splice(4,2) ?? ?? 617 628 25 36
Splice(6,2) ?? ?? 1573 1606 56 89
Firewire(10) 72020 389460 8443 24940 6171 22668
Firewire(12) 446648 2853960(| 40919 137588 | 27219 123888
Firewire(14) || 2416632| 17605592| 167609 606970 | 105122 544483

Table7: Results

orders,evenif they originatefrom the sameagent.After proving confluencethe generatioralgorithmdetects
thatall thesedifferentordersareequivalent,andreduceshe statespaceasif therewereonly oneglobalset.
Another possiblereductionoccurswhenthe workersreadarny messagdrom their agent,and write some
computedresultback. Suchtransactioncannotbe representedby superdeterministictransitions,because
a worker can startwith any messagen the currentsetof its agent. Neverthelessseveral suchtransactions

commute,basicallybecausg AU {a}) U {b} = (AU {b}) U {a}. Using confluencereduction,only a fixed
transactiororderis explored.

8. CONCLUSION

We haveintroducedanew notionof t-confluencewhichallows areducedstatespacdo be computedefficiently
from asymbolicrepresentationf a statespace.The expirimentalresultsshav thatthegaincanbevery useful.
As aresultof addingt-confluencebasedtools to the pCRL toolset,we are now capableof dealingwith

biggerproblems.The next stepwill bethe developmentof a distributed versionof the statespacegenerataor
whichis capableof computingtheredution.
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