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Preface

Thefields of Programmind-anguagesndRewriting Theoryhave in the pastben-
efitedfrom eachother For example,termrewriting systemshave provento bea
usefultool for expressingspecificationgndreasoningboutthem. Thelambdacal-
culus,hasprovenusefulin the studyof parametepassingprinciplesandprovided
a soundbasisfor the semanticof functionalprogramminganguagesin orderto
bettermodelthe implementation®f programminganguagesgraphsare consid-
eredratherthanterms. The oldestwork on term graphrewriting concentratesn
agyclic graphs.Recently thefocusis shifting towardscyclic graphs.In first order
rewriting the resultsare excellent. The functional programminglanguageClean
hasanunderlyingmodelthatis basedon graphrewriting. This modelprovidesthe
semanticdor the languagebut it hasonedravback: because programis trans-
lated to a rewrite systemplus an expressionit is relatively hard to reasonabout
the compilationprocessdtself. If oneuseshigherordergraphrewriting thenit is
possibleto expressfunctionsastermsratherthanasrewrite rules. As a resultwe
canrepresentainentireprogramby a singleterm. This makesreasoningaboutthe
compilationprocessasierbecausehe optimizationof the program,which is the
mostcomplicatedoartof a compilerfor a functionalprogramminganguagenow
canbe expressedasa rewrite system. The Glasgav Haslell Compiler usesthis
approach.

Designingaconfluenigraphrewriting systempasednaconfluentermrewrite
systemjs anon-trvial taskif thegraphrewrite systemalsohasto satisfyefficiency
conditions.In thefirst-ordercaset is oftenpossibleto find aconfluentrewrite sys-
temthathasthe desiredexpressieness However, in the higherordercasethereis
adirecttrade-of betweerexpressienessandconfluenceThismeanghatalthough
working with non-confluentewrite systemss incorvenient,we have to consider
them.

In first order rewriting the important propertieswere termination(SN) and
uniquenes®f normal forms (UN). Thesepropertiesguaranteghat computation
stopsandthat the answeris the sameno matterhow the computationwasdone.
In thelambdacalculuswe alsohadmeaningfulinfinite reductions Ratherthanre-
ducingtermsto normalform, the Bohm Treeof atermwascomputed.The notion
of Bohmtreeextendsthatof normalform: if atermterminateghenits Bohmtree
is its normalform. But the Bohmtreecanbe computedor ary term. Bohmtrees
have the sameuniquenesgropertyasnormalforms: giventwo cornvertible terms
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2 PRERACE

their Bohmtreesarethe same.We will alsoreferto this propertyasthe unique-
nessof infinite normalforms (UN*). The key obsenation is that confluenceand

uniquenes®f normalforms arethe samepropertyin the presencef termination,
but that confluenceand uniquenes®f infinite normalforms arenot. Confluence
implies uniquenes®f infinite normalforms, but not the otherway around. Thus,

we searchedor andfound a new propertythat resemblesonfluenceandthatis

equialentto uniguenessf infinite normalforms: skew confluenceThis notionis

basedn theintuition thatsometermsarebetterthanothersandthattermsreduce
to betterterms. It statesthatif a termreducego two otherterms,the secondof

thosetermscanalwaysbereducedo atermthatis betterthanthefirst.



Chapter 1

Intr oduction

Graphrewriting is a ratherintuitive subject,but unfortunatelyproofscanbecome
very tedious. We have chosento give an extensve informal introductionat the
start,in orderto make it easierto skip entirechaptersof formal detailslater.

The introductionis split into four sections. The first two sectionsdeal with
the syntaxandsemanticf first andhigherordertermgraphs.We will introduce
syntacticconstructssuchasthelet, |, letrec andlambda-abstractioandfor every
syntacticconstructthat we addwe will discussthe featuresof programmingan-
guagedhatit models.We will alsodiscusghe expressie power of the constructs
in termsof graphsandtrees.In thethird sectionwe focusontheapplicationsn the
field of programminganguagesAmongothers,we will considerthe application
thatmotivatedthework in thisthesis:programtransformationsWe will shawv that
this applicationforcesus to considernon-confluentewrite systemsn our treat-
mentof semanticsin thefourth sectionwe discussour approacho the semantics
of termgraphrewriting. Thatis, we will discusghe notionof Bohmtreeandhow
to generalizeéhis notionto non-confluentewrite systemsusingthe notionof skew
confluence

1.1 First-order term graphs

1.1.1 Term Rewriting Systems

Algebraicspecificationsarea well-known topic in computerscience. Thesespec-
ifications consistof a signature,describinghow we can build terms, and some
equationghat describean equivalencerelationon theterms. Seefor examplethe
specificatiorof the naturalnumberswith additionandmultiplicationin Tablel.1.
More precisely a signatue consistf a setof functionsymbolswith afixedarity
andaninfinite setof variables.The setof first order termsover a signatureallows
only variablesandfunctionapplicationgn the constructiorof terms.

If wereplacetheequalsignsby left to right arrovs thenwe gettherewrite rules
of atermrewriting systemTheideais thatby repeatedlynatchingaleft-handside

3



4 CHAPTER1. INTRODUCTION

Table 1.1 Specificatiorof the naturalnumberswith additionandmultiplication

Signature
0 constant
S unaryfunctionsymbol
+, % binaryfunctionsymbols
X,Y,Z,--- variables
Equations
X+0 =X
X+9Y)=9X+Y)
X*0 =0

X*xSY) =X+ (XxY)

of arewrite rule andreplacingit by theright-handsidewe turntheequialencento
acomputatioror reductionsequencekor example,

S(0) +(0) = 0) +0) = S(0)) -

If wearenotinterestedn theintermediateesultswewill abbreiatethisreduction
sequencéo

S(0) +0)=+0)) -

The standardgraphicalrepresentatiomf termsis by meansof trees. In Fig.
1.1 we have drawn the picture of 2+ x, which we referto asthe graphof 2+ x.
Note that we distinguishbetweenthe constant2 and the variablex by drawing
an arrow for the former anda labeledline for the latter The reasonfor making
this distinctionis that we do not counta variableasa node. A variableis just a
placeholderfor somethingelse. We think of the line with a variableattheendas
a labelededgethat hasa sourcenodebut not yet a destinatiomode. The view of
variablesasunfinishednodesis especiallyimportantduring the constructionof a
graph.Oncethe constructiorof agraphis finished,variablesoftenbehae justlike
constantswhich are nodes. Therefore,variablesare officially labels,but dravn
justlike nodego helpintuition. This differencewill returnin theformal definition
of thegraphof atermin Chap.3.

1.1.2 Sharing

Termrewriting isn't very efficient. Thereasoris thattermsoftencontainthe same
sub-termmary times. For example,(1+ 2) + (14 2) containghesub-term(1+ 2)
V
_|_
/ \
2 X

Figurel.1: Thegraphof 2+ x
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Figurel.2: Thegraphof let x= 14 2in X+ X

twice. It is not efficient to write thesesub-termsdown mary times. It is much
betterto write it down onceandshake that single occurrence.For example,we
couldrepresentl+2) + (1+2) by

letXx=1+2inX+X .

We canalsoexpressthis sharingin pictures.In Fig. 1.2we have dravn thegraph
of thisterm.

Using the let syntax,we not only needlessspaceto write down terms, but
we canalsoevaluatethemmuchmoreefficiently becauseénsteadof reducingeach
occurrenceof the sub-termseparatelywe canreducethe sharedoccurrenceonce.
For example,given (1+ 2) + (14 2) anordinarytermrewrite systemwould add1
and?2 thenadd1 and2 againandfinally add3 and3. The efficient way of doing
this computationis to add1 and2, remembetheresultandthenadd3 and3. That
is, usingthelet constructwe have thefollowing reductionsequence:

(14+2)+(14+2) — letx=1+2inx+Xx recognizehesharing,

— letx=3in X+ X computel + 2,
— 3+3 fill in theresult,
— 6 andcomputethefinal result.

Even thoughthis reductioncontainsmore stepsthan the reductionin the term
rewrite systemwe considerthis reductionmoreefficient becauset usesonly two
additionsinsteadof three. In Fig. 1.3 we have donethe reductionin the graph.
Fromleft to right we do two steps.In thefirst stepwe add1 and2 andreplacethe
plusby theresulting3. In the secondstepwe add3 and3 andreplacethe plus by
theresulting6. If we translatethis reductionsequencéo termsthenwe get:

letXx=14+2inX+X—>letx=3inX+X—6 .

An importantcharacteristiof the graphsobtainedfrom termswith let is that
they containno cycles. Moreover, termswith let are sufficient to representhis
classof graphs.Thatis, given ary directedacyclic graph (dagfor short)we can
find a termwith let thatrepresentst. The term with let thatrepresents certain
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Figurel1.3: Sharedevaluationof (1+2) + (1+ 2)

graphis not uniquelydetermined.For example,Fig. 1.2is not only the graphof
(let x= 1+ 2in x+ X), but alsothatof (let z=1+2in z+2), (lety=linletx=
y+2in X+Xx), (let z= 2in let x= 1+ zin x4 X) andmary moretermswith let.

1.1.3 Recursion

In the theory of functional programminglanguagesnfinite objectsplay an im-
portantrole, especiallyinfinite trees. Someof theseinfinite treeshave a finite
representation.The simplestform of finitely representablénfinite treesare the
recusively definedtrees For example,the infinite list of onescanbe recursvely
definedasthelist thatstartswith a1 andis followedby thelist itself. By usingthe
p-constructwe canexpresshisin aterm:

Mx1:ix

wherewe usetheinfix operator.: asthe consoperatoron lists. The graphof this
termis drawvn in Fig. 1.4.

Likethelet constructhe p-construcimayoccuranywherein aterm. Its general
formis uxM whereeveryfreeoccurrencef xin M is boundby thepx Onp-terms
we have thefollowing rewrite rule:

HXM o M[x:=puxM] ,

wheretheM[x := N] denotessubstitutingN for every freeoccurrencef x in M.

A specialp-termis uxx. If we follow theintuition of recursvely definedtrees
thenthis is the term that is recursvely definedasitself. This meansthatthe in-
tuition of thistermis “undefined”. As a matterof factit is a specialkind of “un-
defined”,whichin recentyearshasbeendenotedwith the constant, calledblack
hole We have chosento treatthe termspuxx ande in the sameway. Thus,we
definethegraphof uxx asthatof e. SeeFig. 1.5.

z

1

Figurel.4: Thegraphof ux1:: x
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|

Figurel.5: thegraphsof pxx ande

1.1.4 Letrec

The p-constructis powerful in the sensehatit canbe usedto represenall recur
sively definedinfinite terms,or regular trees(see[Cou83). Thisimpliesthatthe
graphsthatcanberepresentedsp-termsrepresentll recursvely definedinfinite
trees.However, theserepresentationareoften not very efficient in the sensehat
they usemorenodeghanstrictly necessaryFor example thegraphsn Fig. 1.6all
representhe sameinfinite tree.Graph(a) is representedly the p-term

F(UXA(B(X)), uy.B(A(Y))) -

Graph(b) is slightly moreefficientthan(a), but we cannotrepresenit with only ;
we alsoneedlet to representhis graph:

let X =py.A(B(Y)) in F(x,B(X)) .

Graph(c) is themostefficient representatiorut this graphcannotberepresented
by p-termswith or withoutlet. In orderto representhis graph,we needtheletrec.
Usingtheletrec we canrepresenthis graphby:

(F(xy) | x=Aly),y=B(y)) -
Thegeneraform of theletrec is
(M [xg =Mz, X =Mnp) .

We will referto M asthe external part of the letrec and to the bindingsx; =
Ms,--- , X, = My asthe internalpart, or the declarations.We will often abbrei-
atethiswith (M | D). In theliteraturetheletrec oftenoccursin adifferentsyntactic
form. For example,

M wherex; = Mq,--- , Xy = Mp,

]

N N / \

oL As
!

(a) (b) (c)

Figurel.6: Threegraphsthatrepresenthe sameinfinite term
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/0\{11
N

{let, u}

l

{letrec}

{let} }

Figurel.7: Expressienesdierarchyof graphsemantics

and
letrec X1 =M1, -+ , Xp=MpinM .

In Chapterd we studytheclasse®f graphshatcanberepresentetdy (combi-
nationsof) the variousconstructsve have introducedsofar. Theseclassesorm a
hierarchywhichis dravn in Fig. 1.7. In thisfigurewe have representedlasseof
termsby setsof constructghatareaddedto the basicvariableandfunctionappli-
cation. An arrow in the picturemeanghatthe classat the sourceendof the arronv
is strictly includedin the classat thedestinatiorend.

1.1.5 Unwinding

One of the semanticf a graphis its unwinding. The unwinding of a graphis
a possiblyinfinite tree, which can be obtainedin several differentways. When
we give the formal definition in Chap. 3, we will usea direct constructionthat
involves pathsin a graph. For now, we will describethe unwindingasthe limit

of the unwinding process.Onestepin the unwinding processs asfollows: first,
we choosea nodewith two or morein-going edges.Then,we adda copy of this
nodeto the graph. Finally, we redirectsomeof the edgesgoing to the original
nodeto the newly createdcopy. To ensurethat we do not introducenodesthat
are not accessibldrom the root, we mustdo the redirectionin sucha way that
thereis at leastonein-going edgeto both the original and the copy. Fig. 1.8
illustratesthis processTheunwindingof agraphis the possiblyinfinite treethatis

unwind
)COIQ/ w((w redirectw(

J/

ek |

J/

O<=—0=<—0
O0=—0=<—0
0O=—0=<—0

o0=—0

Figurel.8: A singleunwindingstep.



1.1. FIRSTORDERTERM GRAPHS 9

let X = wzm X+ X uxlv:: x  (F(xy)|x= ?(y),yz B(x))

+ :: F
/N /N / N\
+  + 1k A B
PN N / N\ oo
1212 1k B A
/ [

1 A B

oo

B A

Figurel1.9: Examplesof unwindings.

formedattherootof thegraph,duringa“f air” unwindingsequenceAn unwinding
sequences “fair” if everynodethathastwo or morein-goingedgeswill eventually
be chosemasthe nodethatwill be copied. For finite agyclic graphswe have that
every unwinding sequences finite and hencethat every unwinding sequencas
“fair”.

In Fig. 1.9 we have drawvn the unwindingsof sometermsthatwe have usedas
examplesbefore:let x =14 2in X+ X, px1:: xand(F(x,y) | x=A(y),y = B(x)).
Thegraphsof thesetermsaredravn in Fig. 1.2,1.4and1.6(c),respectrely.

The graphsthat have the sameunwinding canbe characterizedsthe graphs
that are bisimilar. Two graphsare bisimilar if we can play the following game
without loosing. A stateof the gameis a pair of nodes thatare labeledwith the
samefunctionsymbol. Theinitial stateof thegameis the pair of root nodesof the
graphs.Our opponentpicks onenodein the pair andoneargumentof thatnode.
If thatargumentis a variableandthe correspondin@rgumentof the othernodeis
the samevariablewe win otherwisewe loose.If the agumentof the chosemode
is a nodeandthe agumentof the othernodeis alsoa node,suchthatthe pair of
algumentds alegal statethe gamecontinuedn thatstate.Otherwisewe loose.

One of the importantpropertiesof the unwinding of a graphis thatit is the
uniquetreethatis bisimilar with that graph. Thus, sincethey have the sameun-
windingall graphsn Fig. 1.6 arebisimilar.

Anotherway of constructingheunwindingof agraphis by meansof rewriting
the termsthatrepresengraphs.The p-rule is an exampleof arule thatexpresses
unwinding.For thelet andletrec we can,for example,usethefollowing rules:

letx=MinN — N[x:=M]
(Mo | X1 =My, -+, % = Mn) — Mo[xz :=(M1|D),-+-, % := (Mn | D)]
D

In sections7.1and8.1rewrite systemdor unwindingwill betreatedn detail.
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Table 1.2 CombinatoryLogic

IXx —X
Kxy — X
Sxyz— (X2) (y2)

1.2 Higher-order term graphs

1.2.1 Lambda Calculus

One of the goalsof this work is to provide a theoreticallysoundframework for
reasoningaboutprogramoptimizationin particularand programtransformations
in general.Sofar, we have modeledthe executionof a programby encodingthe
declaration®f the programinto atermrewrite systemwhichis usedto reducethe
main expressionof the program. Anotheroptionis to encodethe entire program
into atermthatis thenreducedusinga “universal” rewrite system.For reasoning
aboutprogramexecutionboth approachesvork fine. However, reasoningabout
transformationsnthetranslatiorof declaration$o arewrite systenmeanghatwe
have to reasonaboutthe transformatiorof a rewrite system.Whereasreasoning
aboutthetranslationof the programto aterm meansequationareasoningabouta
term. Thelatteris morecorvenientandbetterdeveloped.

One of the propertiesof a “universal” rewrite systemis thatit is capableto
encoddunctionsasterms.For example,we mustbeableto encodehefunction

twice ! X—> X+ X .

A typical exampleof a “universal” rewrite systemis CombinatoryLogic (CL),
which is the term rewrite systemgiven in Table 1.2, and the lambda calculus
([Bar84), whichis ahigherorder rewrite system.In CL we canencodehefunc-
tiontwi ce as

wherethe parenthesearoundthe + turnit from aninfix operatorto a prefix oper
ator Thatis, (+)12 =1+ 2. If we applytheencodingof t wi ce to 2 thenwe get
thefollowing evaluation:

S(H)12—-2+(12) »2+2—-4 .
In thelambdacalculuswe canencodehefunctiont wi ce as
AXX+X .
If we applythis encodingo 2 thenwe get:

()\x.x+x)2—8>2—|—2—>4 .
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V
AX
v
_I_
/ N\

X X

Figure1.10: Encodingof thefunctiont wi ce

Notethatbecaus®f thel in theencodingn CombinatoryLogic we needanextra
stepin the reduction. If you comparethe reductionof the encodingto the eval-
uationdonein anactualimplementatiorthentheseextra stepsdo not correspond
to arything: they arereally “extra”. Also, the encodingin the lambdacalculusis
syntacticallymuchcloserto the real program. Therefore we will work with the
lambdacalculusratherthanCombinatorylLogic.

In the exampleof the encoding,we have useda lambdacalculusthat we ex-
tendedwith naturalnumbersand addition. The purelambdacalculushasa sig-
naturethat consistsof variablesand a single binary function symbol, called the
application,which is denotedby both the function symbol @ and juxtaposition.
Thatis, @(M,N) andM N aretwo differentnotationsfor the sameterm. Lambda
termsareformedfrom variablesfunctionapplicationsandthelambdaabstraction:

AXM

wherethe x canbe ary variableandthe M ary lambdaterm. The mostimportant
rewrite rule of thelambdacalculusis the 3-rule:

(AXM)N + M[x:=N] .
It is simpleto drav a pictureof alambdaterm. All onehasto dois treatAx asa
unaryfunctionsymbol. In this way we have dravn the picture of the encodingof
thefunctiont wi ce in Fig. 1.10.
1.2.2 Lambda Calculus and Sharing

The B-rule hasone problem: if the boundvariableoccursmary timesthenthe
argumentis copiedmary timesin the reductionstep. It is muchmoreefficient to

é)%v%i
w2 L
v 2
+
/ N\
X X

Figurel.11: Graphreductionof twice 2
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+
/ N\
X 4
/N
X X

Figurel.12: A confusinglambdagraphwith labels

sharetheargumentratherthancopy it. Thatis, insteadof puttinga substitutionon
theright-handsidewe putalet:

(AXM)N ——= letx=NinM .
plet

For twice2 this leadsto the reductionsequencealepictedin Fig. 1.11. In this
figurewe have dravn lambdagraphsby treatingabstractionssfunction symbols.
While this is commonpracticefor trees,it is confusingin arbitrary graphs. For
example,if we considerthe graphin Fig. 1.12thenwe have a graphwith a single
B-rede, which we wantto reduceby replacingvariablesx with pointersto the
2. But, which variablesshouldwe replace?lt is clearthatwe shouldreplacethe
leftmostx, but how aboutthetwo otheroccurrences?

We canavoid this confusionby representingpoundvariableswith arrons called
badk-pointes. Insteadf labelingnodeswith Ax andusinganx asaboundinstance,
we usenodeslabeled\ andarrons, called bad-pointes, to the lambdanodesto
representbstraction. To distinguishbetweenarravs that denoteargumentsand
arrovs thatdenoteback-pointersye follow the corventionthatif anarrav points
to a lambdanodefrom above thenit denotesan agumentandif it pointsto it
from belowv thenit denotesa back-pointer An exampleof a lambdagraphwith
back-pointerss dravn in Fig. 1.13. In this graphthe agumentof thelambdais a
back-pointerbothamgumentsof thetop applicationnodearenormalpointers asis
thefirst agumentof the secondapplicationnode,andthe secondargumentof the
secondapplicationnodeis a back-pointer

Apart from the confusionaboutwhich variablesare bound,thereis another
problem:it is possibleto have back-pointersrom anywherein the graphto ary-
whereelse. This is very unlike whatwe have in terms,wherean abstractiorcan
only bind variablesn its own sub-term.To reflectthis sub-ternrelationin graphs,
we will addthe notion of scope With every lambdanodewe will associate set
of nodes(of which thatlambdanodeis a member) calledthe scopeof thelambda
node.We thenaddtherestrictionthata back-pointefrom anodeto alambdanode
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V

Figurel.13: A lambdagraphwith back-pointers

is only allowed if thatnodeis in the scopeof the lambdanode. In pictures,we
will draw aline indicatingthe boundaryof the scope.The lambdanodeto which

the scopebelongsis dravn on the boundaryandevery othernodein the scopein

dravn insidethe boundary As anexamplewe have dravn the graphof twice 2in

Fig. 1.14. To make scopesehae like sub-termsawve alsorequirethatscopesare
properly nestedandthat pointerscanonly traversethe scopeboundaryin onedi-

rection:from theinsideto theoutside.Theserestrictionsule outthegraphsn Fig.

1.15.Fromleft to right we have aback-pointeillegally crossingascopeboundary
aforward pointerillegally crossinga scopeboundaryandimpropernesting.These
restrictionsalsoimply thatonly nodesin the scopeof alambdanodeareallowed
to have back-pointergo thatlambdanodeandthatfrom the outsideof a scopewe

canonly have apointerto thelambdanodeof thatscope.

1.2.3 Lambda Calculus and Recursion

We have seerhow we canusecyclesto encodeaecursvely definedobjects.Cycles
arealsovery usefulin the representationf recursvely definedfunctions. Tradi-
tionally recursvely definedfunctionshave beenencodedn CL andthe lambda
calculusby meansof fixed-pointcombinatos. A fixed point combinatoris a term
Y suchthat

YFE=F(YF) .

In the lambdacalculussuchtermscanbefound,for example
Yi = A (A (XX)) (AT (xX)) .
If we alsohave the p-constructhenwe candefine

Yu=Afuxfx .

Figurel.14: Thegraphof twice 2
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; )
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4 e
A A
V4 V4
X X

Figurel.15: Lambdagraphswith incorrectscopes

Thisis anotherfixed point combinator:

Af.uxfx)F = pxFx
= F(pxFx)
= F(Af.uxfx)F)

The differencebetweenthe two fixed-pointcombinatorscanbe shavn in a little
example.Let usconsiderthefactorialfunction

facn=ifn=_0then lelse nx(fac(n—1)) .
Usingary fixed-pointcombinatomwe canencodd ac as:
Y(Afnifn=0then lelse nx(f(n—1))) .
Notethatif we useY,, thenwe canreducethe encodingof f ac to
puxAn.if n=0then 1else nx (x(n—1)) .

This is much closerto the definition we gave. If we usethe letrec thenwe can
encodethis functionasadeclaratiorandstayevencloserto the definition:

(- | fac = An.if n=0then 1else nx (fac (n—1)),---) .

1.2.4 Unwinding of Lambda Graphs

In the first-ordercasewe hadtwo waysto definethe unwindingof a term with

letrec: by meansof unwindingthe graphandby meansof rewriting theterm. The
first definition yields an infinite tree and the secondan infinite term. The same
canbe donefor higherorderterms. In the first-ordercasewe have that the set
of infinite treesandinfinite termsareisomorphicandthatboth definitionsarethe
sameupto isomorphismHowever, in the higherordercasethe setof infinite trees
is notisomorphicto the setof infinite terms: a singleinfinite term (infinite trees
with labels)corresponds$o mary infinite treeswith scopes.Thus,the unwinding
of agraphyieldsaninfinite treewith scopesaandtherewriting of atermyieldsan
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Figure1.16: Unwindingthegraphof let y = (Ax.let z= uxin zz) in yy

infinite treewith labels. Neverthelessif we translatethe scopedunwindingof a
higherordertermto aninfinite treewith labelswe obtaintheinfinite normalform
of theterm.

Obtainingthe unwinding by meansof rewriting works exactly the samefor
higherordertermsasfor first-orderterms. Unwinding higherorder graphsis a
little bit moredifficult. If we chooseto duplicatea lambdanodethenwe do not
copy justthelambdanode,but we copy the entirescopeof thelambdanode. This
is necessarnpecauseave needto presere the properstructureof the graph. Fig.
1.16 shavs what goeswrong if we only copy the lambdanodeandalsoshavs a
properunwindingsequencéor thegraphof let y = Ax.let z= xXin uzinyy. In Fig.
1.17we have drawvn the scopedunwindingof let z= Ay.y in Ax.z ontheleft. The
infinite normalform of this termis Axy.y. We have drawn this termin the middle
andon theright we have drawvn the graphof this term. Note that the the graphof
theinfinite normalform is not the sameasthe scopedunwindingof thegraph.

v v v
box )

A A A
Y

Figurel.17: Theunwindingsof let z= Ay.y in AX.z
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Figure1.18: Examplesof regularlambdatrees

A naturalquestiorto askis which infinite treescanbeobtainedasthe unwind-
ing of atermwith letrec. In thefirst-ordercasetheanswemasall regulartrees.We
would like to give the sameanswerhere,but what doesit meanfor a higherorder
treeto beregular? In the remainderof this section,we will answerthatquestion.
Becausd¢heanswethasnoimpactontherestof thethesisandbecausé is arather
complicatecansweyrsomereadersnay wish to skip to the next section.

In thefirst-ordercaseatermis regularif the setof all sub-termss finite. We
will try to usethis definitionin the higherordercaseaswell, but taking sub-terms
is muchmoredifficult in thehigherordercasebecaus®f boundvariablesor back-
pointers.

For labeledtreeswe canjust forget that somevariablesare boundby lambda
abstractionsbut this leadsto problems.For example,in Fig. 1.18we have dravn
two alphacorvertible infinite lambdatrees. Both treesare the unwinding of (x |
X =yXx,y = Ax.X). However, theleft graphhasa finite numberof subtreesandthe
right graphhasinfinitely mary subtreesWorsethanthat,thetreein Fig. 1.19has
only afinite numberof subtreesbut it is notthe unwindingof atermwith letrec.

To prove that this tree is not the unwinding of a term with letrec, we must

;
A
)
A
¥
A
* )
A
v

Figurel.19: Exampleof alambdatree
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Figurel.20: A labeledtreewith scopes.

obsere thatthe scopedunwindingpreseresthe depthof nestingof scopes.That
is, if the maximaldepthof nestingof the scopesn a graphis n thenit is at mostn
in thescopedunwindingof thatgraph.(It canbelessif the maximalnestingdepth
occursin aninaccessiblgartof the graph.) With this obseration we canexplain
why we cannotgetthe graphin Fig. 1.19asthe unwindingof atermwith letrec.
The only legal scopingof this treeis givenin Fig. 1.20. Becausehis scopingis
nestednfinitely deepit is impossiblethatthis treewasobtainedasthe unwinding
of atermwith letrec. To prove thatthisis theonly possiblescopinglet usconsider
anarbitrarynodein thegraph.We mustprove thatthis nodeis in thescopeof every
lambdanodeabove it. We will do soby inductionon the numberof lambdanodes
above thegivennode. If therearenolambdanodesabore the givennodethenwe
aredone. If thereis alambdanodeabore usthenthe nearestambdanodeabove
usbindsavariablethatis somevherebelown the givennode.Hence we mustbein
the scopeof thislambdanode.By inductionhypothesighis lambdanodehasto be
in the scopeof every lambdanodeabove it. Becausescopeshave to be properly
nestedthis meansthat the given nodeis alsoin the scopeof every lambdanode
above thelambdanodeandthusin the scopeof every lambdanodeabore it.

Theconclusionis thattakingsub-tree®f labeledireesdoesnt work. Thesame
holdsfor sub-termsf treeswith de Bruijn labels.In Fig. 1.21we have dravn the
sametermasin Fig. 1.19but thistime with de Bruijn labels.

Thesolutionis to considersub-tree®f scopedrees.At first sight,taking sub-
treesof scopedreeslooksimpossiblebecausdack-pointersvould beleft without
alambdato pointto. This problemcanbe overcomeby introducingnodedabeled
v thatarealsoallowedto bind. We thendefinethe sub-treeata certainpoint asthe
treestartingwith asmary v-nodesaswe have scopesat thatpointfollowed by the
real sub-treeat that point, wherewe connectevery back-pointerto a nodethatis
notin the sub-treeto the corresponding-node. Seefor exampleFig. 1.22,where
we have draw the graphof xAxy.yx andindicatedall sub-treesNotethatwe take
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Figurel.21: An infinite lambdatermwith de Bruijn indices

sub-treesat edgesratherthan sub-treeat nodes. Using this notion of subtreewe
candefineregularlambda-treesWe conjecturehatthesetof regularlambda-trees
is preciselythe setof lambda-treeshatcanbe obtainedasthe unwindingof terms
with letrec.

1.3 Programming Languages

In the pastsectionswe have often motivatedthe introductionof a new concept
by referringto an applicationin the field of programmindganguageslin this sec-
tion we will elaborateon theseapplications. More precisely we will shav how

to userewriting on termswith letrec to describeprogramexecutionand program

] =
@
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X
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v
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Figurel.22: A lambda-treeandall its sub-trees.
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transformationsWe will alsoshav thelimitations of this approach.

1.3.1 Program Execution

We have given mary examples,wherewe reduceda term and claimedthat the
reductionrmodeledheexecutionof theprogram.Wewill now discusshemodeling
of programexecutionin detail. Let usconsidertheterm

(F(xy,xy) | x=(Axy.X) A,y = (AX.XX) (AX.XX)) .

We canthink of this term asa programin a functional programminglanguage.
Threepossibleimplementation®f a functional programminglanguageare call-
by-name call-by-needandcall-by-value By usingdifferentrewrite ruleswe can
modelthesemplementations.

Thesimplestimplementatioris call-by-name To evaluateafunctioncall using
call-by-namewe passthe expressionshataregivenasargumentsandstartto eval-
uatethe body of thefunction. Every time we needanargumentwe make acopy of
the expressiorthatwaspassedor thatagumentandevaluateit. For our example
we canmodelthis with thefollowing reductionsequence:

(F(xy,xy) [ x=(AXy.X) A,y = (AX.XX) (AX.XX))

== (F (()\xyx) AY,Xy) | X=(AXY.X) A,y = (AX.XX) (AX.-XX))
?2 (F(AXy) [ x= (AXY.X) A,y = (AX.XX) (AX.XX))

== (F (A, (AXy.X) Ay) | X = (AXY-X) Ay = (AX.XX) (AX-XX))
?2 (F(AA) | x= (AxY.X) A,y = (AX.XX) (AX.xX)) = F(A,A)

Similar, but muchmoreefficient is call-by-need. To evaluatea function call us-
ing call-by-needwe passthe expressionghatare given asargumentsandstartto
evaluatethe body of thefunction. Thefirst time we needa particularagumentwe
evaluatethatargumentandstorethe result. If we needthe sameargumentagain,
we usethe storedresult. For our examplewe canmodelthis with the following
reductionsequence:

(F(xy,xy) | x=(Axy.X) A,y = (AX.-XX) (AX.XX))
— (F(xy,xy) | x= (Ay.X | X = A),y = (AX.XX) (AX.-XX))

,B—m>( F(xY,Xy) | x=AyX,X = Ay = (AX.XX) (AX-XX))

=2 (F(QAYX)y,xy) [ x=2Ay.X,X = Ay = (AX.XX) (AX.XX))

5 (FIXTY = ),xy) [ X=AyxX, X = Ay = (Axxx) (AXxx))

=2 (F(X Y =), AyxX)y) [ x=AyxX,X = Ay = (AXXX) (AX.XX))
5 (FIX Y =9), (XY =y)) [x=Ayx, X = Ay = (AxxX) (Ax.xX))
= F(AA

Anothernamefor call-by-needs lazyevaluation Call-by-valueis completelydif-
ferentfrom call-by-nameandcall-by-need.To evaluatea function call usingcall-
by-needwe first evaluateeachof theargumentsandonly afterhaving successfully
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evaluatedthe agumentwe will startevaluatingthe body of the function. For our
examplewe canmodelthis with thefollowing reductionsequence:

(F(xy,xy) | x=(AXy.X) A,y = (AX.XX) (AX.XX))
5 (F(xy,xy) | X = (AXy.X) A,y = (AX.XX) (AX.XX) )

_B)...

1.3.2 Program Transformations

One of the purposesof programtransformationis the optimizationof programs.
For example let usconsiderthe program

(ftrue| f =Axx:: (f(notXx))) ,
wherewe have the predefinedewrite rules

nottrue — false
notfalse — true

This programcomputesan alternatinglist of booleansstartingwith true. The
sameinfinite list is computedoy the program

(ftrue| f =Ax(y|y=X:notXx:y)) .

However, the performancef the two programgs radically different: thefirst pro-
gramneedsaninfinite numberof 3-stepto computethelist, while thesecondermi-
natesafterasinglep-step.In severalstepswe will now transformthefirst program
into thesecond.

As thefirst stepin the transformationwe inline the definition of f into itself.
Thatis, we substitutethe definitionof f for anoccurrencef f in thedefinitionof
f andwe let this substitutionbe followed by a [3-step.

(ftrue | f =Axx:: (f (notx)))
= (ftrue| f =Axx: ((Axx:: (f (notX))) (notx)))
- (ftrue | f = Axx:: (notx) :: (f (not (notx)))) .

Becausave know thatfor any x it holdsthat
(not (notXx)) =X ,
thenext stepin thetransformatioris

(ftrue| f =AxX:: (notx) :: (f (not (notXx))))
= (ftrue | f =AxX: (notXx) :: (fX)) .
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set-car!
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Figurel.23: Thefunctionset - car! in Scheme

In this lasttermwe cannow seethata functionis recursvely calledwith thesame
amguments.Thisallows usto replacethatparticularfunctioncall with acycle using
thefollowing axiom:

(M| f=AxC[fx],D) = (M| f =Ax(y|y=Cly]),D) .
Thus,thelaststepin thetransformatioris:

(ftrue| f =AxX: (notXx) :: (X))
= (ftrue| f =AX(y|y=X: (notXx):y)) .

Much more aboutthe useof termswith letrec in the implementatiorof the pure
functionalprogrammindanguageHaslell canbefoundin [dMS95.

1.3.3 Limitations

Becausdermswith letrec represengraphswe canseerewriting termswith letrec
asgraphrewriting. One of the advantagesof this approachis thatterm rewriting
canbedirectly appliedto graphs.Thus,we have anotionof graphrewriting thatis
relatively easyto work with. However, in somecasesve mustdefinea nativegraph
rewriting notation. Thatis, we mustdefinea rewrite relationdirectly on graphs.
For example,we may describethe behaior of theset - car! functionin Scheme
with the rewrite rule in Fig. 1.231 Syntacticallywe canwrite this graphrewrite
rule asarewrite rule onlists of declarations:

u=set-car! (v,z),v=cons(x,y) - u=\Vv,v=cons(zy) .

However, we cannotexpressthis rule atermrewrite rule on termswith letrec. We
will not pursuethis notion of graphrewriting ary further Instead,we continue
by discussinga serioustechnicalproblem: the fact that higherorderterm graph
rewriting is not confluent.

Becauseve wantto study programoptimizationasa rewrite system,we will
needrewrite systemshatcanexpresgheinlining transformationAs we have seen
in our exampletheinlining transformatiorfor the lambdacalculusconsistedf a
substitutionfollowed by several 3-steps.The conclusionis thatin orderto beable

1This examplewastakenfrom [LDLR99].



22 CHAPTER1. INTRODUCTION

to inline every function everywherewe need(amongothers)the following three
substitutiorrules:

(C[X | x=M,D) =2 (C[M] | x=M,D)
(M |X:C[y]ay: N,D) T (M ‘ X:C[N]ay: N,D)
(M |x=CIx],D) <= (M [x=C[C[x]], D)

Theserulesarecalledexternalsubstitutionjnternalsubstitutionandcyclic substi-
tution? Unfortunately thesethreerulesform a non-confluentewrite system.For
example,considettheterm(x | x = F(x). We canreducethis termasfollows:

(x| x=F(x)) —=— (x| x=F(F(x)) (1.1)

|

(F() [x=F(x)

cs

(F() [ x=F(F(x)))

By further contractingsubstitutionredexes this diagramcannotbe closed: every
reductof (x | x=F(F(x))) will have an even numberof F symbolsand every
reductof (F(x) | x= F(F(x))) will have an odd numberof F symbols. If we
extendtherewrite systemwith a setof rulesthatallows usto rewrite ary termto a
flat termwith the samegraphthenwe canclosethediagramasfollows:

(X[ x=F(x) = (x| x=F(F(x))
flatten
(X[ x=F(y),y=F(x))
(F () |x=F () e

(F(y) Ix=F(y),y=F(x)

flatten

cs

(F() | x=F(F(x))) (ufu=F(v),v=F(w),w=F(v))

Note thatduringthe flatteningwe alsoapply a-conversion. It is anopenquestion
if this extensionis confluent. For example,thereis no known way to closethe
following diagramin this system:

flatten

(X | x=F(x,x)) —— (X| x=F(F(X,x),X))

|

(x| x=F(XF(xXx)))

2|n [AK96, AK97] cyclic substitutiorwasdeemedo bea specialcaseof internalsubstitution.In
this thesiswe assumehatinternalsubstitutioninvolvestwo differentequationspecausét is easier
to understandndbecausehedistinctionis neededn proofs.
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However, it is known that if we add a rule known as“copying”, the resultis a
confluentrewrite system. Anyway, we hopeto have madeit clearthatthereare
potentialconfluencegroblemsassoonasthethreesubstitutiorrulesareallowed.

Adding first-orderorthogonalterm rewriting doesnt posevery big problems.
A fundamentakesultis that on termswith letrec we have that orthogonalfirst-
orderterm rewriting modulo unwindingis confluent. However, if we also have
lambdaabstractiorand 3-reductionthenthe non-confluencgroblemhasa much
morefundamentahature.

Thefollowing exampleis adaptedrom an examplein [AK97]. Considerthe
term

(fO| f =Axc1x(g(Sx)),g=Ay.c2y(f(Sy))) -

Startingwith this termwe have thefollowing two reductions:

(fO[ f =Axc1x(g(SX),g = Ay.coy(f (Sy)))
= (O] f=Axcix((Ay.c2y(f(SY))) (SX)))
= (FO[ f =Axc1x(c2(Sx) (f (S(S)))))

and

(fO[ f=Axcix(9(Sx)),g=Ay.c2y(f (Sy)
— (Axc1x(g(Sx))) O f = Ax.c1x(g(Sx)
— (€10(SO) | f = Ax.c1X(g(SX)),g = Ay.Coy
— (c10(SO) | g=Ay.coy((Ax.c1x(g(Sx))) (Sy)))
— (c10(SO) | g = Ay.coy(c1(Sy) (9(S(SY))))) -

Even if we use B-reductionmodulo unwinding equialencethe termsin which
thesetwo reductionsendhave no commonreduct.

Theconclusionis thatif we wantto considera higherordergraphrewrite sys-
temthat containsall threesubstitutionrulesthenwe will have to dealwith a non-
confluentrewrite system.Fromthe programtransformationye gave asanexam-
ple, we canconcludethat ary rewrite systemthatis capableof expressingmary
suchtransformationsvill containthethreesubstitutionrulesandwill thereforebe
non-confluent.Thus,whenwe considerthe semanticof graphrewriting we will
have to dealwith rewrite systemghatarenon-confluenandnon-terminating.

1.4 The semanticsof graph rewriting

Given a confluentand terminatingterm rewrite system,we caneasily definethe
semanticof atermto be the uniquenormalform of the termwith respecto the
rewrite system. Unfortunately we want to considergraphrewrite systemsthat
areneitherconfluentnor terminating. The problemposedby the non-termination
canbe solved by consideringconstructionsimilar to that of the Bohmtreein the
lambdacalculus. This solves one problem,but the classicalway of developinga
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Bohmtreetheorydependon confluence.Therefore we will needto introducea
new propertythatis strongenoughto do the Bohm tree theory andwealer than
confluenceskew confluence

1.4.1 The Bohmtree

The lambdacalculusis an exampleof a rewrite systemthat is non-terminating.
Becausédhe lambdacalculusis confluent,we have thata termreducego at most
one normalform. We can still usenormal forms as semanticsoy defining the
semanticof a lambdaterm asthe uniquenormalform the term reducedo if it
exists and undefinedotherwise. However, this semanticds muchtoo coarse. A
morerefinedapproachs thatof the Bohmtree.We will presenthisapproacmow
in theform in which Lévy presentedk in histhesis[L év7§.

Thekey obserationbehindthe definitionof theBohmtreeandsimilar notions
is thatif we reduceatermthensomepartsof thattermcanbecomestable.Thatis,
somepartsof thetermcontainno redexesandthetermcannotbereducedn away
suchthatthe stablepartswill againcontainredexes. The stablepart of alambda
termM is thenormalform of M with respecto thefollowing rewrite rules:

AXM)N  —— Q;

Ax.Q — Q
wWBT

oM — Q.
wWBT

Thisnormalformis denotedvith wgt(M). Thestablepartof atermis alsoreferred
to asthe directapproximationof the term or the informationcontentof the term.
During areductiontheinformationcontentincreasesThatis, we have that

M N = weT(M) <q weT(N) -
In otherwords,we have thatthe informationcontentis monotonicwith respecto
reduction.
The Bohmtreeof infinite normalform of a termis the setof all information
thatcanbefoundin reductsof thatterm. We formalizethe BohmtreeBT (M) of a
lambdatermM asfollows:

BT(M) ={ae wer(A) [M—+N,a<q wgr(N)} .
In effectthe Bohmtreeof M is the downward closureof the set
{weT(N) | M—>N} .

The useof a downward closureis necessaryo ensurethat every two convertible
lambdatermshave thesameBohmtree.We will referto thisimportantpropertyas
theuniquenessf theinfinite normalform UN®.
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Figurel.24: Thew reductiongraphof puxF (x)

1.4.2 Skew Confluence
Thep-calculusis arewrite systemwith asinglerule:
HXM M[x:=pxM] .

We candefineinfinite normalformsfor the p-calculusby definingtheinformation
contentwy,(M) of aterm M asthe normalform of M with respecto the rewrite
rule:

UxM = Q.

Becausehe p-calculusis a confluentCRS, we can easily prove that the infinite
normalformsareunique.However, if we addtherewrite rule

HXCIX] 2 WXCICIX]

andkeepthe notion of information contentthenwe have a problem: the rewrite
relationw is not confluent.For example,we have thefollowing reductions:

UXF (X) —— F(uxF (x)) —— F(uxF (F(x)))

|

uxF (F(x))

Thetwo termspx F (F(x)) andF (uxF (F(x))) do not have a commonreduct,be-
causeary reductof pxF(F(x)) will containan even numberof F symbolsand
every reductof F(uxF (F(x))) will containan odd numberof F symbols. The
reductiongraphof pxF(x) is dravn in Fig. 1.24. The horizontalreductionsare
K-stepsandthe vertical reductionsare ppesteps. The dashedsticks’ indicatethe
termsthathave the sameinformationcontent.

Although g is not confluent,it doeshave uniqueinfinite normal forms.
This is becauséaving uniqueinfinite normalforms doesnot directly dependon
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Figurel.25: Overvien

confluenceput on the ability to derive the sameinformationfrom every reductof
aterm. Thatis, if M reducedo both N; andN, thenwe needto be ableto derive
from N, all theinformationthatwe canderive from N;. Deriving informationfrom
atermmeangeducingthattermandtakingtheinformationcontent.Thereforejt is
sufiicientthatif M reducego bothN; andN,, we areableto derive theinformation
contentof N; from N,. Thatis, it is suficient if for somereductN of N, the
following diagramholds:

M—> Ny

L .

Ni <o« N

whereP <, Q if wu(P) <o wy(Q). This diagramis a specialcaseof a property
known asskew confluenceWe saythat — is skew confluentwith respecto + if

thefollowing diagramholds:

—

|
ul o
¥

N]_*E»N

In the new terminologywe can saythat g hasuniqueinfinite normalforms,

becausew is skew confluentwith respecto <,,.
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1.5 Overview

Beforewe finish theintroductionandcontinuewith thetechnicalpartof thisthesis
let usgive anoverview of thethesis.(SeeFig. 1.25.) With only afew exceptions,
thefollowing chaptersuild towardsthe goalof a generictheoryof infinite normal
formsfor higherordergraphrewrite systemsRatherthanjustthelambdacalculus
we useCRSsashigherorderrewrite systems.

After the preliminaries,we continuewith the formal definition of the syntax
andsemanticof termswith letrec. This includesthe introductionof higherorder
termgraphswhich areaformal representatioof the pictureswe have dravn.

In thenext chaptemwe studythe expressie power of thelet, pandletrec. More
preciselywe give acharacterizationf thegraphghatcanberepresentetly terms,
which usetheseconstructs.In this chapterwe motivate the useof the letrec, by
shawving thatthe letrec is more powerful thanthe let andu together Technically
speakinghis chapteiis anintermezzaasnoneof its definitionsor resultsareused
in theremainderof thethesis.

In Chap.5 we continuebuilding towardsthemaingoalby axiomatizingseveral
equvalencerelationson cyclic terms. Among others,we axiomatizethe terms
that have the samegraphand the termsthat have the sameunwinding. As the
applicationto the theory of graphrewrite systemswe will give rewrite systems
thatcanbeusedasthebasisof graphrewrite systems.

We continuewith a studyof the principlesof Bohmtreesandinfinitary rewrit-
ing in Chap. 6. The main technicalvehiclesin this study are completepartial
ordersand abstractrewriting systemson them. A crucial role is playedby the
finite elementsf completepartialorders.

In Chap. 7 we concentrateon rewrite systemsdefinedon termswith letrec.
Most of thesesystemscanbe decomposedhto two setsof rules. Thefirst setof
rulesdealingwith 'bookkeeping’ andthe secondsetdealingwith the real work.
For example,in an explicit substitutionlambdacalculusthe rules dealing with
substitutiorarebooklkeepingrulesandthe3-ruleis therulethatdoestherealwork.
Intuitively, a bookkeepingrule is a rule that doesnt changethe unwinding. We
applythetheoryof the previouschaptetto termswith letrec to provide aframeavork
for definingBohm semanticsThis theoryis extendedwith propertiesof contexts,
whichwe could not studyin the previouschapter

In Chap.8 we applythetheoryof Chap.7. More preciselywe give afew more
examplesof unwindingcalculi, we definea genericnotion of infinite normalform
on certaincombinatoryreductionsystemsaandwe do a casestudyof cyclic lambda
calculi.

3For thereaderthatdoesnt knov CRS’s. CRS’s area form of higherorderrewriting. It is best
to think of a CRSaslambdacalculusplustermrewriting plus complicatedrulesinvolving lambda
abstractions.






Chapter 2

Preliminaries

2.1 Sets

Onsetswe will usethe normalnotationfor union,intersectiorandcartesiarprod-
uct. For thedisjointunionwe usethesymbolw. Theformal definitionof disjoint
unionis

wiaS =i} xS) .

iel

However, if we have disjointsetsA andB thenwe will malke nodifferencebetween
AUB andAwB. We definethe binary operatorssetminus(\) andsetdifference
(B) by

A\B={acA|a¢B}

AAB = (A\B)U(B\A)

Thefollowing notationis probablyknown, but we wantto avoid ary possiblecon-

fusion:
Set  Definition Description

P(S) {A|ACS} thepowersetofS
n

A I_Iien ]

S UjenS thesetof wordsover S.

N {0,1,2,---} Thesetof thenaturalnumbers.
00 Infinity.

N NU {} Thenaturalnumberslusinfinity.

2.2 Relations

Thoughit is clearwhata partial orderis, the formal definitionis not unique. We
usethefollowing definitions:

Definition 2.2.1 A partialorderis a pair (S, <), where< is atransitve, reflexive
andanti-symmetrichinaryrelationover S. A setD C Sis adirectedsetif every

finite subseD’ of D thereexistsd e D suchthatd is anupperboundof D’. A set

29
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D c Sis downwardclosedif Vd,d'eD:d<d"eD = deD. Asetl C Sisan
idealif | is downward closedanddirected.The setof idealsover Sis denotedoy
I(S). A partialorder(S <) is completeif every directedsubsehasa leastupper
bound.

The notionsin the previous definition were all very well-knovn. Somevhat
lesswell-known arethefollowing two:

Definition 2.2.2 Givena completepartialorder (A, <). An elementa e A is finite
if for everydirectedsetD C A, suchthata < lubD, we have thatthereexistsd € D,
suchthata < d. The setof finite elementsn A is denotedby ¥ (A). A CPOis
algebraidf Vae A:a=Ilub{a' ¢ F(A) | d < a}.

If 4= (A, <)isapartialorderthen4; = (I(A),C) isacompletepartialorder
calledthe ideal completionof 4. If morewer all elementsof A arefinite then
F(I1(A) ={]{a} |ac A} and4, is algebraic.

The downward closure| S of asetSis awell-knowvn notion. In addition,we
will alsodefinethefinite elementdownwardclosure| ; Sof S, Thisdefinitionuses
the setof finite approximation|  (s) of anelements;

Definition 2.2.3 Givenacompletepartialorder (A, <), we define

lr (s ={ac F(A)|a<s} ,VseA
L5 (S =Uss by (9) ,VSCA

Givenapartialorder(A, <), anelementa e A andasubsetSC A.

- Wesaythata is alowerboundof Sif ¥se S: a<s.

- We saythata is thegreatestower boundof S, denotedylbS, if aiis alower-
boundof Sandevery lowerbounda’ of Ssatisfieshe conditionthata’ < a.

- Wesaythata is anupperbounaf Sif Vse S: s< a.

- We saythata is the leastupperboundf S, denotedubS, if a is anupper
boundof Sandevery upperbounda’ of Ssatisfieghe conditionthata < &'.

Basedon the notionsof leastupperboundandgreatestower boundwe definethe
following threepartial functionsform sequencesf limit ordinallengthover A to
A

liminf(a)ica =lub{acA|FBeca:Viea\B:a<a} ;

limsup@)ica =glb{acA|IBeca:Viea\P:a <a} ;

lim(&)ica = liminf(&)icq, if IMinf(&)icq = liMsup(@)ica -
For the specialcaseof setswe have:

I|m |nfy€q Ay == Uyga ﬂ5€a\yA5

lim SURcq Ay =Nyea U56G\VA5
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and
liminfyeq Ay ={x[3Jy:Vdy<d<a:xeAs}
limsug. Ay ={x|Vy:3dy<d<a:xeAs}

Proposition 2.2.4 Givenanalgebraiaccompletepartialorder(A, <) andasubsets
of A, we have thatif theleastupperboundof Sexiststhentheleastupperboundof
¢ Sexistsand

lubS=Ilubl+ S .

Proof. We have thatlubS is anupperboundof |+ S becausdor every element
aels S wehavethata < & for someelement e Sandby definitiona < lubS.
By contradictionwe canprove thatlubSis the leastupperboundof |+ S assume
thatb is anupperboundof |+ S We claim thatb is anupperboundof S. By this
claimwe have thatlubS< b. To shawv theclaimlet & beanarbitraryelemeniof S.
We mustnow shav thata’ < b. Becausehe partial orderis algebraiove have that
a =lub |+ &. Because s & Cls Sandb is anupperboundof |4+ S we have
thatlub |7 @ <b. 0

2.3 Abstract Reduction Systems

Introductionsto term rewriting and abstractreductionsystemscan be found in
[Klo92, DJ9Q. Here,we will only mentionsomenon-standardhotationwe use
andintroducereductionandconfluencemodulo,for which theredoesnot seemto
beastandardhotationandterminology

The usualsymbolfor the corversionrelationis =. Becausehis symbol= is
alsousedfor the declarationof let andletrec, we usea differentsymbol. Because
in diagramsarrows look best,we usea doublesidedarrav. By putting an order
above thearrov we indicatethat every stepin the corversionis alsoanascending
sequence:

Definition 2.3.1 GivenanARS (A, —) andanorder (A, <), we define

— = (> U+—)*
<

= =((—mU+—)N )"
In additionwe will needto indicatein diagramgshatwe arerewriting anobject
or atermto normalform. We will indicatethis with a specialarrow:

Definition 2.3.2 GivenanARS (A, —), we write a—» b if a—»b andbis anor
mal form.

Differentversionsof confluencenoduloandreductionmodulohave beenpro-
posedHue8Q DJ9(J. Ourdefinitionsaregivenin pictorial formin Fig. 2.1andin
algebraicform below:
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() — isweaklyconfluentmodulo~
(i) — is confluentmodulo~
(i) — is completefor — modulo~

Figure2.1: Pictorialdefinitions

Definition 2.3.3 GivenanARS (A, —) andanequivalencerelation~ on A. Then
- reductionmodulo(written as—») is definedby:

a—bifda,beA: a~d b ~b .
- — is weaklyconfluentmodulo~ if
Va,d,b e A: (a—d, a0 = 3a",0": d—=a" b0, a' ~b") .
- — is confluentmodulo~ if
Va,d,b,b' cA: (a~b,a—d, b—sb = Ja’ b": d—=ad" b0’ d" ~b") .
- — is completefor — modulo~ if

Va,be A: (a—»b = 3Jc,de A: b—»c,c~d,a—>d) .

2.4 Terms

Definition 2.4.1 A signatureX is atriple (Fun,arity, Var), whereFun andVar are
disjointsetsof functionsymbolsandvariablegespecirely andwherearity : Fun —
N is afunctiongiving the arity of its agument.For every n ¢ N we definethe set
of n-ary functionsymbolsasFun, = {f € Fun | arity(f) = n}

Definition 2.4.2 The setof termsover X is givenby
M= x| Fy(Mg, -+ ,Mp)

wherex e Var andF;, € Funy,.
If @ € Fun; thenthe setof lambdatermsover X is givenby:

M= x| Fy(Mg,--+ ,Mp) | AXM |

wherex e Var andF, e Funy,.
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Typicalelement®f Var arex, y, z,u, v, w, typicalelement®f Fun are@, F,G,H.
Therequirementshatx e Var andF, € Fun,, in the definition of termswill be left
implicit in thefuture. Thatis, the setof termswill be specifiedas:

M = x| Fo(Mq,--- ,Mp) .
As usualwe will write MN for @(M,N). Also asusualthe only correctway to

parseAx.xyzis asix.@(@(x,y), 2).

Definition 2.4.3 The setof positionsin a (lambda)termM, denotedPos(M), is a
setof wordsover the naturalnumbergecursvely definedby

Pos(x) = {&}
Pos(F(Mg,---,Mn)) = {e}UUL1{ip| pe Pos(M;)}
Pos(Ax.M) = {e}U{lp| pePos(M)}
For p € Pos(M) we definethe subtermof M at positionp, M|, as
M|s - M
F(Mla"'aMn)hp = Mi

For p € Pos(M) we definethe context of M at positionp, M[],, as

M[Je =0
F(Mg,-+- ;Mn)[lip = F(Mg,-+-,Mi—1,Mi[]p,Miy1,--+ ,Mp)
(AxM)[lip = M(M[]p)

Definition 2.4.4 The setof termsA of the lambdacalculuswith positions(A, -
)pene IS givenby:
M:i=x|AXM|MM

Thereductionrelation—p> is givenby:

I\/I—p>N

(AXM)N 2> M[x:=N]  AxM T AX.N

M—p>N M—p>N
MP1—p>NP PM2—p>PN

2.5 Diagrams

A powerful technique,decreasingliagrams,to prove commutatvity from local
commutatvity wasdevelopedby van Oostrom(see[vO94]). Thistechniquecon-
sistsof associatinga labelto eachreductionstepandgiving a well-foundedorder
on theselabels. If all local diagramsturn out to be of a specifickind, namely
deceasing thencommutatvity is guaranteed.
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Definition 2.5.1 Let|.| bethemeasurdrom stringsof labelsto multisetsof labels
definedby:

|ai...an| = {{a| thereisno j <iwitha; > a}} .

Then,thediagram

is deceasingif {{a,b}} > |ab;...bm| and{{a,b}} > |ba ... a|.

Theorem 2.5.2 If two labeledreductionsystemsarelocally commutatve andall
local diagramsaredecreasingvith respecto a well foundedorderon labelsthen
the systemsarecommutatie.

Proof. See[vO94]. |

We remarkthat we arefreeto give ary labelto ary occurrenceof a step. It
is especiallyusefulto be ableto give differentlabelsto the samestepoccurring
horizontallyandvertically However, oncewe give a labelto an occurrenceof a
stepthenit is fixed.

The decreasingliagramstechniquesometimedails if thereis duplicationin
both the horizontaland vertical direction, e.g., thereis no possiblelabeling that
makesthefollowing diagramsall decreasing:

e —_— e

T T T

! \ N

\ ! T

+ ¥ ¥

- = - -2 -

It is oftenpossibleto solve this problemby introducingaform of parallelreduction
in, for example thehorizontaldirection.With respecto parallelreductionthethree
diagramsshouldthencollapseinto the singlediagram

-
|
|

| I

-

which canbe madedecreasindy orderingthe parallelreductionlarger thanthe
standardeduction.



2.6. INFINITE TERMS 35

A A
! | |
A @
ANV
| ARNEVARN
A A A

Figure2.2: Notationfor infinite terms

2.6 Infinite Terms

An actualdirectdefinition of a setof infinite termsis:

Definition 2.6.1 A setT C N* x (Fun @ Var @ (AVar)) is atermif

T is apartialfunctionon Pos

If T(p) is definedthenfor all p C pwe havethatT(p') is defined.

- If T(p) € Var andT (pg) is definedthenq = .

If T(p) e AVar andT (pq) is definedtheng=¢€ orq= 1q'.
- If T(p) e Fun andT (pq) is definedtheng= € orq=iq’ for 1 <i <arity(T(p)).

The setof termsis a CPO,if it is orderedby the subsetrelation. Also an ultra-
metriccanbedefinedon termsasfollows:

D(Ty, To) =max{2 I | Tu(p) # Ta(p)} ,
wheremax0 = 0.
For infinite termswe have somenotation,whichis illustratedin Fig. 2.2. For a
unaryfunctionsymbolA we have:
A = A(A®) = A(A(A(:+))) -

Givenary termA andtheapplicationwith its usualinfix notationwe have:

AP = AA® = A(A(A(+))) and®A=“AA= (((---A)A)A) .
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2.7 Combinatory Reduction Systems

CombinatoryReductionsSystemsare a form of higherorder rewriting systems,
definedby Klop ([KIo80]). A morerecentintroductionto combinatoryreduction
systemscanbe foundin ([KvOvR93]). BecauseCRSsarenot aswell-knowvn as
term rewriting systemsandthe lambdacalculus,we will spendsometime intro-
ducingthem.

In orderto introducecombinatoryreductionsystemswve needa new classof
syntacticobjects: metavariables Like function symbolsmetavariableshave a
fixedarity. Theusualnotationfor ametavariableof arity k is ZK. Also if ametavari-
ableis usedasZ(My,--- ,My) thenit is assumedhatZ hasarity k. We alsousea
speciabinaryconstructor.]., calledthe abstractioroperator.

Definition 2.7.1 The setof metatermgMT) is definedby
MT =Xx| [XIMT | F(MTy,--- ,MT,) | Z(MTy,--- ,MTy) .
A meta-terms atermif no metavariableoccursin theterm.

For (meta)termsve have thefollowing notation:[x3] - - - [xn]M is denotedxy, - - - , Xn)
andF ([xi,--- ,Xn]M) is denotedF x; - - - X5.M. If we have bothapplicationandab-
stractionin a (meta)ternthenapplicationbindsstronger Thatis, [x]xX is parsedas
[X](xx). All binding conventionsof the lambdacalculusareapplicableif we read
Ax.M for [X)M andif we countmetavariablesasfunctionsymbols.

Definition 2.7.2 GivenasignatureZ = (Fun, arity, Var) andasetof unaryfunction
symbolsB C Fun;, thesetof CRStermswith binders3 is the subsebf the setof
termspecifiedoy

M = x| BXM | Fy(M1,--- ,My) ,

whereB € B.

Definition 2.7.3 A rewrite ruleis aCRSis apair (M,N), writtenasM — N, where
M andN aremetatermsuchthat

- M andN areclosedmetaterms;

M is of theform F (Mg, ---My);

Any metavariableoccurringin N occursin M;

Themetazariablesn M occuronly assubtermf theform Z(xq, - -+ ,Xn).

If nometavariableoccurstwicein M thentherule is left-linear.
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Definition 2.7.4 Given a rule M — N and a substitutionfrom metaariablesto
termsao, suchthatfor every metavariableZ* we have that 6(Z*) = [xq,--- , %M.
We definesinglestepreductionon termsas:

C[M°] = CIN°] ,
wheresubstitutionis extendedirom termsto metatermsy the equation

Z(Mg,--+ ,M)° =M[xg :=M3, -+ ;% = M), if 0(Z) =[x, ,X]M .

2.8 Contextrestricted rewriting

Usuallyin term rewriting a subtermis a redex no matterwherein the term this
subtermoccurs.In this thesismary rewrite systemswill be definedwherearede
isasubternoccurringattheright place. Thatis, dependingnthecontet in which
it occursa sub-termis aredex or not. Hencethe namecontet restrictedrewriting.

Definition 2.8.1 A contet restrictedrewrite systemC over a signaturex consists
asetof CRSrules®- andamap@. : R — C(Z). The reductionrelation? is
definedby

C[M] = CIN] ,

whereM — N is aninstanceof aruleL — Rin & andwhereC € ¢-(L — R).

Usuallywe will indicatethe valuesof the function @, by writing this valueas
alabelof therule. For example,if we write

L?R

thenwe intendthatL — Risarulein - and@.-(L — R) = S Thedefaultlabelfor
arewrite rule in a contet restrictedrewrite systemis the setof all contexts. That
is, if thelabelis missingthenarewrite rule canbeappliedin ary context.

In orderto specifyacontext restrictedrewrite systemwe mustspecifycontets.
For the specificationof contexts we will usetwo tools: EBNF-like specifications
andregular expressionover contets. Thefirst methodis strictly more powerful
thanthe second put the secondmethodallows a more compactnotation. This is
usefulbecaus&BNF specificatiordo notfit asa subscripandregularexpressions
do. For example,if we have unaryfunctionsymbolsA andB thenwe canspecify
thesetC, of contexts wheretheholeoccursattherootof thetermor directly below
anA asfollows:

Ca::=0|C[A(D)] .

The samedefinition canbe obtainedwith aregularexpressiorasfollows:
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Theset
Cap = {0,A(B(D)), A(B(A(B(D)))),--- }
is specifiedby both
Cap::= 0] A(B(Cap))
and

Car=A(B(O))* .

Whenusedasa setof contet C standgor thesetof all contexts.



Chapter 3

The Syntax and Semanticsof
Cyclic Terms

This chaptercontainspreciseformal definitions of several notions, which have
beendiscussedn theintroduction.Thesenotionsincludethe syntaxof termswith
letrec andthetranslationof thosetermsto graphs.Thereademwhois notinterested
in extensve formal detailsmaywish to skip this chapterandusetheindex to look
up definitionsif necessary

3.1 Syntax

In this sectionwe will definethe syntaxof several setsof termsandsomeof the
terminologyrelatedto thoseterms. To simplify thesedefinitionswe will define
themastherestrictionof alarger setof pre-terms A pre-termcanbea variable,a
functionapplication,anabstractionalet, a1 or aletrec. Formally:

Definition 3.1.1 Givenasignaturex = (Fun, arity, Var). Thesetof pre-termsover
2 is givenby

M:= X|Fy(Mg,---,Mp) | [X]M | let x= Mz in M,
| HXM‘<MO|X1:M17"'7XHZM”> )

wherex, xq, -+, Xn € Var, F, € Fun, and{xy, - -- , X} is asetof n distinctvariables.

In Table3.1we have defineda numberof interestingsubset®f the setof pre-
terms. Like for CRStermswe have alsoidentifieda subsef termswith a setof
binders.(See2.7.2). Thus,if weconsidetermsoverasignaturevith Funy = {LA}
andFuny = {@} then

(@A), 1(¥) [ x=[Y@(y,y))

is ahigherordertermwith letrec. Thepictureof thistermis dravnin Fig.3.1.This
somavhat bizarreterm is not preseniin the setof higherordertermswith letrec
with binders{A, u}.

39
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Table 3.1subset®f the setof pre-terms
Firstorderterms...

M :X| FI’I(M17 7Ml’l)
with let M= X| Fn(Ml, ,Mn) | let X= Mg in My
with H M :X| Fl’l(Mla aMI’l) | XM
with let, 1 M =X | Fa(Mg,--- ,Mp) | let x= Mg in My | pxM
with letrec M :=X|Fy(Mg,--- ;Mp) | (Mo | Xg = M1, --+ ;X = Mp)
Higherorderterms...
M = X| Fa(Mg,--- ,Mp) | XM
with let M :i=X| Fy(Mq,--- ,Mp) | [XM | let x= Mg in My
Wlth U M :X| FI’I(M17 aMI’l) | [X]M | UXM
with let, 4 M =X | Fy(M1,--- ,Mp) | [XIM | let X = Mg in M1 | uxM
with letrec M = x| Fy(Mg,--+ ,Mp) | [XIM | (Mo | X1 = Mg, -+ ,Xq = Mp)

Higher ordertermswith bindes B ...

M = X| Fa(Mg,--- ,Mp) | BXM
andlet M ::= x| Fy(Mg,--- ,Mp) | BX.M | let x= Mg in My
andp M =X | Fy(Mg,--- ,Myp) | BXM | pxM
andlet, p M = x| Fy(Mg,--+ ,Mp) | BXM | let x= Mg in My | pxM
andletrec M = X| Fo(Mg,--- ,Mp) | BXM | (Mg | X2 = M1, -+ ,Xn = Mp)

Wereferto x; = My, --- , X, = Mp asalist of declarationslf D1 andD, arethe
lists of declarations; = M1, -+ ,Xmn = My andyy = Ny, -+ - ,¥n = My, respecirely,
suchthatVi, j : x # y; thenwe denotethe list of declarations¢, = My, --- ,Xm =
Mm, Y1 = N1, --,¥n = M, by D1,D». Whenit is cornvenientto do sowe sometimes
denoteallist of declarationsasa set. For example,if D1 = {x=y},Dy = {y =X}
thenD4,D; is alist of declarationsput D;,D1 is not. Usually we will take the
setof termsmodulopermutationof declarations.Thatis, we will considercyclic
termsmodulothe equation:

<M | Dl,X: Nay: P>D2> = <M ‘ Dlay: P,X: N7D2> .

Figure3.1: Exampleof a higherordergraph



3.1. SYNTAX 41

Wewill oftenreferto atermwith letrec asacyclicterm A cyclic termis flat if
it is of theform

M = (X|EQ---,EQn)
EQ X=F (X, ;%) [ X=[X{M

For flat termsis is assumedhatthe blackhole e is a constanin the signature For
arbitrarytermswe maychooseo includeit asaconstanor defineit ase = (x| x=
X).

Definition 3.1.2 Therecusionvariablesof atermM, denotedy RecVar(M), are
givenby:

RecVar(x) = 0
RecVar(F(My,--+,M,)) = UL RecVar(M;)
RecVar([] ) = RecVar(M)
RecVar((Mg | x; = My, ,xp = Mp)) = {Xq,-*+, %} U (U] yRecVar(M;))

Next, we definecontexts with ary finite non-zeranumberof holes.Becausave
will alsotake contexts up to permutationof declarationsye will have to number
theholesin orderto beableto fill theright holewith theright term.

Definition 3.1.3(context) GivenasignatureZ, suchthatd; ¢ (i e N). LetY' be
obtainedfrom X by addingD; (i € N) asconstants.For n e N ann-holed context

over X is atermover ¥’ with exactly oneoccurrenceof eachconstantdy,--- ,0,

and no occurrence®f O, 1,---. Given an n-holed context C and cyclic terms
My, ---,Mp, wedefinethetermC[My, - - - , M,)] asthetermobtainedy syntactically
replacingeachsymbold; by M; in C.

Eventhoughformally we have numberecholeswe canalways omit the sub-
scriptswhenwe write down a context becausén writing we do have a naturalleft
to right order Thus,by F(O,0,0) we meanF (01, 0,,03). Notethat

Ci=(F(xy) [x=0,y=0)andC; = (F(xy) |y=0,x=10)

donotdenotghesamecontet. Thisis easilyseerby explicitly addingthenumbers
of theholes.

Cl = <F(X,y) | X= Dlay: DZ) andCZ = <F(X,y) |y: Dl,X: Dz)

On cyclic termswe have two typesof alphaconversion: alphacorversionof
the abstractionoperatorand alphacorversionof the letrecitself. The definition
of alphacorversionusessyntacticreplacemenbf variables which is a sort of
substitutiondefinedas:
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Definition 3.1.4 Let 1 be a functionfrom variablesto terms. For cyclic termsM
we recursvely definethe syntacticreplacemeni® asfollows:

x° = 0(x)
F(Mla"'aMn)o = F(Mlc,aMrc]y)
(PIM)° = [x°]M?

<M0|X1:Ml""’xn:Mﬂ>0 = <M8|Xg:M:?""’Xg:Mr?>

We canthendefinealphaconversionasthe corversionrelationgeneratedby a
rewrite relation:

Definition 3.1.5(alpha cornversion) Givencyclic termsMy,--- ,Mp andn distinct
variablesz, -- - , z,, we define

[X1]My < (M)
<M0|X1:M17“'7Xn:Mﬂ> ? <M0‘X1:M17"';XHZMH>T )

where

_Ja,ity=x
) = {y, otherwise

By +—> we denotethetransitive, reflexive andcompatibleclosureof —.

Substitutionis usuallydefinedasa function from alphaequivalenceclassedo
alphaequialenceclasses.This meansthat one canalso definesubstitutionas a
relation betweenterms. Givena substitutiono we will defineMoN. This should
bereadasN canbeobtainedby applyingthe substitutiono to N.

Definition 3.1.6(substitution) Leto beapartialfunctionfrom variablego terms.
We extenda to arelationon cyclic termsasfollows:

X0 0(X) , if xe Domg
X0 X , If x¢Domg
F(Ng,---,No) 0 F(Py,---,R) ,if NioR, (i=1---K)
Mo N ,if M M'oN' < N
[XM o [X]N , if x¢ Domg andMoN

(No|yi =Ny 0 (Ro|yi =R)y, if yi #Domg, NioR (i =0---k)
Thepartialfunction[X, := My, - -+ , X, := My] is givenby:

Mi, If X=X
L , otherwise

In orderto be ableto seea substitutionasa functionon a-equialenceclasseswe
define
Mo ={N|MoN} .
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Xp X Xper X

Figure3.2: Graphicaldescriptionof thegraphconstructions

Note the differencebetweenM® andMa. The formeris a syntacticreplace-

ment,thelattera substitution.

Sofar we have dravn the graphsof cyclic termswithout being preciseabout
how to draw thesepictures.We will now work towardsa formal definition. What
we would like is to definethe graphof a termrecursvely. We have givensucha
definitionpictorially in Fig. 3.2. Most constructionsn this pictureareselfexplain-
ing, exceptfor the dottedlines endingin variables.Sucha dottedline endingin a
variableindicatesthatevery freevariablein agraphis replacedy somethingelse.
In particular it doesnotreflectary restrictionontheamountof occurrencesf that

Figure3.3: The constructiorof thegraphof (F (x,y) | x=A(y),y = B(x))
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Figure3.4: Theconstructiorof thegraphof (x | x = x)

freevariable.In fig. 3.3we have dravn mary stepsn theconstructiorof thegraph
of (F(x,y) | x=A(y),y = B(x)). To give a completelyformal definition, we will
first needaformal definitionof thegraphsn thepictures.Afterwardswe will need
sometoolsto dealwith alittle problemin thedefinition,which shavs whenwe try
to constructhe graphof, for example,(x | x= x). In Fig. 3.4 we have drawn this
construction.Theresultis notagraph!

3.2 Term Graphs

A firstordertermgraph consistsof a setof nodesv, a functionL which givesthe
labelsof the nodes.a function A thatgivesthe agumentsof the nodesanda root.
Therootandtheagumentsanbe eitheranodeor avariable:

Definition 3.2.1 Givena signaturez. A first order termgraphover Z is atuple
(V,L,Ar), where

\Y is aset;

L V> F;

A o {(vwi)|veV,1<i<arity(L(v)} = (Vo V) ;
r « Vov .

Higher-order termgraphsaddthefeatureof abstractionThis featureis imple-
mentedwith abstractiornodes,back-pointergto represenboundvariables)and
scopes.An abstractiomodeis a nodelabeled™, which may have two typesof
edgesointingto it: normaledgesandback-pointersWe denoteback-pointerdy
extendingthe setof possibleargumentswith a new symbolv for every abstraction
nodev in the graph. For every abstractiomodewe alsodefinea setof nodesthat
dependon this abstraction:the scopeof the abstractiomode. We formalize the
scopewith afunctionfrom abstractiomodesto setsof nodes.This function must
satisfyseveralconditions:

(self) Every abstractiomodeis a memberof its own scope.

(nest)Scopesareproperlynested.Thatis, if anabstractiomodeis a memberof
theinterior of the scopeof anotherabstractiomodethenthe entirescopeof
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thefirst abstractiomodeis asubsebf theinterior of the scopeof thesecond
abstractiomode.

(scope)lf a nodehasa back-pointerto an abstractiommodethenthat nodeis a
memberof the scopeof the abstractiomode.

(closed)Every pathfrom a nodeoutsidethe scopeof an abstractiomnodeto a
nodeinside the scopemust passthroughthe abstractiomode. One could
alsosaythat,if theagumentof anodeis a nodein theinterior of the scope
of an abstractiomnodethenthe first nodeis a memberof the scopeof the
abstractiomode.

(root) Therootshouldnotbein theinterior of ary scope.

Definition 3.2.2 Givenasignaturex, withoutthe symbolO. A higherorderterm
graphoverX is atuple(V,L,A,Sr), suchthat

V isaset;

L:V— Fu{O}

A:{(vi)|veV,1<i<arity(L(v))} =V = (Ve{veV|L(v)=O}a V)
S:{veV|L(v) =0} — P(V) suchthat

YWeV,L(v)=0O:ve §v) (self)

YWwweV,L(V) =L(w) =0,ve S (w) :Sv) C S (W) (neg)

YW,weV,A(v,i) =W: = ve Sw) (scape)

Yu,v,weV,we S (u),A(v,i) =w:ve Su) (closed

YWeV,L(v)=0:r¢S (v) (roa)
reve v

wheretheinterior S~ of the scopeof anabstractiomodev is definedas
S (V) =SV)\{V} .

Definition 3.2.3 In agraph(V,L,A(,S),r) anannotatedpath of lengthn from vy
to vy is a sequenceanpiivs - - - invy, of nodesinterleared with integers,suchthatfor
all0 < j < n-1wehavethatA(vj,ij) = vj;1. A pathof lengthn from v to v, is
asequencef nodesy - - - vy, suchthatthereexistsanannotateghathvgi Vs - - - inVp.

Definition 3.2.4 A higherordergraphis atreeif thegraphis acyclic andif every
nodein the graphis referencedexactly onceby a normalpointer wherethe root
countsasanormalpointer

Pathsandannotategathsareusuallydenotedwith theletter p . We denotethe
lengthof a pathby | p|.

Definition 3.2.5 A graph(V,L,A(,S),r) is garbage freeif for all ve V thereexists
apathr---v.
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Definition 3.2.6 A graph(V,L,A(,S),r) is acyclicif every pathof theformv---v
haslengthO.

For cyclic higherordertermgraphswe needscopesHowever, for higherorder
treeswe prefera notionwith labelsandwithout scopes.To bridgethe gapwe will
now introducethe notion of labeledhigherordertermgraph:

Definition 3.2.7 Givenasignature>. A labeledhigherordertermgraphover is
atuple (V,L,A,r), where

\% is aset;

L Vo Falv ;

A o {(vi)|veV,1<i<arity(L(V))} = (Vo) ;
r e Vov .

where[V] = {[X] | x e V} is asetof unaryfunctionsymbols.

Any scopedgraphcanbetranslatedo alabeledgraph,simply by omitting the
scopesandby introducingfreshvariablesto replacethe back-pointerdo abstrac-
tion nodes.Formally:

Definition 3.2.8 Givenahigherordergraphg = (V,L,A,Sr). Thelabeledtrans-
lation ¢' of g is constructedasfollows. Let {x, | veV,L(v) = O} C 9 begiven
suchthatx, = x, = v=w. Thend = (V,L’,A’,r), where

L/(V) — {[XV] ) L(V) =0

L(v), otherwise

Xw o HAvi)=w
A(v,i), otherwise

Al (v,i) :{

Not every labeledterm graphcan be obtainedas the translationof a scoped
graph. The labeledgraphsthat can be obtainedin that way are called scopable
graphs.

Definition 3.2.9 GivenalabeledgraphG. We saythatg is scopabldf thereexists
ascopedgraphg, suchthatG is isomorphicto g . We saythatG is well-formedif

G is garbagédree, every label [x] occursat mostonceandif [X] occursthenevery
pathfrom the root to a nodethat hasx asan agumentpasseghroughthe node
labeled[x].

3.3 Indir ection nodes

We saw in theintroductionthatthe blackholewasveryimportantfor graphrewrit-
ing andgraphsemanticof termswith p and/orletrec. In the definition of graph
semanticst wasusedto solve the problemof having to connectheendof anedge
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R;

Figure3.5: A selfreferencingndirectionnode

to the beaginning of the edgeitself. We will now introducethe conceptof indirec-
tion node Wewill useindirectionnodeso make constructiongasietby providing
a naturalway of introducingblack holeswhereneededhut the concepthasother
usesaswell.

An indirectionnodeis a nodelabeledO with oneargument.The informal se-
manticsof anindirectionnodeis thatwhenthereis a pointerto theindirectionnode
it shouldbeinterpretedasa pointerto whaterer theindirectionnodeis pointingto.
To this generalcasethereis one exception: if anindirectionnodepointsto itself
(seeFig. 3.5)thenthe semantic®f thatindirectionnodeis a blackhole. Notethat
the outgoingedgeof the indirectionnodestartsin the middle of the noderather
thanjustoutsideit.

Indirectionnodeshave severalpracticalandtheoreticabpplications Oneof the
theoreticalapplicationsof indirectionnodesis, thattheir useallows usto define
a somavhat more refined notion of graphsemanticghan the notion informally
definedin Fig.3.2. For example,the graphsof termsF (x,x) and(F(y,y) | y = X)
both arethe middle graphof Fig. 3.6 accordingto the informal definitionin Fig.
3.2. One of the possiblemodificationsis to add an indirection nodefor every
variable(SeeFig. 3.7). If we do this thenthe graphof F(x,x) is the left graph
of Fig. 3.6 andthe graphof (F(y,y) | y = X) is theright graph. Anotherpossible
modificationis to addanindirectionnodefor every equation(seeFig. 3.8). This
yieldsthemiddleandright graphsyespectrely. Whenwe formalizethe definition
in Fig. 3.2,we will alsouseindirectionnodesto solve the problemwhich arosen
the constructiorof the graphof (x | x= x) (seeFig. 3.4).

Oneof the practicalapplicationsof indirectionnodesis in theimplementation
of graphrewriting. In graphrewriting collapsingrules,suchas

1(X) = X

arehardto implement.Theimplementations easedy encapsulatinghe X onthe

I I I
F F F
/ N\ / N\ ¢ )

I

Figure3.6: Theenhancedesolutionof indirectionnodes.
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X
Il
X—F0) <=

Figure3.7: Graphsemanticsvith indirectionnodesfor variables

right-handsideby anindirectionnode:
[(X) = O(X) .

Theoreticallyonethenimmediatelyremovesthis indirectionnode,but this is ex-
pensve to implement.lt is betterto leave theindirectionnodesn thegraphandto
resolhe referencesvhenthey areneeded.

In orderto computethe semantic®or simplificationof a graphwith indirection
nodeswe canremove the indirection nodesone by one. For every indirection
nodetherearethreepossibilities,depictedin Fig. 3.9. First, theindirectionnode
canhave itself asits agument. In this casewe replacethe nodeby a black hole.
Secondtheindirectionnodecanhave a variableasan amgument. In this casewe
deletethe indirectionnodeandreplaceall referencego it by the variable. Third,
theindirectionnodemay have an arbitrary othernodeasits argument. Again we
deletetheindirectionnodeandwe replaceevery referenceo theindirectionnode
by areferencdo its agument.If we simplify eachgraphin Fig. 3.6thenin each
casetheresultis themiddle graphin thefigure. Formally simplificationis defined
asthenormalform with respecto arewrite relation:

Definition 3.3.1 Thelabeledrewrite relationivm> ongraphds definedasfollows:

let (V,L,A,Sr) beagraphandlet veV beanindirectionnodewith A(v,1) = a.
Thenwe define:

V,LASr) =B (V,L'U{(ve)},A,S1) v=a

(V,LLASr) =% (V\{v},L',A,Sr') v#a

\"

X1 ++Xn X1---Xn

Figure3.8: Graphsemanticsvith indirectionsnodesfor declarations
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@% - v &'f - > < %% - \7/

X o0 X

Figure3.9: Remaing indirectionnodes

where
L' = L\{(v0)}

e Ja , A(u,i)=v
Al = {A(u,i),otherwise

o ~ Jar=v
~|r, otherwise

The normalforms of S—'Vm> definesa function Sim on equivalenceclasseof iso-
morphicgraphs.

Notethatif in this definitionwe have thata = v thenwe have thatA’ is nothing
more than the restrictionof A to the properdomain. Modulo isomorphismthe
rewrite relation =™ is confluent. As a matterof fact, it is almostconfluent. The
only problemis thatthereis a critical pair if we have two indirectionnodesthat
have the otherasamument. In this caseeachnodeis a redex andthe contraction
of therede influenceghe otherredex. We canseein Fig. 3.10thatthe resultsof
contractingthe redexesarenotidentical. However, they areisomorphic,whichis
sufficient.

Lemma 3.3.2 ThefunctionSim is well-defined.

Proof. Wewill shav that-SI is terminatingandconfluentmoduloisomorphism.
Terminationis easybecausevery stepdecreasethe numberof indirectionnodes
in the graph. Confluenceup to isomorphisniollows from the following two dia-

V: (V) w: O
Sim ¢ N Sim
\ CV) mo@
Sim Sim
w v
V. e ~ W:. e

Figure3.10: thecritical pair of _Sim,
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grams:
0
_
S *
i w
Sim V| Sim @(v) | Sim
\ . / |
l{iiié\ZSIm **(*p*%
9

where—(p> denotegsheimageunderanisomorphisnip. O

3.4 Semantics

In this sectionwe definethe graphsemanticf cyclic termsandthe unwinding
semanticof graphs.The definition of the graphsemantic®of aterm, alsoknown
asthe graphof that term, follows the intuition of Fig. 3.2. All clausesnvolve
straightforvard constructionsgxceptthe onefor letrec. The clausefor letrec is
composeaf theconstructionn Fig. 3.8, followedimmediatelyby simplification.

Definition 3.4.1 Given a cyclic term M, we recursvely definethe graphof M,
denoted[M]| asfollows:

] =X
[[F(Mla"' ’Mn)]] = F([[Ml]]a"' a[[Mn]])
[XM]] = [X[M]

[(Mo [ X1 =My, -+~ ;X0 = Mn)]| = Sim({[Mo] | x1 = [Ma]},--- %0 = [Mn]}))

wheretheright-handsidesusethe constructiongrom Table3.2.

Example 3.4.2 In Fig. 3.3wegave apictorial constructiorof thegraphof (F (x,y) |
x=A(y),y = B(x)). Wewill now constructit usingthe formal definition. In Fig.
3.11we give the sameconstructiorin a quasipictorial format,becausgicturesof
graphsaremoreeasilyparsedhansyntax.

[(F(xy) [ x=Aly),y =B(X)]
= ([F (% Y)]]\X—[[A( Y)I,y = [BX)

F(I, VD) | x= TAWT,y = [BOIT)

F((9,0,0,0,x),(0,0,0,0,y)) | x=[A(Y)];y = [BX)])

({u}, {(u,F)}, {(uxy)},0,u) [ x=[AWI,y = [BX)T)

({u}, {(u,F)}; {(uxy)},0,u) | = ({vh{(vuA)}{(wY)},0,v),

= ({w}, {(w;B)}, {(wx)},0,w))
im({u,v,w v, w'}, {(u,F), (v ),( B),(V,0),(W,0)},
{(U,VW), (WW), (W V), (V. ), (W, w)},0,u)
= ({u,vwh{(u,F),(wA), (W B)}, {(u,vw), (v, w), (W, v)},0,u)

I
\>_</

(
(
(
(
{
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Table 3.2 Graphconstructions

X
F(gla"' ,gn)

(9o | X1 =01, ;% =0n) =

(0,0,0,0,x)
(V7 L7A7ar) 7
wherefor somenodew
V :{W}GBVgléa---@Vgn
F , V=W
) = {Lgi (V), ve Vg
N rg , V=W
Al) = {Ag| (Wi), veVy
Sv) =&(v), veVy,L(v) =0
r =W
(V7 L7A7ar) 7
wherefor somenodew
o ,v=w
LV = {Lg(v), VeV
g , V=W
A(v,i) =< X , Ve Vg, Ag(vi) =X
Ag(V,i), veVy,othewise
V ,v=w
V) = {sg(v), VeV L(v) =0
r =W
(V’ L7A7ar) 9
wherefor somedistinctnodesws, - - - , Wy
V. =V @ Vg, @ {Wa,-- ,Wn}
_JO , V=W,
Lv) = Lg(V), Ve Vg
Mg , V=W,
A(Vi) = ¢ Wi ) VeVgiaAgi (Wi) =X
Ag(vi), veVy

V) =K (v), veVg,L(v) =0

r =Tg

We now continuewith the definition of the unwinding of a graph. Usually
the unwindingof a graphis obtainedby "unrolling” the graphto obtaina possibly
infinite tree. Following this intuition, the unwinding of a first orderterm graph
becomes possiblyinfinite first orderterm. However, the "unrolling” of a higher
orderterm graphdoesnot yield a possiblyinfinite higher orderterm. Because
“unrolling” preseresthe scopeswe geta possiblyinfinite higherordertreewith
scopesnstead We cantranslateghistreeto atermby takingits labeledtranslation.

As usualthe setof nodesof the tree unwinding is definedas the setof all
pathsstartingattheroot. Usuallythesepathsarerepresentedly stringsof integers.
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[F oY) [x=AW),y = BT
= ([F(xY)] | x=[AW)]y= [BK])
= (F(IK. YD) | x= [AW)].y = [BXD)
=(F( ko y)Ix=[AY]y=[BXI)
L
=( Ny [x=[A)Ly=[BKD)
y y y
F A B
= Ny Ix= =)
¥
F
—sim( | | 1)
A B
y
F

Figure3.11: Quasipictorial computatiorof [(F (x,y) | x=A(y),y = B(X))]

Here,for conveniencewe usea moreverboseepresentatiowhich keepstrack of
the nodesvisited. For example,considerthe following graphg (depictedon the
left of Fig. 3.12):

( {vi,v2,v3}, 3.1)
{vi—= @,v2— A,v3— @},
{V1 = V2 Vo,Vo 5 V3,V3 > V5 V3 },
Vi
) -
Thenodesof theunwindingof g (seethegraphon theright of Fig. 3.12)are
{v1,v11vo,v1Ivo1vs, vi 2V, Vi 2Vo v}
insteadof {¢,1,11 2,21}.

Definition 3.4.3 GivenagraphG = (V,L,A,Sr). The scopedunwindingof g is
thetreegy = (Vu, Lu, Au, Sus Tu), Wwhere

-Vu={r|reViu{pviw|pveV,AV)i=wweV}.
- Lu(pVv) =L(v).
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v v V

@ @ / \

S W LS

Figure3.12: Theunwindingsof a higherordergraph

pvnw,if A(V),=w

w L if Alv)y=wandp=prwp; ,
wherew doesnotoccurin py

X I A(V)p =X

- Su(pv) ={pVviu{pwiAWw)i | pwe pv),A(w) e S (V)}

- ru:r

- AupV)n=

Thelabeledunwindingof g is the labeledtranslationg), of gy.

Note thatthe unwindingof a graphonly dependsn the accessiblgart, asin
thefirst ordercase.

Example 3.4.4 The unwindingof graphg givenin equation3.1 anddisplayedin
Fig. 3.12is givenbelow.

VW = {Vl,VllVQ,V11V21V3,V12V2,V12V21V3}
Ly = {vi— @,vilva = A, vilvolvs = @,V12V2 — A, V12Vo1vs — @}
A, = { Vi V11V2V12V2,
vilve —  vilvelvg,
vilvolvs —  vilvo vilvo,
Vi2vo = V12Whlvg,
Vi2volvg o Vi2vo Vi2Vp
}
= {vilvp — {vilvo,viIVolv3},vi2vo > {V12Vo, v12Vo1vs}}
y = V1.

3.5 Conclusion

We have definedthe syntaxof termswith letrec andsomeof its importantsubsets.
Also, we have definedfirst ordertermgraphsandscoped/labeletligherorderterm
graphs.We have definedwhatwe meanby the graphof atermandby the unwind-
ing of agraph.Thesetwo definitionsmaybe composedo definethe unwindingof
aterm. Theunwindingof termswill be consideredgainin sections/.1and8.1.
We will now continuewith a studyof the expressie power of thelet, L andletrec
constructs.






Chapter 4

Representability of graphs

In this chapterwe will characterizehe classef first order graphsthat can be
representedby termswith let, |, letrec or a combinationof thesethree. Unless
statedotherwise we assumehatthegraphsn this chapterarefirst order finite and
garbagdree.

4.1 Homeomorphic embedding

For termswith let andfor p-termsit is possibleo give ashortandintuitive descrip-
tion of the representedraphs(See[AK96]). We will take a differentapproach:
ratherthandescribinghegraphshatarerepresentableye will describeghegraphs
thatarenotrepresentabléelo do this we will usethe notionof homeomorphiem-
bedding To saythata certaingraphis homeomorphicalllembeddedn another
graphmeanghatin someway the secondgraphcontainsa subgraptthat hasthe
samestructureasthefirst graph.

To explain whatwe meanby structurejt is corvenientto view atermgraphas
a labeledrooteddirectedgraph. As far asrepresentabilitys concernedfunction
symbolsandthe orderof the agumentsdont matter Thus,in orderto decideif
a certainterm graphis representablewe can forget the labelsand considerthe
underlyingrooteddirectedgraphof thetermgraph,whichwe will call theskeleton
of thetermgraph. We draw picturesof skeletongraphsin the sameway we drav
picturesof termgraphsexceptthatwe drav every nodeaso. This canbeseenin
Fig. 4.1,wherewe introducethegraphs#/, 7 and7 .

AR
(A

H v T

Figure4.1: thegraphshatdefinesharing

55
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V
< o
V

Figure4.2: edgeexpansion

Informally, a skeletongraphis homeomorphicallgmbeddedn atermgraphif
we canfind a subgraplof the skeletonof thetermgraphthatcanbe obtainedirom
the first skeletongraphby repeatedlynsertinga nodeinto anedge.(SeeFig. 4.2
for a pictorial definition of the insertionoperation.)In Fig. 4.3 we shav how 7/
is homeomorphicallgembeddedh thegraphof (F (x,y) | x=A(2),y=F(zy),z=
B(x)). Notethatin thefirst stepwe inserta nodeinto the edgethatrepresentshe
root. Thisis expressedvith the samepictorial definition asinsertioninto normal
edgeshutin theformal definitionof nodeinsertion(<) we gettwo casesinsertion
of anodeinto therootedge(<roor) andinsertioninto anedgee (<e).

Definition 4.1.1 A sleletongraphis astructure(V, E,s,d,r), where
- V isthenon-emptysetof nodes;

E is thesetof edges;

- s: E — Visafunctionindicatingthe sourceof every edge;

- d: E — Visafunctionindicatingthe destinatiorof every edge;

r eV istheroot.

Definition 4.1.2 We definethe edge expansiorrelation< asthetransitve reflex-
ive closureof <, which s in turn definedasthe union of the following two rela-
tions:

(V,E,s,d,r) <root (VW {V},Ew{e},su{(ev)},du{(er)},v) ;
VecE: (V,E,sd,r) <e (VW{v}(E\{e})w{e,e},s,d,r),

where

s(€), € #e
s(€) = s(e), € =e
v =&
d(¢), € #e
d) = v ,éd=g
d(e), € =&
V V V Ii
V V V ¥\ ¥\
CO <root CO <e CV) C C@/OOW @/FQ
o ) B

Figure4.3: homeomorphi@embedding
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@Gl |Gs |Gs
o <pot © C o
S

Figure4.4: An exampleof expansionto asubgraph

Definition 4.1.3 Giventwo skeletongraphsG; = (V1, E1,s1,d1,r1) andG, = (Vo, Ez, S, d2,12),
we saythatG; is arootedsubgaphof G, (G1 C G) if V1 CV,, E1 C By, 51 C &,
dy Cc dyandry =r».

Definition 4.1.4 Given a term graphg = (V,L,A,Sr) with a non-emptyset of
nodeswe definethe skeletonof g as

skel(g) = (V,E,s.d,r) ,
where

= {(wi)|veV,1<i<arity(L(v)),A(vi) eV}
v

((wi)) = Awi)

We now have all thecomponentso definehomeomorphiembedding.

0w m
=
I

Definition 4.1.5 Given a skeletongraphG anda term graphh, we saythatG is
homeomorphicallgmbeddedh h, denotedG < h, if thereexistsa skeletongraph
G, suchthatG < G' C skel(h).

Notethattheorderof theedgeexpansionrandtherootedsubgraphmatters.For
example,in Fig. 4.4 we have drawn threegraphs,of which the first graphcanbe
transformednto the secondusingan root edgeexpansion the seconds a rooted
sub-graphof the third. However, no graphG, suchthat G; C G4 <« G3 exists.
Supposinguchagraphexisted,we cannothave thatG, = Gz, becausés; is nota
rootedsubgraptof Gz. Thatmeanghatfrom G4 to Gz we mustexpandatleastone
edge.But thatis impossiblebecausehe nodethatis addedto a graphby anedge
expansionwill always have exactly onein-going edgeand exactly one outgoing
edge.Suchnodesdo notexist in Gz. Contradiction.

Wedohavethatg C o < h = g< o C h. Giveng C o < hwe canhave two
casesThefirst caseis if we expandanedgethatwaspresenin g. In this casethe
edgeexpansionandembeddingareindependenandwe have thatg < o C h. The
seconctcases if we expandanedgethatwasaddedby theembeddingln this case
we have thatg C h. Fromthiswe mayconcludethatg C c < h = g< o Ch.

Fromthesetwo factswe canconcludethatwe have that

g<oCh <<= g(«uUucC)™h.
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¥ ¥ y
o F F
J\ ANV
@° ~o® a2
'
F F
() N
A A B
(3) (4a) (4b)

Figure4.5: A collectionof graphs.

Example 4.1.6 In Fig. 4.5we have drawn a collectionof graphs.Thereis askele-
tongraph(a) andfivetermgraphg1,2,3,4ab)For all five termgraphswve will now
answerthe questionf (a)is homeomorphicallembeddedn it andwhy.

(1) We have that(a)=skel(1). Hence(a) is homeomorphicallembeddedh (1).

(2) Thevariablex is notanode.Thereforga) is nothomeomorphicallgmbedded
in (2).

(3) Eventhoughthereexistsarootedhomomorphisnirom (a) to thisgraph,wedo
not have that (a) is homeomorphicalllembeddedn this graph. Thereason
is thatevery nodein the skeletongraphhasto correspondo a uniquenode

in thetermgraph.

(4a) Theextraedgewith respecto (1) doesnot matter we have that(a)C skel(4a)
andhencethat(a) is homeomorphicallembeddedh (4a).

(4b) We do not have that(a) is homeomorphicallyembeddedn (4b). Thereason
is thatthe nodewith B is neededasboththeimageof the bottomright node
of (a) andasanodein the pathfrom therootto theimageof thetop nodeof

().

With the notionof homeomorphiembeddingandthe graphs#/, ¥/ and‘T we
canpreciselydefinewhathorizontal,verticalandtwistedsharingare:

Definition 4.1.7 A term graphhashorizontal sharingif it hasa homeomorphic
embeddingf A, atermgraphhasvertical sharingif it hasa homeomorphiem-
beddingof 9/ and a term graphshastwistedsharingif it hasa homeomorphic
embeddingf 7.

Notethatif agraphhastwistedsharing,t alsohasbothhorizontalandvertical
sharing. The corversedoesnot hold: if a graphhasboth horizontalsharingand
verticalsharingthenit doesnot necessarihhave twistedsharing.Seefor example
Fig. 4.6. The homeomorphiembedding®f # and 1’ areeasilyrecognizedput
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Figure4.6: A graphthathashorizontalandverticalsharingbut no twistedsharing

sincethe graphhasonly two nodesit is impossiblethat 7 is homeomorphically
embeddedn this graph.

It would have beensimplerto considerdirectedgraphsinsteadof rooteddi-
rectedgraphs.However, we needtherootsfor the following reasonsin Fig. 4.7
we have dravn the graphof pxA(F (x,x)) twice. This shouldbe a graphthathas
only vertical sharing. Accordingto definition 4.1.5we have that neither # nor
T is homeomorphicalllembeddedtheresimply are not enoughnodesto embed
7 andif we try to embed# thenwe find thatthe wrong nodehasto becomethe
root. However, from the secondpicture of the graphit is clearthatthe unrooted
versionof # is homeomorphicallembeddedh this graph.This explainsboththe
differencebetweerrootedandnon-rootechomeomorphiembeddingandwhy we
chooseherootedversion. Similarly, the picturesin Fig. 4.8 shav thattherootin
thedefinitionof twistedsharingmakesa differenceandis neededIn thedefinition
of vertical sharingthe root makes no difference. Neverthelesswe includeit for
greateruniformity.

Distinguishingwhich kind of sharingis presentin a graphwith garbageis
hard. Considerthe two graphsin Fig. 4.9. Intuitively, the first graphis a graph
with horizontalsharingandthe seconca graphwith verticalsharing.Nevertheless,
thesegraphsareisomorphic.

4.2 Representationby let

The classof term graphsthatis representedby termswith let is the classof term
graphswith only horizontalsharing.In otherwords, it is the classof termgraphs
thatcontainno vertical sharing:

Theorem4.2.1 A termgraphcanberepresentethy a termwith let if andonly if
thegraphcontainsno homeomorphiembeddingf /.

) [

A

Figure4.7: uxA(F (x, X))
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S

Figure4.8: uxlety = pzG(z x) in H(y,F(y,x))

Proof. Givenatermgraph. We have two casesdependingon whetheror not this
termgraphhasa homeomorphiembeddingf 7:

- If the term graphhasa homeomorphiembeddingof 7’ thenit containsa
cycle. By structuralinductiononecanshaw thatit is impossiblethata cycle
shavs upin thegraphsemanticof atermwith let. Thus,it is impossibleto
representhetermgraphwith atermwith let.

- If thegraphhasnohomeomorphiembeddingf 4’ thenby inductiononthe
numberof nodesf thegraphwewill construcatermwith let thatrepresents
thegraph.

(i) If thegraphhasnonodesthenits root mustbea variableandthis vari-
ableis alsoarepresentatioof the graph.

(ii) If thegraphg hasoneor morenodesthentheremustbe a leaf nodev
in the graph. (Becausdhe graphis agyclic andfinite theremustbe a
leaf node.) Assumethatthe label of the leaf nodev is F andthatits
algumentsarexy, - - - ,X,. Lety beafreshvariable.Let g’ bethegraph
obtainedfrom g by remaving the nodev andby usingy in all places
wherev wasusedasanamument. Thend' still hasno homeomorphic
embeddingf 7/, soby inductionhypothesisy’ canberepresentedy
atermwith let. If M is sucharepresentationf ¢’ theng is represented
by

lety=F (X, - ,%)inM .

a

Example 4.2.2 In Fig. 4.10we have shavn how to apply the constructionof a
termwith let to represent graph. Startingwith the leftmostgraphwe have only

C F C C

C F

Figure4.9: Graphwith sharingandgarbage
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Figure4.10: Sequentiatlecompositiorof atermgraph

onechoicefor a leaf-node:the bottomnode. We choosey asfreshvariableand
proceed. In the next stepwe have two choicesfor the leaf-node. After another
step,we endup with the samegraphsdueto a smartchoiceof freshvariables.In
theendtherepresentatiomwe getif we follow thetop decompositiorpathis

lety=Ainlet p=F(x,y)inletz=F(y,X) inletq=F(p,2) inq
andtheonewe getif we follow the bottompathis
lety=Ainletz=F(y,X) inlet p=F(x,y)inletg=F(p,2)inq .

Note thata muchmoreefficient representatiois possibleby eliminatingthe lets
whoseequationis only usedonce:

lety = Ain F(F(x,Y),F(Y,X)) .

4.3 Representationby u

Theclassof termgraphsthatis representethy p-termsis the classof termgraphs
with only verticalsharing.In otherwords,it is theclassof termgraphshatcontain
no horizontalsharing:

Theorem4.3.1 A termgraphcanbe representedby a term with p if andonly if
thegraphcontainsno homeomorphiembeddingf # .

Proof. Givenatermgraph. We have two casesdependingon whetheror not this
termgraphhasa homeomorphiembeddingf #(:

- If thetermgraphhasa homeomorphiembeddingf # thentheremustbe
two nodesu andv in thegraphthatcorrespondo thetop andbottomnodes
of #. Therealsomustbe disjoint agyclic pathsp from the root to u and
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Figure4.11:recursve decompositiorof agraph

p1, p2 from u to v. Thus,therearetwo distinctacgyclic pathsp; p1 and p; p2
from therootto v. By structuralinductionone canprove thatin the graph
semanticof a term with p thereis a uniqueacgyclic pathfrom the root to
every node.Therefore theterm graphcannotbe representety a termwith

v

- If thegraphhasnohomeomorphiembeddingf # thenby inductiononthe
numberof nodesof thegraphwe will constructatermwith pthatrepresents
thegraph.

(i) If thegraphhasnonodesthenits rootmustbeavariablex. Thetermx
representshegraph.

(ii) If the graphg hasoneor morenodesthenthe rootis a nodev. Let x
beafreshvariable.Thegraphsg; areobtainedrom g by remorving the
nodeyv, usingx asamgumentwherev wasusedbeforeandby takingthe
subgraptstartingwith A(v,i). If A(v,i) = v thentherootis x. Dueto
the factthatthatthereis no horizontalsharingin g we have thatthere
is no horizontalsharingin eachg;. Becauseve remove thenodev we
have that eachg; is smallerthang. By induction hypothesisve can
represenevery g; with ap-termM;. Let F bethelabelof v. Thegraphs
gi do not have ary nodesin commonbecauseghereis no horizontal
sharingin g. Thereforewe have thatg is representetly

UxF (Mg,---,My) .
|
Example 4.3.2 Let us follow the constructionin the previous proof to obtaina
representatioof the graphg on thefirst row of Fig. 4.11.

We choosey asthe freshvariableand thencomputeg:, g, andgs which are
drawn onthe secondow of thefigure. Thefirst two graphsonthesecondow are
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representetly x andy, respectiely. In orderto obtainarepresentationf thethird
graph,we have to decomposé. Now we choosez asour freshvariable. Theresult
if thegraphshavn onthethird row. This graphis representetdy y. Thus,thelast
graphin thesecondow is representely pzA(y) andthe graphon thefirst row by

HyF (XY, MzA(Y)) -

Note thatthe pzis superfluous.Thatis, py.F (x,y,A(y)) is alsoa representation.
Adding an occurcheckwould make the algorithmoptimal, we have omittedthis
checkbecausave areonly interestedn the existenceof a representatiomndnot
in the mostefficient representatiopossible.

4.4 Representationby let and p

Theclassof termgraphshatis representetdy p-termswith let is the classof term
graphsthat only have horizontaland/orvertical sharing. In otherwords, it is the
classof termgraphsthatdo not have twistedsharing:

Theorem4.4.1 A termgraphcanbe representedby a termwith let andu if and
only if thegraphcontainsno homeomorphiembeddingf 7.

Proof. Givenatermgraphg. We have two casesdependingpnwhetheror notthis
termgraphhasa homeomorphiembeddingf 7

- If g hasahomeomorphi@mbeddingf 7 andis the graphof atermwith p
andlet thenwe canderive a contradiction.

Usingtherecursve definition of graphsemanticsye cantagall the edges.
The edgesthat were introducedwith the clausefor p aretagged’up”; all

the othersaretagged’down”. Thetaggedgraphsatisfieghe following two

properties:

- Every cyclic pathincludesatleastoneedgethathasan”up” tag.
- Every agyclic pathfrom theroot to a nodecontainsonly edgeswith the
"down” tag.

Becausg containsashomeomorphiembeddingf 7, thereexistthreenodes
u,v,w in g andfive disjointagyclic pathsp; from therootto u, p, form u to

v, ps fromutow, ps fromvto w andps from w to v. Becausehe pathsare
disjoint, we have that p; p2p4 is anagyclic pathfrom therootto w. Sucha

pathcannotcontain”up” edgessoin particularp, containsno "up” edges.
Similarly p; ps3ps is anacgyclic pathfrom the root to v. Hence,ps contains
no "up” edges.However, p4ps is acyclic path,which mustcontainat least
one’up” edge.Contradiction.

- If g hasno homeomorphiembeddingof 7 thenwe will inductiely con-
structatermwith let andp thatrepresentshe graph.
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Figure4.12: Recursie planardecompositiorof agraph.

If thegraphhasnonodesthenits root mustbeavariablex. Thetermx
representshegraph.

If the graphg hasone or more nodesthenthe root is a nodev. Let
x be a freshvariable. The graphgd' is obtainedfrom g by replacing
every occurrencef g asanamgumentby x. We candecompose/ into
maximalstronglyconnecteccomponentsThatis, we candecompose
d into subgraphalledplanes suchthatbetweenevery two nodesin
the planethereexistsa pathandsuchthatif anodeis in the planeand
thatnodelies on a cycle thenevery nodeon the cycle is in the plane.
Every planehasasingleroot. Thatis, thereis exactly onenodein the
planethatis referredto from outsidetheplane.Thereforewe canview
aplaneasanode.If g consistsof a single planethenthis planemust
be afunctionsymbolF with agumentsxy, - - - X, andwe canrepresent
the planewith thetermM = F(xg,--- ,X,). If g’ consistsof morethan
oneplanethenwe canapply our inductionhypothesigo every plane.
By usingthe algorithmwe usedin the proof of Thm. 4.2.1,we can
combinetherepresentationsf theplanesinto arepresentatiom of ¢'.
If x doesnotoccurfreein M thenM alsorepresentg. Otherwisewe
canrepreseng with uxM.

Example 4.4.2 In Fig. 4.12we have appliedthe constructiorto asmallgraph.We

startwith the leftmostgraph. First, we mustreplaceevery referenceto the root

with avariablew. Then,we mustdecomposé¢he graphinto planes.Theresultof

thesestepss drawn in thesecondicture,whereaplaneis indicatedwith adashed
line. We mustnow considerthe planesthemseles, which meanghatwe have to

considerthe groupof graphswhich form thethird picture. Thetop andleft graphs
of thisgrouparetrivial andrepresentebly F (x,y) andB(x), respectiely. Theright

graphmustbedecomposedgain,whichis donein thefourth anfifth pictures.The

resultingrepresentationf the graphin thefirst pictureis

let X = pzlet p=B(2) in A(p) inlety = B(X) in F(x,y) .
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01 02 O3

Figure4.13: A setof graphgthatcanonly berepresentetly termswith letrec

4.5 Representationby letrec
Theclassof termgraphsrepresentetly termswith letrec is the classof all graphs.

Theorem4.5.1 Everytermgraphcanberepresentetdy atermwith letrec.

Proof. Givenatermgraphg = (V,L,A,r). Letx,,ve V bedistinctvariables such
thatfor nov we have thatx, occursfreein g. Let x, =y for every free variablein
g andlet ny bethearity of L(v). We canrepreseng with

(% | %= L(v)(xA(v,l),--- ,XA(V’nv));VEV> .
O

Unlike thelet, theletrec allows arandomnumberof equationsA naturalques-
tion to askis whateffect the numberof equationshason the expressie power the
letrec. To give a partial answerto this questionlet us considerthe letrec with n
bindings:

letrech X1 = M1, -+ , Xp = Mpin M .

For the specialcaseof letrecs with a singlebindingwe caneasilygive a complete
answer:

Proposition4.5.2 Theclassof graphshatarerepresentablby termswith letrecy
is the classof graphsthatis representablby termswith let andp.

Proof. All of thefollowing rewrite rulespresere the graphsemantics:

letrect X=MinN — letx=pxMinN
letx=MinN — letrect Xx=MinN
UxM — letrecy X=Min x

With theseruleswe cantranslatea giventermwith let andu to atermwith letrecy
andvice versa. |

In generalwe cansaythatthe letrecy, is not aspowerful asthe letrecny1. For
example,if we look atthe graphsgi, g, ... thataredefinedin Fig. 4.13thenwe
can prove that eachg; canbe representedy a term with letrec; if andonly if
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Figure4.14: Graphshatarenotrepresentablby termswith letrecy

i < j. A completecharacterizations difficult. For example,the graphsin Fig.
4.14 cannotbe representedising letrecs with at most2 equations.Moreover, if
oneleavesoutary edgein oneof thelasttwo graphsthentheresultinggraphcan
berepresentethy atermwith letrec,. Also, it isimpossibleto homeomorphically
embedthe skeletonof onegraphinto the other The conclusionis thatwe cannot
characterizéetrec, with a singleskeletongraph,but thatwe will have to usea set
of graphs.

In sucha setof graphswe may have to include skeletons which have a node
with threeor more outgoingedges. The presenceof suchnodesposesa prob-
lem with the definition of homeomorphi@mbedding Considerthegraphsin Fig.
4.15. The skeletongraphon the left is not homeomorphicalllembeddedn the
termgraphon theright. However, they look very similar. The problemis thatthe
nodewith threeargumentsn the skeletongraphhasto correspondo thetwo nodes
labeledF in thetermgraph.To solve the problem,we defineweakhomeomorphic
embeddingpy replacingtherelation< with < in thedefinitionof homeomorphic
embedding.The relation <K is the leasttransitve andreflexive relationthatin-
cludes< oot andallows the expansionof nodesinto trees,asdepictedin Fig.4.16.
Notethatthe edgeexpansionrelation<e is containedn <pqge to extendanedge
thatbeginsin a certainnodeyou canalsoextendthe startingnode.

Definition 4.5.3 Givenaskeletongraph(V,E,s,d,r) andanodev e V, we define
(V’ E’ S, d7 I') <node (V @ {\/}’ Ey {e}a Sla dl U {(e,\/)}, r) ’
wheres' is afunctionsatisfying

s csu{(ev)u{(€,V)[(€,v)es} .

NS

Figure4.15: An exampleof generalize&@mbedding
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Figure4.16: nodeexpansion

Outintuition for thegenerakases thata graphwhich consistsf a planewith
n+ 1 nodesplusaroot nodecannotbe representetyy aletrec with n equationsas
long asthatgraphis not the resultof a nodeexpansionof a smallergraph.We can
enforcethat condition by requiringthat every nodein the planehastwo distinct
in-goingedges.This intuition leadsto thefollowing educatedjuess:

Conjecture 4.5.4 Let vp,Vq,--- beasetof nodes.For n > 1 let G, be the setof
graphgg thatsatisfythe conditions:
- Thenodesof g arevg, - -, Vn.
Therootof gis vp.
Thereis no edgefrom v; to vg.
Fori, j > O thereexistsapathfrom v; to v;.
Thereis no edgefrom v, to v
Fori > 0 therearetwo distinct j, j» suchthatthereare edgesfrom vj, to v,
andfromyvj, tov;.
The classof term graphsthatis representabley termswith letrecy, is the classof
graphswhich containno weakhomeomorphiembeddingf ary elemenof Gny1.

In Fig. 4.17we have drawvn a skeletongraph,thatis a memberof G4, anda
graph,thatis not representabléy letrecs. The skeletongraphis not homeomor
phically embeddablén the term graph. However, it is weakly homeomorphically
embeddable.Thus, it is essentiato useweak homeomorphieembedding. Note
thatwe have that G, = {7}. Sofor n = 1 we alreadyhave a proof. Also notethat
givenagraphg e G, we canfind agraphg’ € Gn+1, suchthatg is asubgraptof ¢'.

Figure4.17:
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terms +etrec T

trees/ 9raphs graphs graphs
with with with
horizontal twisted vertical

sharing sharing sharing

Figure4.18: Theclassificatiorasa Venndiagram

4.6 Conclusion

We now have acompletesetof description®of the classe®f graphgepresentetly
termswith let, L and/orletrec. This classificatioris nicely expressedn Fig. 4.18.



Chapter 5

Axiomatizations

In this chapterwe will axiomatizethe equivalencerelationson terms,inducedby
thefollowing equivalencerelationson the graphsemantics:

- isomorphism

- isomorphisnmodulogarbagecollection
- bisimilarity

- isomorphisnof labeledgraphs

- isomorphismof treeunwinding

Theseaxiomatizationsare derived from the axiomatizationsfound in [AB97a,
AB97b]. Thedifferencesaremostlyin presentatiomndthetechnicaldetails.
Thefirst sectionof this chaptelis devotedto the commoncomponentf all our
axiomatizationsequationalogic. Thissectionis followedby severalsectionghat
aredevotedto theaxiomatizatiorof oneof theequvalencerelations.Eachof these
sectionsbegins with an introductionof the necessaryen axiomsandan axiom
system. This introductionis followed by sometechnicallemmasandthe section
will endwith a theoremthat summarizeghe importantresultsaboutthe axiom
system.In the sectionsaboutisomorphicgraphsemanticsgraphsemanticsmod-
ulo garbageandisomorphiclabeledgraphsemanticsve also provide a complete
rewrite system,whosecorversionis preciselythe provable equality of the axiom
systemandwhosenormalformsareflat terms.

5.1 Equational logic

All of the proof systemsn this chapterhave a smallsetof inferencerulesin com-
mon: equationallogic. Theinferencerulesof equationalogic aregivenin Table
5.1.In thistableM, N andP standfor termsandC for a context.

With justtheinferencerulesof equationalogic we cannotdo very much. How-
ever, if we addaxiomsthenthe resultingproof systemcanprove preciselythose

69
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Table 5.1 Equationalogic

Reflexivity M=M
M=N
Symmetry N=M (symm)
M=N N=P
Transitvity M=P (trang
M=N (comp

termsequalthatarecorvertible in the rewrite relationthatis obtainedfrom those
axiomsby replacingthe equalsignswith arrowns. For example,if we extendequa-
tional logic with theaxioms

Al A(X0) =X
A2 A% SY)) = SAXY))

andreferto theresultas Ra thenwe canprove two termsM andN equalin Ry if
andonly if M andN areconvertiblein thefollowing termrewrite system:

A(x,00 —x
A% S(y)) = SAXY))
If we canprove anequationM = N in aproofsystem® thenwe write -4 M = N.

For examplewe have that ¢, A(O,S(0)) = A(§(0),0). A completelyformal
derivationof this factis thefollowing prooftree:

py —N0O)=0 Al(com) — N
NO0) =SA0.0) * SK00)=50) (o AS0.0-50) (v
A0,50)) = 50) S0)-AS0.0) (o

A(0,50)) = A(S0),0)
We canalsogive aproofin amuchmorecompacistyle:

A(O,50)) =SA(0,0)) A2
= 50) Al
— A(S(0),0) Al

Essentiallythis proofis a corversion,which meanghata proofin this style exists
if andonly if aprooftreeexists.

Besideghe provableequalitywe will alsohave semanticatruth. The semanti-
cal truth will dependon semanticdor theterms|.]] andanequivalencerelationR
onthosesemanticsWewill write =r M = N if we have that[M]JR[N]]. Thisgives
riseto two propertiesf a proof system® . We saythat X is soundwith respecto
Rif

Fg M=N => EgM =N
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andthat® is completewith respecto R if
EFRM=N =FgM=N.

The usualsemanticdor the termsin our examplewould be parameterizeavith a
valuation(afunctionfromvariablego naturalnumbersiandyield anaturalnumber
As this schemedoesrt fit our theory we cheata bit by usinga non-parameterized
semanticghatyields a function from valuationsto naturalnumbers. Apart form
this, thedefinition of the semanticss the usualrecursve one:

[l = =1
Q] = f—0
[SM)] = f=1+][M](F)

[AMN)] = = [M](F) + [N](F)

For example,
[AY] = f = T0)+f(y) .

If we definetherelationRa astheequalityrelationon semanticshenwe have that
Ra is soundandcompletewith respecto Ra.

In the remainingsectionsof this chapterwe assumehatthe semanticsisedis
thegraphsemanticof terms.We will axiomatizeseveral equivalencerelationson
thosesemanticsstartingwith isomorphism.

5.2 Graph semantics

In this sectionwe will give a soundandcompleteaxiomatizationof isomorphism
onthegraphsof terms.

Definition 5.2.1 The proof systemRyapn is the extensionof equationalogic with
theaxiomsin Table.5.2

In theremaindenf this sectionwe will prove that Ry apnis soundandcomplete
with respectto isomorphism. Becauseof the large numberof axiomsin RKgraph
theseproofswill bequiteextensve.

A pictorial“proof” of thesoundnesef Rgrapnis givenin Fig. 5.1. In thisfigure
we have constructedhe graphsemanticof every left andright-handsideof every
axiom. In thesegraphswe have indicatedsubgraphghat are the semanticf a
letrecwith dashedoxesandwe have useddottedarrowns to indicatethe presence
of zeroor morerealedges For the lastthreeaxiomswe have omittedthe simplifi-
cationstepof the constructionpecauseaftersimplificationtherewould notbe ary
difference.Let usnow give theformal proof:

Theorem 5.2.2 The proof systemRyraph is Soundwith respecto isomorphism.
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Table 5.2theaxiomsof Rgrapn

Lift:
F(Mla"' 7<Mi | D>7 aMl’l) = <F(M17 aMia"' 7Mn) | D)
Emptyboxgarbage collection:

(M) =

((M|Dq) | D2) = (M |Dy,D2)
(M[x=(N|D1),D2) = (M|x=N,Dy,D2)

Merge:

Naming:
M = (x| x=M) x fresh
Variable substitution:
(M[x=y,D) = (M[x:=y]| D[x:=}) XZY
Bladk hole:
(M|x=x,D) = (M|x=1e,D)

Proof. Becausésomorphisiris anequivalencerelationwe have thatthereflexivity,
symmetryandtransitvity rulesaresound.Becausehe definitionof graphseman-
tics is basedon structuralinductionwe have that the compatibility rule is sound.
Thus,we only have to considerthe axiomsin Table5.2:

Lift;

[[F(Ml’...’(Mi |X1:N17"'7Xk:Nk>a"',Mn)]]
= F([[Ml]]’"' ’[KMi | Xt =Ng,-- X = Nk)]]"" ’[[Mn]])
=F([Ma],--+, Sim({[Mi] [ X2 = [Na]l, -+ ;% = [Ni]})), -+, [Mn])
= Sim(F([Ma]], -+, {IMi]] [ X2 = [Na]l, -+ ;% = [Ni])), - [[Mn]]))
= Sim(<F([[Ml]]v"' a[[Mi]]a"' v[[Mn]]) ‘ X1 = [[Nl]]a C X = [[Nk]]»
= SIm(([F (M1, -+, Mi, -+, Mn)] [ X2 = [Na],-++ ;% = [Ne]}))
= [(F(Mg,--+ ,Mj,--- ;Mp) | X1 = Ng,--- ;% = Ne))]

Emptybox: Trivial.
Externalmege:

[{{(Mo | X1 =Mz, ,%= M) | y1 = Ni,--- ,¥n = Np)]|
= Sim({[{Mo | X¢ = Mg, -, Xc = Mk)] |Y1 [N, - ,yn = ﬂNn]l))

D
= Sim((Sim({[Mo]] | x1 = [Ma]},--- ,x«= [Mk])) | D))
= Sim(({[Mo]l | x2 = [Ma]},--- ,xc = [[M]}) | D))
=3Sim <[[M0]] | X1 = [[Ml]]a X = [[Mk]]ayl = [[Nl]]ﬂ oYn = [[Nl’l]]>)
:II<MO|Xl:M17"'7Xk Mk,Yl:Nl,"'aYn:Nn”]
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Internalmee:

[[<M0 | X1 = <M1 | y1 = Nla"' ,Yn= Nn>’§2: MZ,"' , Xk = M5>]:|

~~

D

= Sim(([Mo]l | x1 = [(M1 | y2 = Ng,---,¥n = Nn)]}, [DI}))

= Sim(([Mo] | x2 = Sim({[Ma]} | y1 = [Na]l,--- ,¥a = [Na]})), [DI})
= Sim({[Mo]l | x2 = ([Ma] | y1 = [Na]l,---,¥n = [Na]), [DI))

= Sim(([Mo] | X2 = [Ma],y1 = [Na],---,¥n = [Na]l, [D]))

= [[<M0 | X1 =Mg,y1=Na, -+ ,Yn = Nn,Xo = M2, -+ X = Mk)]]

Naming: Giventhat
[M] = (V,L,A,Sr) .
We have thatif x doesnotoccurin M then

[(x]|x=M)]=SimV & {v},L&{v— O0},A®{(v1) —r,Sv)=[M] .

Thelatterequalityis becausave know thatthereareno indirectionnodesn
[M], which meanghatv is theonly indirectionnode.

Variablesubstitution:

[{(Mo | Xo = X1,X1 = M1, -+ ,Xn = Mp)]
= Sim({[Mo] | xo = [xa],x1 = [M1]}, -+ , % = [Ma]}))
= Sim({[Mo[xo :=x1]]| [ X2 = [M1[%o := 1], +- , %0 = [Mn[X0 := X4]]}})
= [(Mo[Xo := X1] | X1 = M1[X0 1= Xq],* -+ , X0 = M[Xo := Xq])]

More precisely we have that

(IMo]l | xo = [Xa]l, 1 = [M1],--+ , %0 = [Mn]l) ==
(IMo[Xo :=xa]]] | X1 = [M1[%o :=X1]]],** ,Xa = [Mn[Xo :=xa]]) -

Black hole: We have that

[o] = ({v}, {vi=> },0,0,v) .

[[<X| X= X)]] = <(05050505X) | X= (0’0’0’0’)())
_ Sim({v}, {v++ 0},0.0
= ({v},{v—>«},0,0,v)

Using the axiomsthat we have alreadyproven sound,we may thenderive

that
[(M|x=xD)] =[M[x:=y][y=xx=xDly:=x)]
=[(M[x:=y] |y= (x| x=X),Dly :=X)]
=[(M[x:=y]|y=e,Dly:=X)})]
=[(M[x=e,D)]
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a

In ourcompletenesproofwewill useacompleterewrite systenﬂzggph whose
normalforms areflat termsandwhoseconversionrelationis exactly the sameas
the provable equality of Rgrapn We will alsouseanisomorphismy from higher
ordertermgraphgo flat terms,whoseinverseis [[.]. Becausep is anisomorphism
it givesa uniquecanonicalrepresentingerm for every graph. Every otherrep-
resentatiorof the samegraphis rewritten to this uniquerepresentatioty Rg?apl'r
Thisimpliesthatwe canprove every representationf agraphequalto the canoni-
calrepresentationyhichin turnimpliesthatwe canprove ary two representations
equal.

We will now designﬂé\;‘;ph The goalis to rewrite every termto a flat term.
We startby orientingthe axiomsin Kgrapn from left to right, exceptthe emptybox
axiom,whichwe orientfrom right to left. We needto orientthis axiomfrom right
to left becauséx |) is aflat termandx is not. However, by orientingthe axiomin
this way we introducenon-termination For examplewe have that:

X (x[) = (X[} ) = -+

In this sequencéhefirst stepis necessaryo rewrite x into anequialentflat term,
but the further stepsform an unwanteddiverging sequence.The reasonfor this
unwantedexpansionis thatwe introducea new box aroundan existing box. Intu-
itively thisis unnecessargecauseve only needonebox. Thus,we restrictthebox
introductionruleto

M— (M]),if M%(M'|D) . (5.1)

Thisrulesoutthediverging sequencén the example,but we canstill getacycle:

X x=A) = (x| x=(A])) Fege (X[ X=A) .

The reasonfor this cycle is that we canintroducea box wherewe dont needit
in sucha way that we cancleanit up againwith a meige step. The solutionis
to further restrictempty box introductionto placeswherewe needthem. Thatis
to restrictbox introductionstepsto the roots of the term and the abstractionsn
the term. To write down this restrictionwe usethe following abbreiations for
contets:

Cabs= [X|O
Cfun:F(M]_,"',D,"'Mn)
Cex = (O] D)

Cint = (M| x=0,D)
With theseabbr&iationswe canwrite therestrictedrule asfollows:

M g (M), if M # (M| D) . (5.2)

Anothersourceof non-terminationis the namingrule. Like the box introduction
rule this rule canbe appliedto thewrongterm:

X=(z|z=x) > (W|w=(z|z=X)) = ---
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Fromthis exampleit is clearthatwe do not needto apply namingto a box. We
alsodo not neednamingfor variables:

) = {z]z=x) [) = (2] z=x)(x]) =

We do neednamingfor functionsymbolsbecauseave needto rewrite Ato (x | X =
A). Thesameholdsfor abstractionsLike for box introductionwe canalsoapply
thenamingrule in thewrongplace:

A= (X[ x=A) = X|x=(y|y=A) = X[x=yy=Aly|y=A) =

in thesecondstepwe aregiving thesymbolA thenamey, but A alreadyhadaname
: X. In turn we thenhave to remorve the doublename,which is donein the fourth
step. Intuitively that meanghat we needto apply namingto function application
andabstractionshatdo notalreadyhave aname.We canbe certainthesesubterms
donothave anameif they occuratthetop of atermor astheargumentof afunction
or abstraction.Formally we have to take a slightly morerelaxed notion, because
we alsoneedto beableto apply namingto termssuchas

(Al -

Thatis, we have to allow a few boxesto be addedin betweenthe top andthe
functionsymbol. The suitablerewrite rulesfor namingthusbecome:

AX.M
F(Mla"' aMn)

EcCaicmes, Y y=AxM)

(D|C(Cabs{cfun))céxt> <X | X= (M17 B Mn))

Notethattheserulesoverlapwith 5.2for functionapplicationandabstractionsWe
remove this overlapby furtherrestrictingthe box introductionrule to

X Bcge X1

Definition 5.2.3 The representationakwriting systemﬂ(gjgph is given by thefol-
lowing rewriting rules:

F(---<Mi|D>---) — (+-M---) | D)

(F

(x)

(M| Dy,D2)

(M |x=N,Ds,D5)
\x—xD) - (M\x_o D)

(Mx:=y]|D[x:=y]) x#Yy

(yly=2AxM)

<X|X_ (M17 "’Mn»

AXM (':'|C(Q.1bs|Cfun))C&t>

name

(GIC(CadCrn) ot
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Remark 5.2.4 To obtain our goalsof terminationand confluencewe put some
restrictionson the rewrite rulesto define R, Thatgoalleases someroom for
choices For example,insteadof therules

AXM

F(Mla"' 7Ml’l)

OeCames VIy=AxM)
EeCatmc: XIx=F(Mg,:-,Mn))

we could have optedfor

F(Mg,---,Mp) acca ) (x| x=F(Mg,--+ ,Mp))

Thisalternatve choiceleadsto asmallproblem:with theseruleswe cannotrewrite
(A]) to aflat term. Also, we would have hada critical pair thatdoesnot corverge:

A——(A])

J

(x| x=A)

To fix theseproblemwe would have hadto addtwo morerules:

<F(Mla""Mn) | D) TOcc e <X|X:F(M17"'5Mn)aD>

(BIC(CandCiun))

We have chosenfor the slightly more complicatedrulesto keepthe total number
of rulessmaller

Whenwe derived the rewrite systemfrom the axioms,we introducedseveral
restrictionsandnew rules. Neverthelessthe provableequalityof theaxiomsystem
andthe convertibility of therewrite systemarethe same:

Proposition5.2.5 Giventwo termsM andN. We have that

Rgrapht M =N < M<—R?—>N .
raph

Proof.

" <" Becausall our rewrite rulesarerestrictionsof axioms,thisis trivial.

"=" All axiomsarerewrite rulesexceptbox introductionand naming,thuswe
only needto shav thatthefollowing conversionsexist for arny context C and
ary termM:

CIM] < C[M )] (5.3)
CIM] « C[{x|x=M)] (5.4)

We will shav 5.3by inductionon the context C:
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C = O | C'Caps We now mustdistinguishcasedor thetermM:

M=x
CM] zp C[(M [)]

M =F(Nyg,---,Ny) orM = [X|N

M=(N|D)
C{M )] Tege CIM]
C:CICfun
CM] = CIF(-M---)]
g CUF(--M--) )]
= CIF((M)--)]

C =C'Cg¢ 0r C=C'Cint
C[M]¢Fege CI{M [})]
To prove 5.4we will usethefollowing claim:
C[(M | D)] +> C[{x| x=M,D)] (5.5)
Usingthis claimwe have
C[M] <55 C[(M |)] 45 C(x | x=M)] .

We canprove theclaim 5.5 by inductionon M:

M=y
Cl{y| D)l =5 Cl{x| x=y,D)] .
M= (M'|D')
C[((M"|D) |D)] +ege CI(M'|D',D)]
< C[(x| x=M',D’,D})] IH
meige C[<X| X= <MI ‘ DI>7D>]

M = [X]M’ or M = F(My,--- ,M,) To prove theconversionfor this casewe
useinductiononC.

C=0 ‘ CI(Cabs| Cfun])

C[(M[D)] wame CU(x|x=M)|D)]
Tege Cl{x|x=M,D)]



5.2. GRAPHSEMANTICS 79

C =C'Co
C((M|D)|D)] +ege CIlM|D,DY)]
< C'[{(x| x=M,D,D"] IH
“ege- Cl{{x|x=M,D)|D)]
C =C'Ciy

C'[(M"|y=(M|D),D)]

wege Cl(M'[y=M,D,D’)]

S UM |y=xx=M.D,D)]
—— C[(M'|y= (x| x=M,D),D")]

memge

a

Wewill prove terminationof K., by defininga measurentermsandshaw-
ing thatevery stepdecreasethemeasureThismeasuravill berecursvely defined,
with casedor variables function applicationsabstractiongndletrecs. The case
for variableswill dependon a parameterT and the casesfor function applica-
tionsandabstractionsvill dependon a parametefs. Thus,the generaform of the
measures |.|5. We have to usetheseparameterbecausehe costof thesecases
depend®n the context. Thatis, if a variableoccursdirectly belov anabstraction
thenwe have to apply the box introductionrule to it, the costof whichis {1}},
if we have anequationsuchasx = x thenwe have to introducea black hole, the
costof whichis {{0}}, andif avariableoccursastheargumentof afunctionwe do
nothave to do anything atall, the costof whichis 0. For functionapplicationsand
abstractionsve might have to apply the namingrule (cost{{1}}) or not (cost0).
Theformal definitionis:

Definition 5.2.6 Define

1
M| =Ml
where
XIS =T
|F(M1=7Mn)‘g = S—an( i= 1|M‘ 1 )
L {13
IXMIZ = S+inc(M|{11) ﬁ}
(Mo | D)[3 = {0}}+\M|“+\D|
Yo =Mao g =Ml = 2L ({0} + Ml )
inc(fme,--,ml) = {m+1-,m+1)

In the terminationproof we will have to prove mary inequalitiesof the form
|C[M]| < |C[N]|. The next lemma,tells usunderwhich conditions|M| < [N| im-
pliesthat|C[M]| < |C[N]|:

Lemma5.2.7 Giventwo cyclic termsM andN, we have that

(VST :MIE <|N|§) = (YC,ST:[CM]IE < [CN]]T) -
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Proof. By structuralinductiononC:
C = d Trivial.
C=F(---C'---) ForsomemultisetU andary termP we have that
F(-P)E=U+Plfy, -
By inductionhypothesisve have that
M|y < IC'IN]IGay -
Hence:
ICIM]IS = U +inc(|C'M]|§ 1) < U +inc(/C'[N]|§ 1) = CINJIS -
C = [¥IC' For someU andby inductionhypothesisve have:
ICIM]IE = U +inc(IC'M][§3) < U +inc(C'INJI 1) = [CIN] £
C = (C' | D) ForsomeU andby inductionhypothesisve have:
ICMIIS =U +IcM)IEP <u +ICINJEY = eIN] T
C= (M |x=C,D) ForsomeU andby inductionhypothesisve have:

ICIM]IT = U+ [C'MIEP <u + I/ INJIEP = (eI L

Thenext lemmais the actualproof of terminationof Ry .%o,

Lemma5.2.8 Ry} is terminating.

Proof. To shaw that Ry7,, is terminating,we will shav thatevery rule decreases
themeasuralefinedin Definition 5.2.6:

Ol We have that

X = {1} > {0,08 =[{x])| . (5.6)
Forary ST we alsohave that
YIS = S+{2}} > S+ {1, 1)} = Xy IS - (5.7)

By Lemma5.2.7we concludefrom 5.7 that
ICIAVIL > ICIXCY DI - (5.8)
From5.6and5.8 we concludethat

Mg N = |[M| >[N .
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NamingGiven
C[M] fame Cl{x[x=M)] ,

we know that
M=F(Ng,---,Ny) orM = [X|N .

Fromthis we caninfer thatfor ary T andfor someU we have that
IM[f1y = {1 +U > {{0,0,0} +U = [{x| x=M) [,y .
We mustnow distinguishcasedor C:

C = 0O We now immediatelyhave that
ICIM]| > [C[(x | x=M)]| .
C = C'(Caps| Crun)Cq By inductionon n we canprove that
ICIM]| > [C[(x| x=M)]| .
Lift

FUMIDLN)T = Stinc({O} +IM[%y + 1) + D +IN[%y)
((F(M,N)[D)T = O} +S+inc(M[%,, +INI%,) + D]

externalmermge

((M|D1) | D2)[T = 0,08+ |M(|)§°}} +|D1| + |Dy|
(M[D,DT = OB+ MEY 1Dy + Dy

internalmege

0 0
(M |x=(N|Dy),Ds|T = {{O’O}H'Mé{s{ }}INCI)%{ % 4 Dy| + Dy
(M [x=N,Dy,Do|5 = {OB+ME¥NE 1 Dy| + Dyl

(M | x=y,D)|L {op + MIE% 4 fo,0p + D]
(M[x:=y] [Dx:=y]) = {0} +MIE¥ 4 D]

(M |x=xD)[T = {{0}}+|M|§§}}+{{o,0}}+|o|
(M|x=e,D) = {o}+MEP+{op+ D]

Proposition 5.2.9 Ky ,nis confluentandterminating.
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Proof. We know that aeggph is terminating(Lemmab.2.8). Therefore confluence
followsimmediatelyfrom local confluenc€Newman’slemma). Theproofof local
confluences along caseanalysiswhichis left to thereader O

We will now continuethe completenesgroof with the definition of the iso-
morphismy from higherordertermgraphsto flat terms,whoseinverseis [[.]. The
mappingy is basedon the schemeof translatingevery nodeto an equationand
placingtheseequationsn suchaway thatevery equationgetsplacedin asubterm
of anabstractiorcorrespondindgo nodev if andonly if the equationcamefrom a
nodein theinterior of the scopeof v.

Definition 5.2.10 Givenagraphg = (V,L,A,Sr). To simplify matterssomavhat
we assumehatV C Var, suchthatV is disjointfrom thesetof freevariables Let x,
beavariablefor every abstractiomodev ¢ V, suchthatall x, arepairwisedistinct
from eachother from variablesin V andfrom thefreevariablesn thegraph.

For every nodev we defineatermM, by

M., = { F(A(Val)a"' ,A(V, n)) L(V)
Y X/J(A(V) | Ds-(v)) L(v)
For every setof nodesSwe define

F
O

Ds= x1 =My, -+, Xn =My, ,
where{xs,--- ,X,} = {Xe S| x¢S (y),y € S}. Finally we define
W(g) = (r [Dv) .
Lemma5.2.11 Givenagraphg andaflat termM. We have that
- [w(@l =9
- Y(M) =M
Proof. Trivial. O

This meanghatfor flat termsy is theinversefunction of the graphsemantics
andthatevery graphhasa representationWe will referto Y(g) asthe canonical
representatioof g.

Theorem 5.2.12 TheproofsystemRgaphis completewith respectoisomorphism.

Proof. Giventwo termsM, N with the samegraphs,we have that jogph(M) and
RgrapN) alsohave the samegraphs Becausehelatterareflat termswe have that

RgrapH M) = W([Rgraph(M)]1) = W([Rgraph(N)]) = Rgraph(N) -
By Prop.5.2.5we have that
l_Rgfaph M= %%ph(M)and |_Rgraph N= ﬂg?;ph(N) .

We canconcludethat
F%raph M=N .
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5.3 GarbageCollection

Sofarwe have consideredraphsawvheretherecouldbenodeghatarenotreachable
from theroot of thegraph.Theseanaccessibl@odesarecalledgarbagenodes.For
mary applicationsthe garbagedoesnt matter Thatis, graphsthatonly differ as
far asthe garbagenodesare concernedareto be considerecequivalent. Thus,in
this sectionwe will axiomatizethe equivalencerelation of termswhosegraphs
areequialentup to garbagenodes.Also, for mary applicationst is importantto
considergarbagdree graphs.Thatis, to considergraphsthatdo not have garbage
nodes.Thus,we will alsoprovide a confluentandterminatingrewrite systemthat
computesa canonicalgarbagdree equivalentof agivencyclic term.

Definition 5.3.1 Givena graphg = (V,L,A,Sr). The garbagdree versionof g,
denotedyf(g) isthegraph(W,L tw,Atw,S,r), wherewhereW is thesetof nodes
accessiblédromr andS : W — P(W) is givenby S(v) = S(v) "W. A graphg is
garbagdreeif g = gf(g).

Giventwo graphsg:, g2. If gf(g1) = 9f(g2) theng; andg, areequivalentmod-
ulo garbagecollection,denotedy; ~gc 92.

We wantto find a proof systemthatis soundandcompletefor ~4.. Because
two termswith thesamegraphalsohave thesamegarbagdreegraph,it is obvious
to try to find sucha proof systemby extending Rgrapn Thus,we addthe garbage
collection(gc) axiom:

(M|D)=M,

whereD doesnotbind a freevariableof M. As the correspondingewrite rule we
have
<MO | Xp =Mz, X = Mn) — <MO | X1 =My, X = Mk) 5

wherek < n andx doesnotoccurfreein Mj for 0 < j <k <i < n. Thus,we get
the proof systemRyc andtherewrite systemR.:

Definition 5.3.2 The proofsystem®g. is the extensionof Rgrapnwith theaxiom
(M|D)y=M .
Therewrite systemRy. is theextensionof Ry, with therule
(Mo | Xg =Mz, ;X =Mp) = (Mg | X1 = My, -+, X = My)
wherek < n andx doesnotoccurfreein Mjfor0< j <k<i<n.

Before we prove that the proof systemis soundand complete,we will first
prove someconfluenceandterminationof therewrite system.

Lemma 5.3.3 Therewrite systemR,¢ is confluentandterminating.
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: 3 v
' M D M

Figure5.2: pictorial descriptionof the garbagecollectionaxiom

Proof. Confluencdollows form thefollowing threediagrams:

Reraph gc ge
\ \ \
Rg?z;phl [ ‘Rg?aph ‘Rg?;phl ‘ iRg?aph gci 1gc
__ ¥ __ LY ¥
Kgﬁaph ge 9

Thefirst diagramis provenin Prop. 5.2.9. The proofsof the othertwo diagrams
aresimplecaseanalyseswhich areleft to thereader

To prove terminationwe will shaw that X, decreasethe measuredefinedin
5.2.6.For Ry onthis hasbeenshavn in the proofof Lemmas.2.8,sowe only need
to shawv that an applicationof the garbagecollectionrule decreasethe measure.
By Lemmab.2.7we only needto prove thatthe measureof the left-handside of
theruleis largerthanthatof theright-handside. If we computethesemeasuresve
get:

((M[DLDIT = MY +]D1]+ D

(MIDYIE = MY +|Dy
Becausd, is never emptywe have thatthe measuref theleft-handsideis larger
thatthatof theright-handside. O

Theorem 5.3.4 The proof systemRy. is a soundandcompleteaxiomatizationof

NgC'

Proof. To prove soundnessve needto prove soundnessor Rgrapn and for the
garbagecollectionaxiom. The soundnes®f Kyraph iS obvious becauseRyrapn is
soundfor graphisomorphismand becausasomorphicgraphshave isomorphic
garbagefree versions. The soundnes®f the garbagecollection axiom follows
from thefactsthat

[(M D) ~ge M]]
if D doesnot bind a free variablein M andthatfor ary context C andtermsM, N
we have that
[M] ~gc [N] = [CIM]]] ~gc [CIN]] -

Soundnes$ollows from thefactsthata graphg is garbagdreeif andonly if y(g)
is & Rgrhpn NOrmalform andthat



5.4. BISIMILARITY 85

Figure5.3: Bisimulationof higherordertermgraphs

5.4 Bisimilarity

In this sectionwe will definebisimulationon higherordertermsgraphsandpro-
vide a proof systemthatis soundandcompletewith respecto bisimulation.

In theintroductionwe have alreadyintroducedbisimulationfor first-orderterm
graphs. We can define this notion of bisimulationas follows: Two graphsare
bisimilar if they are both the samevariableor if they both have nodesas roots
andthereexists a bisimulationbetweenthe two graphsthatincludethe two roots.
A bisimulationbetweentwo graphsis a relation on the nodesof thosegraphs,
suchthatpairsof nodesin therelationhave the sameabelandsuchthatfor every
matchingpair of amumentsve have thatthoseargumentsarethe samevariableor
apair of nodeshatis in the bisimulation.

To extendthis definitionto higherordergraphswe mustdealwith scopesand
back-pointers.The obvious extensionfor back-pointerss thata matchingpair of
argumentscanalsobe back-pointerdo nodesin the bisimulation. Without further
modificationwe would have thatall threegraphdn Fig. 5.3arebisimilar. However,
the lasttwo graphsin the figure do not have the sameunwinding, so we do not
wantthemto bebisimilar. We cansolwe this problemby requiringthatscopesare
bisimilartoo. More preciselyfor ary pair of abstractiomodesin thebisimulation
andary otherpair of nodesn thebisimulationwe have thatif anodeof thesecond
pairis in theinterior of the scopeof a nodein thefirst pair thenthe othernodein
thesecondairis in theinterior of the scopeof theothernodein thefirst pair. With
this requirementhe middle andright graphsin Fig. 5.3 areno longerbisimilar.

In ourformal definitionwe make onemoreextensionwhichwe needin proofs:
insteadof consideringonly identicalvariablesto be bisimilar we parameterizeur
notionof bisimulationwith arelationthatindicateshe bisimilar variable.

Definition 5.4.1 Given higherordergraphsg:, g, andarelationR, on variables.
Thegraphsg; andg, arebisimilar up to Ry, denotedgi<>g, 92, if thereexistsa
relationR C V1 x V, suchthatr; Rr, andsuchthatfor all (vq,v2) € Rwe have that

- Ll(Vl) = Lz(Vz)
- Al(Vl) QAQ(VQ)
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- Wi e S (v1),Vy RV, 1V, € S5 (o)
- Woe S (v2), Vi RV, 1V € S (va)
whereay ---an Rg by - - - by if & Rsb; andwhereR is givenby
- xRyif xRy y
- v Rv,if vy RV,
- iRV if v Rv,
Thegraphsg; andg, arebisimilar, denotedy; < g, if g1 <= 0.

Remark 5.4.2 In additionwe could defineweakbisimulationby changing
- Wi eS (v1),Vy RV, 1V, € S, (Vo)
- WhHe S, (V2),Vy RV, 1 V) € S (vr)
into
- Wi e S (vi), (3t A(VL,i) =V1),Vi RV, 1 v, € S, (o)
- Woe S5 (v2), (Fi 1 AV, 1) = V2), vy RV, 1vy € Sy ()

It is an openquestionif this yields a notion of bisimulation,suchthattermsare
bisimilarif andonly if theirlabeledunwindingsarethe same.

In orderto give a completeaxiomatizatiorof bisimulationwe will needa nev
axiom. The new axiomwill bethattwo termsareequalif they arebisimilar. At
first sightit seemghatthis makeseverythingtrivial, but bisimulationongraphsand
bisimulationon termsare not the samenotion. Bisimulationon termsis defined
belowv. The definition hasto dealwith a problem. In the definition for graphs
we had a naturalseparatiorbetweenrecursionvariablesandnodes. In termswe
only have variables.We will have to bevery carefulto decidewhich variablesare
allowed to be equatedo which othervariables. To do this we parameterizéhe
definition of bisimulationwith arelationS which tells uswhich variableswe are
allowedto identify. With thisin mind we have thefollowing intuitive clauses:

- Two variablesarebisimilar if we areallowedto identify them.

- Two functionapplicationsarebisimilar if they usethesamefunctionsymbol
andtheir agumentsarebisimilar.

- Two abstractionare bisimilar if their agumentsare bisimilar, considering
two variablesdenticalif:

- they arethetwo abstractiorvariables
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- they werepreviously considereddenticalandthey arenottheabstrac-
tion variables

- Two letrecsarebisimilarif thereexistsarelationon therecursiornvariables,
suchthattermsboundby relatedrecursionvariablesare bisimilar andsuch
thatthetwo externalpartsarebisimilar. Variablesareconsidereddenticalif
they arerelatedrecursionvariablesor if they arepreviously relatedvariables
thatarenotrecursiorvariables.

Definition 5.4.3 GiventermsM andN. WedefineM g N by structurainduction
as:

X&syY
if xSy

F(Mla"' JMH) ﬁSF(Nla"' ’Nn)
if M @gN;,for1<i<n

XM o5 [yIN
if M (0 y)esxzxyzyioixyt N

<M0 ‘ X1 = Mla"' »Xm = Mm) ﬁS<NO ‘ y1= Nla"' yYn = Nn)
if 38 C {x1,-*+ ,Xm} X {y1,-*-,Yn} suchthat

Mo <+ No andV(x;,y;j) € S : Mj g N;j ,

whereS’' = SU{(x,y) € S| X#£ X,y # Y}
We havethatM © N if M &4, N.

Notethatin generale donothave thatM <N if [M]«>[N]. For example the
graphsemantic®f (x | x=F(x)) and(x | x=F(F(x))) arebisimilar but theterms
arenot. However, the graphsemanticsof the latter termis equvalentto that of
(x| x=F(y),y=F(x)). Thistermis flatandhencebisimilarto thefirst term. Also
notethatthe garbagecollectionaxiomis a specialcaseof the bisimilarity axiom.
Thatis, we have that

(M|D)&M

if D doesnothind afreevariablein M. Thus,we getthefollowing axiomsystem:

Definition 5.4.4 The axiom system®Ryisim is the axiom systemRZyraph extended
with theaxiom
M =N, if MgN .

Wewill now prove that Ryisim is asoundandcompleteaxiomatizatiorof bisim-
ulation. To dothis, we will first prove two lemmas.

The first lemmastatesthat the bisimulationaxiom is sound. Thatis, if two
termsarebisimilar thentheir graphsemanticsrebisimilar.
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Lemma5.4.5 If M<gN then[M]«g[N].
Proof. By structuralinductionover M andN.

Xy
It is easilychecledthat[x] Os[[y].

F(Mla Ty Mn)ﬁSF(Nla Tt Nn)
We haye for 1 <i < nthatM;<gN;. By inductionhypothesisve have that
[MJRSIN]). Letgs = [F(My,--- ,Mn)]] andgz = [[F(Ng,---,Nn)]. If v and
v, aretherootsof g; andgy, respectrely, thenwe canshav thatg; Rs g,
for R={(v1,v2) JUR'U---UR".

M glyIN
For S = {(X,y) e S| X £xY #Zy}U{(x,y)} we have thatM g N. By
inductionhypothesisve havethat[M] <> [N]. Thus,thereexistsarelation
R suchthat[M]] Rg [N]. Letg; = [[X]M]] andg, = [[[y]N]. If v andv, are
the roots of g1 and g, respectiely, thenwe canshav that g; R5 gy, for
R = {(v1,v2) } UR. Hencewe have that[[[XM] <>5 [N].

(Mo | X1 =My,"+ ;Xm=Mm) ©5(No|Yy1=Ng,+,¥n = Nn)
By definition we have that3S C {xa,--- ,Xm} X {y1,*-+,Yn} Suchthatfor
S'=8SU{(x,y) e S| x# X,y ZYj} we have thatMo«>g/No andV(x;,yj) € S :
M« o N;. By inductionhypothesist thenfollowsthat[Mg] <> [No]], V(Xi,Y;j) €
S : [Mil=«[INj]. By definition this meansthat thereexist R suchthat
[MoIREPING] and¥(x,y;) S : MRS IN].
Thenodefg; = [(Mo| Xo = My, -+ ,Xm = M) ] arethenodesf thegraphs
Mo]l,- -+, [Mm] plussomeblackholesvy,--- ,w. The nodesof g, = [[(No |
y1 = Ni,---,¥n = Np)] arethenodesof thegraphs[No], - - - , [Nn] andsome
blackholeswy,--- ,w;.

LetB={v, -+, W} x {w,---,w } andlet
0 y
R=ROUBUUy,)sR’ .
We claimthatg; Rsg,. Thus,we have that
[(Mg | X1t =Mg, -+ ,Xm = Mm)]<>s[(No | y1 =Nz, ,¥n =Npn)] .

a

Becauseof their specialstructurewe have thattwo flat termsare bisimilar if
andonly if their graphsemanticsarebisimilar. Oneof the directionswasalready
provenabove. Theotherdirectionfollows below.

Lemma 5.4.6 If g;<g then(gr) < W(gz)
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Proof. Given a bisimulationR for g; andg,, we mustshav that @(g;)<W(gz).
Themostimportantthingto dois to definethe S giventhetaskof shaving that

(Mo | X1 = Mg, ,Xm = Mm)<>s(No | Y1 = N1, ,¥n = Np) .

A simpleinductionproof shavs thatthe following definitionfor S works:

S ={(xy) eR|xe{x, - ,Xm},y € {y1,-,¥n}} -

Theorem5.4.7 The proof systemRisim IS soundand completewith respectto
bisimulation.

Proof.

Soundness§ollows from Lemma5.4.5, Thm. 5.2.2andthe factthatevery graph
is bisimilar to itself.

Completenes&ivenbisimilar graphsgs, gz, ary representatioi of g; andary
representatio of g>. By Thm. 5.2.12we have that Rgrapn- M = g; and
Rgraph= N = Pgo. By Lemmabs.4.6we have thatPg; <> g,. Thus,we have
that Rpisim = M = N.

a

For first-orderterm graphswe have thattwo graphsare bisimilar if andonly
if they have the sameunwinding. Thatmeanghatfor first ordertermswith letrec
Ruisim IS not only a soundand completeaxiomatizationof bisimilarity, but also
a soundandcompleteaxiomatizatiorof unwindingequivalence.For higherorder
termgraphsisimilarity is equvalentwith having the samescopedunwinding. The
termthathave the same(labeled)unwindingarenot necessarilyisimilar. We will
now startworking towardsa soundandcompleteaxiomatizatiorfor theunwinding
equivalenceon higherordertermgraphs.

5.5 ScopeEquivalence

If the unwindingsof two term graphsarethe same but their unwindingsarenot,
thenthe scopedunwindingsof thosetwo graphsdiffer only by their scopesThus,
it seemsnaturalto startby trying to find an axiomatizationof graphsthat differ
only by their scopes.

Definition 5.5.1 Giventwo graphsg;, 9. If g1 ~ (V,L,A, S, r) andgy ~ (V,L,A, S,r1)
theng; andg, areequivalentmoduloscopesgenotedy; ~scopedz. If 9f(91) ~scope
gf(g2) theng; andg, areequivalentmodulogarbageandscope denotedgs.
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Figureb5.4: Pictorialdescriptionof the abstractiorift axiom

Wewill defineanaxiomsystemandprove thatit is soundwith respecto scope
equialence.We will alsoprove thatthe systemis soundwith respecto garbage
freeterms.

Definition 5.5.2 The proof systemsRscopeand Rys arethe systemsRyraph and Rgc
extendedwith theabstractiodift axiom:

[X|(M | D) = ([x]M | D), if x doesnotoccurfreein D.

Lemma 5.5.3(soundness)Giventwo termM, N.
(l) If Rscopel_ M = N then[[M]] Nscope[[N]].

Proof. It is clearfrom the pictorial descriptionof the abstractiorift axiomin Fig.
5.4 that the lift axiom only hasan effect on the scopesof a graph. Thus, the
soundnessf Rscopels obvious. The soundnessf Xys follows from thefactthat

01 ~scoped2 =— 01 ~gsO2 -
O

As arewrite rulethelambdalift axiomsuffersfrom acritical pairthatis similar
to thecritical pair from which the garbagecollectionaxiomsuffers:

My [y= TJ)) |z=A) — (M{yly=F(x2) |z=A)
[X]<y| y= F(sz)’ZZA>
We canresol\e this critical pair by usingtherewrite rule:
[X/(M | D1,D2) > (XM | D1} | D)

if neitherx northevariablesdefinedin D, occurfreein D,. Thisrule allows trivial
infinite sequenced-or example:

DAY 1) = (B ) ) = LD D D ) = -

To make therule terminatingwe requirethatD; is non-empty Theresultsarethe
following two rewrite systems:
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Definition 5.5.4 Therewrite systemRs,.andRyg aretherewrite systemsRy 2,
andRy; extendedwith therule

[}{M | D1,D2) 5> (}{M [ D1) [ D2), if D2 #0 .

Proposition5.5.5 Therewrite systemsRy,.and Ky areterminatingandconflu-
ent.

Proof. To prove terminationwe will shav that both rewrite systemdecreasehe
measurelefinedn 5.2.6.For Ry thishasbeenshavnin theproofof Lemma5.3.3,
sowe only needto shav thatan applicationof the abstractionift rule decreases
the measureBy Lemmab.2.7we only needto prove thatthe measuref the left-
handsideof theruleis largerthanthatof theright-handside. If we computethese
measuresve get:

(M |D1,D)[T = S+inc({O} +[M[{7] + D] +[Dal)

(XM [D1) | DT = {0} +S-+inc({{0} + M|} +|D1]) +|D2l
Becausd, is never emptywe have thatthe measuref theleft-handsideis larger
thatthatof theright-handside.

Becausewe have termination,confluencds implied by weak confluence.In

turnweakconfluencecanbe provenby alengthycaseanalysiswhichis left to the
reader |

Lemma5.5.6 TheproofsystemRys is completefor ~gs.

Proof. Giventwo termsM, N, suchthat[M]] ~¢s [N]], we have to shav that Rgs -
M = N.
Let M1 andN; bethe Xz normalformsof M andN, respectiely. Because

PTQ(:) Rgsk-P=0Q

we thenhave that Rgs- M = My andRgs = N = Nj.

Furthermoreijt is possibleto derive thatthe graphsof M1 andN; areisomor
phic, which meanghatwe have that Rgrapnt- M1 = Ny.

We maythenconcludethat

RgM =N .

a

The proof systemRscope is Not complete. Considerthe graphsin Fig. 5.5.
Thesegraphsarerepresentetyy

(2| %0 = [Yol{X | X1 = [y1[{Y | X2 = Yo ¥1)))
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[
V4

et =

Figure5.5: Exampleof scopeequivalentgraphswith garbage

and
(]| x1= [yl {y | %o = [Yo](X [ X2 = Yo Y1))) -

It is impossibleto prove thesetermsequalusingthelift axiombecausehatwould
requirelifting theinnerabstractiorout of the scopeof the outerabstractionyhich
is impossiblebecausef the garbageapplicationnodewhich hasto be insidethe
scopesof both abstractions.lt is an openproblemto find a soundandcomplete
axiomatizatiorof ~scope

5.6 Unwinding

We have now reachedhe last axiomatization:that of termsrepresentinggraphs
with the sameunwinding. To axiomatizethis equialence we will use Rgrapn €x-
tendedwith bothbisimilarity andabstractiorift. (We do not have to addgarbage
collection, becausagarbagecollectionis a specialcaseof bisimilarity.) We can
formulatethis extensionasa unionof proof systems.

Definition 5.6.1 Given two graphsg, h, we saythat g and h have the sameun-
winding, denotedg ~ynw h, if g, = dl,. The proof system R is definedby
17(unw = ﬂbisimU Rscope

To prove the soundnessnd completenessf Rynw for ~ynw We needseveral
lemmas. Thefirst lemmastatesthatterm graphsare bisimilar if andonly if they
have the sameunwinding.

Lemma 5.6.2 Givengraphsg, h. We have that
geh <= gu=hy .

The secondlemmastatesthat given two graphsg, h with the same(labeled)
unwindingtherearetwo othergraphsy’, i, suchthatg andg’ have thesamescoped
unwinding,h andh have the samescopedunwindingandg’ andh’ areequialent
moduloscopes.

Lemma 5.6.3 Givengraphsg, h. If g, = h!, thenthereexist graphsy’, ¥ suchthat
gy = 9us N, = hy andg’ ~scopeh’.

Thelastlemmastateghatgraphswhich areequivalentmoduloscopesave the
samelabeledunwinding.
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Table 5.3 An overviewn of theaxioms.

Axiom System
F(---,(M[D),---) = (F(---,M;,---) | D) )

(M) —M

((M|D1) | D2) = (M| Dy,D2)

<|V| |X: <N | D1>,D2> = <|V| | = N,Dl,Dz) > all

M = (X|x=M) x fresh
(M|x=y,D) =(M[x:=y]|Dlx:=y]) x#y

(M | x=x,D) = (M |x=e,D) )

<M | D) =M Rgc, iRgs
[XKM | D) = <[X]M | D) ﬂscope Rgs, Runw
M =N MoN - Roisim, Runw

Lemma5.6.4 Givengraphsg, h. If g~ htheng, =hl,.

Theorem5.6.5 The proof system®ny is soundandcompletefor ~ .

Proof. Follows easilyfrom previouslemmas. O

5.7 Summary

In Table5.3we have givenanoverview of theaxiomsof all the proof systemsve
have definedn thischapter Theseproof systemsvereusedo give axiomatizations
of the equivalencerelationsin the hierarchyin Fig. 5.6. Exceptthe proof system
Rscope Whichis only sound all proof systemsaresoundandcomplete.
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Chapter 6

Abstract Rewriting

In thischaptemwewill studytheconstructiorof Bohmtreesandthebasicprinciples
of infinitary rewriting. This studywill take placein thesettingof AbstractReduc-
tion Systemsin orderto beableto developsomeusefultheorywe mustreplacethe
setsof objectsin ARSswith structuregshatmodelinfinite objects.Thesestructures
expresssomeuseful propertiesof infinite objects. We have chosernto modelinfi-
nite objectswith algebraiccompletepartial orders becausén thesestructureshe
behaior of the infinite elementdependdor a very large part on the behaior of
thefinite elementsFor thetheorydevelopedin thisthesisthisis sufiicient. Further
developmentwill requireadditionalrestrictionson the structures. For example,
computatiordomainsor concretedomainscanbe used(see[KP93]).

This chapterconsistof four sectionsn thefirst sectionwe definethe notion
of skew confluence In the following sections,we study Bohm trees infinitary
rewriting andtherelationshipbetweerthem.

6.1 Skew Confluence

In this sectionwe formally definethe notion of skew confluencewhich wasin-
troducedin Sect.1.4.2.We will also prove a few simple propertiesaboutskew
confluence.

Theformal definition of skew confluenceeads:

—
\ /
y x \ /
. \ e /
N (I) s B\\ (”) //G
S »
A B3

Figure6.1: Skew ConfluenceandCR.
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Definition 6.1.1 GivenanARS A = (A, , ). We have that > is skew conflu-

entwith respecto + if

Va,b,cec Ajazb,ag»c:3deA: b—BHd,cF»d .

In Fig. 6.1we have drawvn two diagramsDiagram(i) expresseshata is skew
confluentwith respecto (3. Diagram(ii) expresseshata is skew Church-Rosser
with respecto 3. Skew CRis formally definedas:

Definition 6.1.2 We have that > is skew CRwith respecto + if

Va,beA,a<—G>b:3cEA:a—B++c,b—G++c .

For ary ARS we have that confluenceand the CR property are equivalent.
For any ARS we also have that skew confluenceandthe skew CR propertyare
equialent:

Proposition 6.1.3 GivenanARS (A, —», —B>), we have that —» is skew confluent

with respecto + if andonly if —» is skew CRwith respecto 5

Proof.

“=" We canderive the skew CR from skew confluencey tiling asfollows:

N

AN /
B xyw @ ; s
N 7 a
N / o
B A4 s
AN /s

N e
B A

“«<" Skew confluencas justa specialcaseof skew CR.

a

Commutatvity is a generalizatiorof confluencen the sensehata reduction
relation— is confluentif andonly if is commuteswith itself. Similarly, we have
thatskew confluencas a generalizatiorof confluence:

Proposition6.1.4 GivenanARS (A, —). The ARS is confluentif andonly if —
is skew confluentwith respecto —.
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Proof. Elementary O

In orderto apply the notion of skew confluencesuccessfullywe musthave
ways of proving skew confluence.We will now give a lemmathatwill help us
laterin this thesis. This lemmausesa third reductionrelation. (7). Theideais
that although—» is not confluent,we might be able to find a reductionrelation
vC< & thathasbetterproperties For example for v two diagramamight hold:

Thiswould begood,becauseave canderive confluenceup to from thesediagrams:

Lemma6.1.5 Givenan ARS (A, —)ic(a,gy1» We have that — is skew confluent
with respecto + if vC< & andthefollowing two diagramshold:

a | a
\ \
Y Y Y Y
\ \
¥ ¥
-—» -—»
B B

Proof. Fromthe givendiagramswe canconcludethatwe alsohave the following
two diagrams:

y y (i)

Il
—~
~

I

I

I

I

I

I
¥

I

I

I

I

I

I
¥
Il
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To prove thetwo diagramsn the premiseof the previouslemma,we canprove
thatthefollowing threediagramshold:

_ B
| /\ /\
Y :V < :Y g :Y

This completeghe discussiorof skew confluencan its own right. We will now
focusonits mainapplication.

6.2 BoOhm Semantics

In this sectiorwe developthetheoryof infinite normalforms whichis ageneraliza-
tion of thetheoryof Bohmtreesto abstracteductionsystemsThis generalization
will be basedonthe Bohmtreedefinitionof Lévy, whichwe gave in sectionl.4.1
of theintroduction.

Seenfrom anabstracpoint of view the Bobhmtreeconstructiorof Lévy works
asfollows. We have anARS (A, —), a partialorder(B, <) anda monotonicfunc-
tion w: A — B from the elementf the ARS to the elementf the partial order
Theinfinite normalform of anelementis supposedio bethesetof all information
thatcanbefoundin reductsof thatelement.If we follow thedefinitionof Lévywe
would formalizethatsetas:

L {w(b) | a—>b} . (6.1)

This formalizationworksfine for computingthe Bohmtreeof afinite lambdacal-
culusterm, but for infinite termstherearetwo problems.

Thefirst problemis dueto thefactthatwe expectthe Bohmtreeof bothfinite
andinfinite lambdatermsto be a possiblyinfinite lambdaterm. For finite lambda
termsthe setin 6.1 is anideal over finite lambdatermswhich canbe seenasa
possiblyinfinite lambdaterm. For infinite lambdatermswe get a setof infinite
lambdaterms. Evenif this setis anidealit cannotbe seenasa possiblyinfinite
lambdaterm.

The secondoroblemis thatfor infinite termswe do not quite have the unique-
nesswe want. For example,let usconsiderthefollowing reductions:

(AX-yX(yX(.\iX---))) (12) — (Axyx(yx(yx---)))z—yz(yz(yz---))
y(l2(y(12)(y(12)---)) —yz(y(1 ) (y(12)--+)) —— -

Accordingto definition 6.1 the setof derivableinformationof yz(yz(yz---)) is

{Q, yQQ, yzQ, yQ(yQQ),--- ,yz(yz(yz---))}
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andthesetof derivableinformationof y(1z) (y(l 2) (y(12)---)) is

Thesesetshave the sameeastupperbound,but they arenotequal.

We can solve theseproblemsby only allowing finite elementsin the set of
derivableinformation:

+7 {w(b) [a—-b} . (6.2)

In the caseof finite lambdatermsthis definition is equivalentto the old oneand

in the caseof infinite lambdatermswe geta set,which we canseeasa possibly
infinite lambdaterm. The problemof the two infinite termswith almostthe same
setof derivableinformationis alsosolved, becausén analgebraiccompletepartial

orderwe have that:

ubS =1ubS, <= |+ S =|s S,

for every two setsS;, S, whoseleastupperboundsexist. We have now discussed
all aspect®f the constructiorof infinite normalforms. We summarizan thefol-
lowing definitions:

Definition 6.2.1 A structure4 = ((A, —),w, (B, <)) is an ARSwith information
content{ARSI) if (A,—) isanARS, (B, <) is acompletepartialorderandw: A —

B is monotonicwith respecto —. We saythat 4 is anabstractreductionsystem
with finite informationcontentf for every a e A we have thatw(a) is finite.

GivenanARSI ((A,—),w, (B, <)) wereferto w(a) astheinformationcontent
of a or asthedirectapproximatiorof a. The functionw inducesa quasiorder<,,
onA, definedby a <, & if w(a) < w(&). TheARSI thatcorresponds$o theBohm
treedefinitionof Lévyis the structure

((Aa_B>)a(*)BTaI((*)BT(A)7SQ) . (63)

This ARSI hasfinite informationcontent. As aresultof this, Lévy’s definition of
BohmTreecoincideswith our moregeneraldefinition of infinite normalform:

Definition 6.2.2 Given an ARSI ((A,—),®,(B,<)). The infinite normal form
Inf(a) of anelementa e A is definedby

Inf(a) =) ¢ {w(d) | a—+ad} .
The ARSI hasuniqueinfinite normalforms (UN®) if

a<—a = Inf(a) =Inf(d) .
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We saythata notionof informationcontentis trivial if theinformationcontent
of everytermis alsotheinfinite normalform of thatterm.

Before we continueto studythe conditionsthat imply uniqguenes®f infinite
normalformswe will introducesomenotationanda differentcharacterizatiorof
theinfinite normalform thatis more corvenientin proofs. The notationwe need

is a rewrite relation %) that allows us to rewrite every elementto every finite
approximatiorof theinformationcontentof thatelement:

Definition 6.2.3 GivenanARSI ((A,—), w, (B, <)), we definetherewrite relation
-, asfollows:

Vbels (w(@):a-2b

We thenhave thefollowing facts:

Inf(a) = {b| a—> L b} ; (6.4)
a-L b, <b,b finite = a-L b ; (6.5)
a—a = Inf(a) D Inf(d) . (6.6)

To prove that the ARSIs in Equation6.3 have uniqueinfinite normal forms
we useatheoremthatstateghatevery confluentARSI hasuniqueinfinite normal
forms:

Theorem6.2.4 Givenan ARSI 4 = ((A,—),w, (B, <)). If (A,—) is confluent
then4 hasuniqueinfinite normalforms.

Proof. It suficesto shawv thatif a — & thenlInf(a) = Inf(a’). We will distinguish
two cases.

“>" If &—» L bthenalsoa— 2> b. Hence

{b|d—+ L b} c{b|a—> L b} .

"C” Giventhata—+a’ -L» b, we have by confluencehatthereexistsana” such
thata’—a" anda —a". By monotonicitywe have thatw(a”) < w(a").

Thisimpliesthata” -Z» b. In turnthisimpliesthata— -Z» b andhence

¥ F
{b|a—s <> b} Cc{b|ad—> =» b} .
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Thesecondcasen this proof canalsobe givenin theform of adiagram:

a—— 4

\
\
\
[
¥

a'- - - - - » gl
[

w|F Wl F
+
b = b

The above theoremstatesthat confluences a suflicient conditionfor uniqueness.
However, it is notanecessargondition.

Example 6.2.5 Considerthe ARSI (N, —),id, (N, <)), wheren — p-nif pis a
prime numberlarger thann. For examplel -2 — 6 — 66 and1 — 5 — 55.
The ARS is not confluentbecause6 will never reduceto an odd numberand 55
will never reduceto anevennumber However, the infinite normalform of every
numberis o, which meanghatwe do have uniqueinfinite normalforms.

Usingthe notion of skew confluencave canextendtheresultin Thm6.2.4:

Theorem6.2.6 GivenanARSI 4 = ((A, ), w, (B, <)) andanothereductionre-
lation - we have thatif v is monotonicwith respecto w and > is skew con-

fluentwith respecto 4 then 4 hasuniqueinfinite normalforms.
Proof. Becausef Eq. 6.6it suficesto shawv that

a—a = Inf(a) C Inf(d) .

Givena » @ andbe Inf(a), thereexistsana” suchthata—»a" -- b. Becausef
skew confluencewe have thatthereexistsana” suchthata' »a" anda”—y>—>a’”.

Becausey is monotonicwe canconcludethatw(a”’) < w(a"). This andthefact

Ty bimoli 7
thata’ == b impliesthata” = b. O

The above theoremstatesthat skew confluenceis a sufficient condition for
uniquenes®f infinite normforms. For ARSswith finite informationcontentit is
alsonecessary:

Theorem 6.2.7 GivenanARSwith finite informationcontentq = ((A, ), , (B, <
)), we have that 4 hasuniqueinfinite normalformsif andonly if —» is skew con-
fluentwith respecto <4,.

Proof.
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=" Givena—a anda——a"’ we mustshav the existenceof ana” suchthat
a'—a" anda <, a". Becausdheinformationcontentis finite we have

thate! Z» w(@). Becausénf(a) = Inf(a") wehavethata’ —+a" 2 w(@).
For this a” we alsohave thata” <., a".

"«<" Corollaryfrom Thm. 6.2.6.

a

In this characterizatioit is essentiathatwe have finite informationcontent.If
we do not have this thenyou canhave an ARSI with unigueinfinite normalforms,
whichis not skew confluent:

Example 6.2.8 Considerthe ARSI ((N x N, —),id, (N x N, <)), where
(0,0) = (e,0)
(0,0) — (0,)
(0,n) = (e0,n+1)
(n,0) = (N+1,0)

andwhere(m,n) < (p,q) if m< p andn < g. Thefinite elementwf the partial
orderarethe elementf the setN x N. The uniqueinfinite normalform of ary
elementis Nx N. However, (c0,0) <— (0,). Noneof the reductsof (0, ) will
belargerthan(e,0), sothe ARSI is not skew confluentwith respecto <y,.

In all of our examplesthe infinite normalform wasanidealandthereforehad
a leastupperbound. For ARSswith finite information contentit is known that
skew confluenceup to informationcontentimpliesthattheinfinite normalform is
adirectedset,which impliesthatthe leastupperboundexists. The sameholdsif
the information contentis a c.p.o. whereevery two finite elementswhich have
anupperboundalsohave afinite upperbound. Termswith the <q orderfall into
the latter category, becausevery ideal completionof a partial orderfalls into that
catgyory. For arbitraryc.p.o'sit is anopenquestionf theinfinite normalformis a
directedsetor hasa leastupperbound.

6.3 Infinitary Rewriting

In this sectionwe give a formal presentatiorof our abstractversionof infinitary
rewriting. More precisely we will definean operatorthatis capableof extending
rewrite relationsfrom finite to infinite objects.

Kennavay etal. definedreductiononinfinite terms,by extendingthedefinition
of substitutionto infinite termsand applyingthe usualdefinition of rewrite step.
Becausen thesettingof anARS we do not have substitutionsyve will have to use
adifferentsolution. Thedefinitionof Corradini[Cor93 is muchmoresuitable.He
defineshow to contractan infinite setof redexesin aninfinite term, by defining
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how to contractthatinfinite setof redexeson everyfinite prefix of theinfinite term.
Theresultis thenthe leastupperboundof the setof all reducts.This definitionis
complicatedby the factthatit is requiredto rewrite every prefix of the left-hand
side.Insteadwewill justsaythatgivenadirectedset,whereeachelementewrites
to someotherelementsvherethe reductsform a seconddirectedset,we have that
the leastupperboundof thefirst directedsetrewritesto the leastupperboundof
the seconddirectedset. We denotethis extensionwith anoperator-), which takes
arewrite relationandreturnsa rewrite relation. The transitive reflexive closureis
denotedwith [-)) andthe corversionrelationwith ().

Definition 6.3.1 Givena completepartialorder (A, <), anabstracteductionsys-
tem (A, —) with A' C A, we definethereductionrelation[—) by

lubD( [—)lubDg ,

wherefor somesetl we have thatD_ = {li }ic; andDgr = {ri }ic| aredirectedsets,
suchthatfor all i e | we have thatl; — ;.

In diagramsve will usethearravs , and
to represenf—),[—)) and(—) respectiely.

Thelackof restrictionsonthechoiceof rewrite relationanddirectedsetsallows
for a variety of rewrite relationson infinite terms. For example,considerinfinite
terms,orderedwith thestandard<q andthefollowing rewrite rulesonfinite terms:

C — A(B(C))
AX) — X
- X

because
A(B(Q)) - AQ)
A(B(A(B(Q)))) — A(A(B(Q)))
AB(A(B(A(B(Q)))))) — A(A(B(A(B(Q)))))
We alsohave that:
AB(AB(A(B(--+)))))) [==)A”
because
A(B(Q)) —+ AQ)
A(B(A(B(©)))) — AA(Q))
AB(A(B(A(B(Q)))))) — AAA(Q)))
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Similarly, we have that
A(B(A(B(A(B(:++)))))) [=+)B" .

The sameresultscanalsobe obtainedby usinginfinite reductionsequenceskor
example:

A(B(AB(A(B(-++))))) = A(ABA(B(:++))))) = ---A” . (6.7)

Using infinite reductionsequenceshe termsB® and A® do not have a common
reductunlessoneaddsa rewrite rule thatallows themto berewrittento Q. In our
approachwe don't needto addtheserules. Thatis, we have that

A®[—+)Q andB¥[—++)Q .
However, we cannotexpressthe following sequence:
C— A(B(C)) — A(B(A(B(C)))) = ---A(B(A(B(A(B(---)))))) ,  (6.8)
becaus@venthoughwe have that

— C

OO0

—
—
—

theright-handsidesdo not form a directedset. The intuitive differencebetween
6.7 and 6.8 is that the former contractsonly redeesthat are presentin the left-
handside andthe latter contractsredexes that were created. In otherwords, the
first sequenceloesan infinite numberof redexesin parallelandthe seconddoes
aninfinite numberin sequence Parallel redexes seema good applicationof this
extension, but sequentialredexes can betterbe handledby transfinitereduction
sequences.

GivenalabeledARS (A, —|>)|E|_, we often considerthe reductionrelation—=
UleL - This union operatorandthe infinitary extensiondo not commute,sowe
needto distinguishbetweernthe orderof the unionandthe extension:

Definition 6.3.2 GivenalabeledARS (A, —|>)|€|_, we have thefollowing notation:

() =[Y ) and[) = Ul) -

With this notationwe candefinethe contractionof a possibleinfinite setof re-
dexesasfollows: Let (R, —p>) pePos D€ @ orthogonalTRS, labeledwith positions.

Given a set of positionsP and termsM,N, we defineM Py N, if for the set
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P’ = PN Pos(M) we have thatN is the resultof a completedevelopmentof the
redexesatpositionsP’. Therelation[—) now expresseshecompletedevelopment
of possiblyinfinite setsof redexes.

A very similar notion of parallelreductionhasalreadybeendefinedby Corra-
dini in [Cor93. The mostimportantdifferenceswith the definition of Corradini
arethatwe allow arbitrarydirectedsetsfor D, insteadof idealsandthatwe allow
ary reductionrelationinsteadof a specificallychoserone.

Thefollowing lemmaexpressesanimportantpropertyof the infinitary exten-
sion. It generalizeghe factthatif given a CRSwe have that M[—)N thenwe
have that every approximationof M canbe extendedto an approximationof M
thatrewritesto anapproximatiorof N andevery approximatiorof N extendsto an
approximatiorof N thatis theresultof rewriting anapproximatiorof M.

Lemma 6.3.3 GivenanalgebraicCPO(A, <), suchthat
Va,be F(A):dceA:ab<c = Jce F(A):ab<c,
andanARS (¥ (A),—), we have that

vd elg (a):3d el s (),b" els (b):ad" = b"'Ad <&’
a—)b —= A
Vb elg (b): 3" el s (a),b" els (b): @& = b" AW <D’

Proof. We distinguishtwo cases:

"=" Given al—)b, we have thatthereexists a setl andsetsD; = {l;}ii and
Dr = {ri }ial, suchthatD; andDg aredirected,fori e | we have thatl; — rj,
lubD_ = aandlubDg = b. We now have two cases:

- Givend el (a). Because is finite anda’ < lubD,_ thereexistsa’ e
D, suchthata’ < a”. For somei we have thata” = |;. Because; — r;j,
we have thata” is finite. If we defineb” = r; thenwe have that

a'—s>b'and<d .

- Givenb' €|+ (b). Becausdy is finite andb’ < lubDg thereexists
b" e DR, suchthath’ < b". For somei we have thatb” =r;. Because
li = r;, we have thatb” is finite. If we definea” = r; thenwe have that

a' b AN <

"<" Assumethat

Vad elg () :3d" els (a),b" elg (b):&' > b'Ad <&
A
Vb els (b):3a" els (a),b" elg (b) ;&' =B AL <b’
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Definel = {l |l el# (a),3rels (b) : 1 = r}w{r|rels (b),3N els (a):
| —r}. Givenl e, thereexist anr €} 4 (b) suchthatl — r andwe define
I, =1 andr =r. Givenr e, thereexistanl €|+ (a) suchthatl — r andwe
definel; = | andr; =r. DefineD. = {lj |iel} andDr={r; |iel}.

To prove thata]—)b, we have to shav thatD, andDg aredirectedsetsand
thatlubD, = a andlubDgr = b. We prove theseclaimsbelow:

D. is adirectedsetGivenag,ap € D, we have thatay,a €|+ (a). This
impliesthata;, ay < a, sothereexistsa €|+ (a) suchthata;,a, < a'.
We alsohave that3a” el 4 (a),b" els (b) : & <a’"Ad’ — b". This
impliesthata” e D,. We alsohave thata;,a, < a”, sowe have thatD,
is adirectedset.

Dr is adirectedsetSimilar algument.
lubD_ = a By definition, we have thatD, C|+ (a). Thus,we have that

lubD_ < lub s (a) = a Givend el (a), we have that3a’ €|+
(a),b" els (b) :d <d'Ad’ — b". By definition,we havethatly =a".
Thus,we have thata” € D, . Thisimpliesthat

a <d <lubD .
We canconcludethat

lub ¢ (a) <lubDp

lubDgr = b Similaragument.

a

In this thesis,we will be mainly interestedin [-) in conjunctionwith Bohm
semanticsBut asthe definitionitself is new, otherquestionsnaybeasled.
For example,do we have thefollowing compressioproperty:

a[—>)b[—-)cC 2 a—»)c .

We will leave this as an openquestion,but not without remarkingthat at least
somefn sequencesyhich are not compressiblen the infinitary lambdacalculi
of Kennavay et al [KKSdV97], canbe compressedFor example,the reduction
sequence

)\x.((7\y.z)x)‘*’x[?)Ax.(z(()\y.z)x)‘*’)X[FH))\X.Z‘*’X[?)Z‘*’ :

Becauseave have that

M.(((AY.2) X)" Q) fo)\x.(z” Q)x+ ('Q) ,
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we have that
AX.((Ay.2) x)‘*’x[ﬁmz‘*’ :

Anotherquestionis, if givenanorthogonalTRS &, we have that[?)%) is conflu-

ent? Again, we will leave this asanopenquestion.We will continuewith a study
of Bohm SemanticandInfinitary Rewriting.

6.4 BOhm Semanticsand Infinitary Rewriting

In theprevious sectionwe have shavn how we canextendarewrite relationonthe
finite elementsof analgebraiccpoto a rewrite relationon the entirecpo. In this
sectionwe will shav how to extenda notion of Bohm semanticfrom the finite
elementdo thewholecpo.

The extensionof Bohm semanticscan be donein two ways. First, we can
directly defineaninfinite normalform basedon theinfinite normalform for finite
elements. Second,we can definea notion of information contentfor arbitrary
elementdasedn theinformationcontentof finite elements.

In the connectingtext betweenthe formal definitionsandresults,we will be
talking aboutan algebraiccpo (A, <) andan ARSI ((F (A),—),w, (B,<g)) with
uniqueinfinite normal forms definedon the finite elementsof A. Note that in
this settingwe have to dealwith threepartial orders: <a,<, and<g. To avoid
confusionwe will referto elementof A asobjectsandto elementof B asbits of
information.

6.4.1 Thedirectextension

Definingthedirectextensioninfy, of Inf,, is simple.We expectthedirectextension
to beasetof finite bits of informationjust asthe usualinfinite normalform. Thus,
we candefinethe infinite normalform of ary elementasthe union of the infinite
normalformsof all finite approximation®f the elementwe wantto compute.We
alsowantthis extensionto be a true extension. Thatis, for all finite elementsve
wantthe extensionto coincidewith the original infinite normalform. Therefore,
we will requirethatInf,, is monotonicwith respecto <a. Thatis, we requirethat:

Va,d e F(A): a<ad = Infy(a) CInfy(d) .
We summarizgormally:

Definition 6.4.1 Givenacpo(A, <a) andanARSwith informationcontent(( ¥ (A), —
),w, (B, <g)) with uniqueinfinite normalforms, suchthatInf,, is monotonicwith
respecto <a. TheBohmsemantic®f ary elementae Ais givenby

Infi(a) = U{Infu(a) | & els ()} -
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We mustnow checkthatthe propertiesve expectdoindeedhold. We will start
by proving thatInf; is anextensionof Inf,(a):

Proposition 6.4.2 Givenacpo(A, <a) andanARSwith informationcontent(( 7 (A), —
),w, (B, <g)) with unigueinfinite normalforms, suchthatInf,, is monotonicwith
respecto <a, we have that:

Vae F(A): Infy(a) = Infy(a) .

Proof. Let ae F(A) be given. The factthata is finite impliesthata el + (a).
Thereforewe have that
Inf,(a) C Infy(a) -

Becausef the monotonicityof Inf,, we have that
va els (@) 1 Infyu(@) C Infy(a).

Thereforewe have that:
Infi(a) C Infy(a) .

a

Apartfrom thefactthatInf;, is arealextensionwe alsoexpectthatit is unique.
Thatis, we expectthattwo corvertible termshave the sameextendedinfinite nor
mal form. To prove that,we needthefollowing lemma:

Lemma 6.4.3 Given a cpo (A,<a), adirectedsetD C ¥ (A) andan ARS with
information content(( ¥ (A),—),w, (B, <g)) with uniqueinfinite normal forms,
suchthatInf,, is monotonicwith respecto <a, we have that:

Inf;,(lubD) = U{Inf,(d) |de D} .
Proof. We will distinguishtwo cases:
" D" Trivial.
"C” It sufiicesto shaw thatfor everya el ¢4 (lubD) thereexistsad e D suchthat
Inf,(a) C Infe(d) . (6.9)

Because is finite anda < lubD, thereexistsa d suchthata <a d. By
monotonicityof Inf, we have that6.9 holdsfor thisd.

a

With this lemmathe uniquenessf the directextensioncanbe proven:

Theorem 6.4.4 Givenacpo(A, <a) andanARSwith informationcontent(( 7 (A), —
),w, (B, <g)) with uniqueinfinite normalforms, suchthatInf, is monotonicwith
respecto <a, we have that:

a(—»)b = Infg(a) = Inf(b) .
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Proof. To prove theresultit sufiicesto prove that
a[—»)b = Infg(a) = Infy(b) .

If a]—)b thenfor someindex setl thereexist directedsetsD = {l; }ic; andDgr =
{ri}ia1, suchthatlubD_ = a, lubDgr = b andfori € | we have thatl; — r;. We then
have that

Infi; (@) = Infg(lubDy)
= U{Infy(d) |de D} Lemma6.4.3
= U{Infu(li) |iel}

U{Infe(ri) [iel} uniquenessf Inf,,
= U{Inf,(d) | d e Dgr}

Infg;(lubDR) Lemma6.4.3

= Infg(b)

6.4.2 The extensionof the information content

Fromnow onwewill assuméhat(A, <a) isanalgebraicsemilattice. Thisstrength-
eningof theassumptiorallows usto concludethat| 4 (a) is adirectedsetfor ary
ac A. If we alsoassumehatw is monotonicwith respecto <a thenfor ary ac A
wehavethat{w(d') | & |+ (a)} isadirectedset. This allows usto defineanotion
of informationcontenton A asfollows:

Definition 6.4.5 Givenanalgebraicsemilattice(A, <a) andanARSI A = ((F (A),—
),w, (B, <g)), suchthatw is monotonicwith respecto <a, we definethethein-
finitary extensionof 4 asfollows:

Aw = ((Aa [_>_)>)aw00; (BaSB)) ;

where
W (a) = lub{w(a) | ae F(aw)} -

We would like to have thatfor ary a € A thetwo infinite normalformsarethe
same. However, monotonicityof w andInf, is not a sufiicient conditionfor the
equialenceof the two infinite normalforms. It is not even a suficient condition
for theuniquenessf Inf,_ . Thisis shavn in thefollowing example:

Example 6.4.6 We definethesetA as:
A={L1}U{1,2,3} xNU{4} xN .
Onthis setwe defineanorder<a:

VYaecA:l<paandVie {1,2,3},YmneN:(i,n) <a(i,m),if n<m .
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Onthefinite elementof A we definethefollowing reductionrelation:
VneN: (1,n) — (2,n),(1,n) — (3,n),(2,n) — (4,n) .
We defineafunctionw: ¥ (A) — N asfollows:
w(Ll)=0andw((i,n)) =n .

Wethenhavethat((A, <a),w, (N, <)) isanARSI, thatwis monotoniowith respect
to < andthat

Inf&)((ian)) = {O, 1," ) an} .
Fromthis we canconcludethatInf, is monotonicwith respecto <a. If we com-
putetheinfinite normalformsof (i, «) we get

Info((i,00)) = Infg,, ((1,0)) = Infg, ((3,0)) =N .

However, we alsoget
Infe,, ((2,0)) ={0} .

The problemin the exampleis that by rewriting finite elementswe can get
informationthatwe cannotgetby rewriting theleastupperbounds.Soby rewriting
infinite objectswe maynotgetall informationwe cangetby rewriting finite ones.

Givenmonotonicityof Inf, andw, we have a positive resultin the otherdirec-
tion. Thatis, every bit of informationwe cangetby usingthe extendedreduction
relationcanalsobe got by reducingfinite approximationsThe proof of this result
requiresthefollowing lemma which usesthe notation-%» for %

Lemma 6.4.7 Givenanalgebraicsemilattice (A, <a) andan ARS with informa-
tion contentq = ((¥ (A),—), w, (B, <g)) with uniqueinfinite normalforms,such
thatw andInf,, aremonotonic,we have thefollowing diagram:

|7

|
<
I
I
|
¥
I
w|F w F
lr ol

F

Proof. Theresultfollows easilyfrom thefollowing two diagrams:

(=] ‘ ‘
|7 ) W |7 ® W
= Sh m -
I I I I
L (i) . L i) o v
wF  weF  wF wF  wlF  wF
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(i) Givenarea,a andb, suchthata %+ & anda(—]b. Fromthedefinitionof [-)
wegetthattherearedirectedsets{a }ij and{b; }i.|, suchthatlub{a; }i.; = a,
lub{b; }ici = b andbj—+a. Becaused is finite anda’ <a a, we have that
thereexists anindex j suchthata <a a;. Because— is only definedon
finite elementsve have thatb -Z» by;.

(i) Similarto (i).
(iii) Frommonotonicityof Inf,.
(iv) Fromtheuniquenessf Inf, andthefactthat=C <g.
O
Corollary 6.4.8 Givenanalgebraicsemilattice (A, <a) andanARSI 4= ((F (A),—

),w, (B, <g)) with uniqueinfinite normalforms, suchthat w andInf,, are mono-
tonic, we have thatfor ary possiblyinfinite elementa that

Infe,,(a) CInfg(a) .
Proof. We have to shav that
a—))c = ww(c) <glInfy(a) .
This follows from the previouslemma,
Infi(a) =l {b|a—7 = 5 b}

and
W (C) =Ly {b|Cc 5 b} .
Od

SomeanalysislearnsthatInf(a) C Inf,,_ (@) is equivalentwith the following
diagram:

- - = -,

p ‘ (6.10)

A very simple propertythatimplies monotonicityof theinfinite normalform
and6.10is
a<pd,a—b= I :b<pb,d =1 .

As adiagramthis propertylookslike
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All orthogonakermrewriting systemdhave this property Not all orthogonalcom-
binatoryreductionsystemshave this property For example,the lambdacalculus
with Bn reductiondoesnt have this propertybecause

AXX(yQ) = yQ

butnoM >, yQ suchthat
Ax.x(yx)W»M

exists. The problemis that by expandingthe subtermQ to x we introducedan
boundvariablex into a subtermwherethe n-rule doesnot allow it. However, all
orthogonalcombinatoryreductionsystemswherein the left-handsidesthereare
no restrictionson the occurrencef boundvariableshave theproperty * Any CRS
(andhenceary TRS)with anon-leftlinearrule doesnot have this property

1in CRSterminology:every CRS,suchthatin theleft-handsideof every rule every metavariable
hasevery possibleboundvariableasanamgumenthasthe property



Chapter 7

Semanticsof Graph Rewriting

Oneway of developing a graphrewriting systemis to startwith a term rewrite
systemor a higherorder rewrite systemand extendthis tree rewrite systemto a
graphrewrite system.Whendoing soit is corvenientto usethe letrec syntaxfor
graphs becauseéhis syntaxis an extensionof the syntaxof termrewrite systems.
An exampleof sucha derived systemis the following derivation of the lambda
calculus:

(AXM)N 5 (M | x=N)
(CX [ x=M,D) —z (C[M]|x=M,D) (7.1)
(M|D)N T (MN[D)

We will referto arewrite systemdevelopedin sucha way asa cyclic extension.
Therewrite rulesof a cyclic extensioncanbe divided into two subsetsthe work
rulesthataredirectly derivedfrom rulesin thetreerewrite systemandtheadminis-
trativerulesthatarethereonly becaus¢hey areneededo bring atermwith letrec
into a form that allows a rule of the first subsetto be applied. For example,our
simplecyclic extensionof the lambdacalculushasonework rule: — andtwo

B
administratve rules: = andw.

Anotherway of thinking of thesegraphrewrite systemss astheimplementa-
tion of infinitary rewriting. Thatis, wethink of termswith letrecs asrepresentations
of infinite termsand of graphrewrite stepsasrepresentationsf completedevel-
opmentsof setsof redexes. This way of thinking makesit naturalto requirethat
rewriting atermwith anadministratre rule doesnot changethe unwindingof that
term.

By addingrulesto the administratve part of a graphrewrite systemwe can
make the graphrewrite systemmore powerful, but by doing sowe caneasilylose
theconfluenceproperty

113
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7.1 Unwinding Calculi

In Chap. 3 we have implicitly definedthe unwindingof a cyclic termby defining
the graphof aterm andthe unwindingof a graph. Anotherway of obtainingthe
unwindingis to definea rewrite systemanda notion of informationcontentsuch
thattheinfinite normalform is the unwinding. In this chapterwe will studysuch
rewrite systemswith information content,which we will refer to as unwinding
calculi. As long asthe infinite normal forms are the unwindings,ary notion of

informationcontents allowedin anunwindingcalculus.Theresultof thisfreedom
is thatary rewrite systenthatdoesnotchangeheunwindingof atermcanbeseen
asanunwindingcalculusby usingthe unwindingitself astheinformationcontent.

As the formal definition of the unwinding of a term we will usethe infinite
normal form of the term with respectto a simple rewrite system. The rewrite
systemthatwe will useto definethe unwinding,is a translationof the p-calculus.

For p-terms, we can define the unwinding as the infinite normal form with
respecto the p-rule andtheinformationcontentdefinedby:

UxM WQ .

Unfortunately the straight-forvard translationuxM — (x| x = M) doesnotwork.
If we translatethe p-rule basedn this translationwe get

(X|x=M) = M[x:= (x| x=M)] .

It is not obvious how we canextendthis rule to allow for arbitrarytermsin the
externalpartandarbitrarysetsof declarationsWe solve this problemby usingthe
translation

XM — (M | x=M) .

This translationrdoesnot presere graphs.Thatis, thegraphof pxM is usuallynot
the sameasthe graphof (M | x= M). However, the graphsof thosetwo termsdo
have the sameunwinding. Theresultingtranslationof the p-ruleis

(M| x=M) = Mx:=(M|x=M)] .
Therule for informationcontentcanalsobetranslated:
(M|x=M)—=>Q .

Bothtranslationsaneasilybe extendedo arbitraryexternalpartsandsetsof dec-
larations.Theresultis thegeneralizeqi-calculus displayedn Table7.1. Like the
p-calculusthegeneralizeqi-calculusis anorthogonalCRS. Thereforeijt is conflu-
entandhenceit hasuniqueinfinite normalforms. We usethis rewrite systemwith
informationcontentfor the formal definitionof theunwindingof aterm:
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Table 7.1 Thegeneralizeqi-calculus
Axiom:

<M |Z(1:Mla"'axn:Mfl)W>M[X1:: <M1|D>57Xn: <Mn|D)] .

D
Informationcontent:
(M | D) T);) Q.

Definition 7.1.1 Givena cyclic term M, we definethe unwindingUnw(M) of M
as:
Unw(M) = Inf, (M) .

Usingthis definitionasareferencepoint we candefineanunwindingcalculus
asa rewrite systemwith informationcontent,whoseuniqueinfinite normalforms
areequvalentto the unwinding. Formally:

Definition 7.1.2 A rewrite systemwith informationcontent—— is anunwinding
calculusif it hasuniqueinfinite normalformsandfor every cyclic termM we have
Unw(M) = Infypw(M).

Lik e rewrite systemswith informationcontent,unwindingcalculi canhave fi-
nite or infinite information content. The generalizedu-calculusis an exampleof
an unwindingcalculuswith finite informationcontent. Given ary rewrite system
— that preseresthe unwinding, we candefinean unwinding calculuswith infi-
nite informationcontentby usingUnw asthe informationcontentof theterms.In
particularwe canusethe emptyreductionrelation,obtainingthetrivial unwinding
calculus

Definition 7.1.3 The trivial unwinding calculusover a signature is given by
((Termss,0),Unw, I(Termss, <q)).

We expectthatthe graphof the unwindingof a termis isomorphicto the un-
winding of the graphof thatterm. in theremaindeof this sectionwe will sketcha
proof of thisfact. In the next sectionwe continuewith therelationbetweergraph
rewriting andinfinitary rewriting.

A completemetricspaceon the setof finite graphsandinfinite treesis formed
by defininga metric asfollows: giventwo graphs,we give every nodea second
label (thefirst label beingthe function symbol)that consistof the setof pathsby
which the nodesis accessibldrom theroot. The distancebetweentwo different
graphsis definedas2~', wherel is the lengthof the shortestpaththat exposesa
differencebetweenhe two graphs.(A paththatleadsfrom theroot to two nodes
in thegraphwherethetwo labelsdo not matchis a paththe exposesa difference.)
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V V
0 0
CAl,ll,m,m A111111111.
A11,1111111113..

Figure7.1: Labelsfor computingthe distancebetweertwo graphs.

The distancebetweenidentical graphsis of course0. For example,the distance
betweerthetwo graphsin Fig. 7.1is 3.

Letw denotetheresultof doingacompletedevelopmenbf all po redexes.
GivenatermMg we considerthe sequence

Mo ey M1 ey M2 Ty -

We conjecturehatthis sequencéasthefollowing properties:

The graphsof M; have the sameunwinding.

Thelimit of thesequence

[[MO]]’[[Ml]]a[[MZ]]a"' (72)

existsandis the sameasthe unwindingof Mo.

Theunwindingof theterm Mg is thelimit of thesequence
w“"(Mo)a(*)Ho(Ml)a(*)Ho(Mz)?"' . (73)

- Thelimits of thesequence%.2and7.3arethesame.

7.2 Propertiesof Cyclic Extensions

We describeda cyclic extensionof a rewrite systemasa rewrite systemon cyclic
termsthatwasderived from the original rewrite system.We do notintendto give
apreciseformal definitionof thenotionof cyclic extension but we will definetwo
propertieghatcyclic extensionsanhave: infinitary soundnesandcompleteness

A cyclic extensionis infinitarily soundwith respectto a rewrite systemon
treesif we have thatif acyclic termreducedo anothercyclic termusingthecyclic
extensionthen the unwinding of the first term reducesto the unwinding of the
secondterm in the infinitary extensionof the multi-step rewrite relation on the
finite agyclic terms.Formally:
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Definition 7.2.1 GivenaCRS R andacyclic extension® * of 8. We saythat R *
is infinitarily soundif

M WN — UnW(M)[—R++)UnW(N) .

Severalproofsin this chaptemwill usediagrams.Thereforewe will formulate
infinitary soundness termsof diagramsn the next proposition:

Proposition7.2.2 Givena CRS®_anda cyclic extension®* of X, we have that
RX*isinfinitarily soundif andonly if thefollowing two diagramshold:

R* R*
% %
\ | \ |

cl ! cl !
=] \ | =1 \ |
N Unw, F S REENEN Unw F

N 1 v R

< -—— =% <o % -

Proof. By Lemma6.3.3we have thatP[T-))Q if andonly if the following two
diagramshold:

P Q Q P
\ | \ I
Sy g |

S RSNYEY Unw! ¥ S RuAREN Unw! 7
S ! S\ \

A %
\ \ \ [
ngii-‘?}i»\b SQ¥«7777¢
Fromthis theresultfollows easily |

The simplestpossiblecyclic extensionof a CRSis that CRSitself. Thatis,
thesimplestextensionis obtainedby keepingthe samerewrite rulesandextending
only thesignaturewith letrec. This very simpleextensionis infinitarily sound:

Lemma 7.2.3 Given an orthogonalCRS X, we have that = is an infinitarily
soundcyclic extensionof R .

Proof. We have to shaw thatthediagramsndicatedin Prop.7.2.2hold, we will do
this by decomposingheminto smallerdiagrams:

R R
\ /I \ /1
/ /|
\He (i) Hey ey ey,
\ / | \ / |
Unw| ¥ Xl‘ 7757»‘% 7:Unw Unw | ¥ i{/‘—uo%‘% —‘% :T:Unw
I | I | I | I
Wy | (i) o | [ Wpo | o | (iii) | Wpo |
| | | | | | |
¥ ¥ <o ¥ ¥y E_ Y
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Thenumbereddiagramseedfurther proof.

(i) Letusconsidercompletedevelopmentof po-steps,denotedwith || po. Be-
cause— is anorthogonalCRS,we have that—u> is confluentby com-

pletedevelopmentsThus,thefollowing diagramholds:

—_— (7.4)

By tiling with this diagramwe canderive diagram(i).

(i) By thesameargumentusedto prove 7.4,we alsohave:

—F (7.5)
I
[[ue lue
I
uo
We alsohave thediagram:
R
— (7.6)
\
llue e
\
1

e

By tiling we canthenderive thediagram:

R
[
HOL :po
. $
. R, R, y
Mo 3 ¥ o X ¥ e
N s
N s
“O\\ // *
Ao

(iii) Giventwo cyclic termsM, N, we claim that

M?N = w“o(l\/l)?(»“o(N) }
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Thisclaimtogethemvith thefactthatm) is confluentandterminatingproves
thediagramamarked with (iii).
A simpleanalysisshavs thatthefollowing diagramholds:

R
\
\
Wyo | Oy
\
¥
—— =%
R

Finally, theconfluenceandterminationof o allows usto concludethatthe
claimholds.

a

A rewrite rule from anunwindingcalculusdoesnt changethe unwindingand
thereforeit is infinitarily soundwith respectto every possiblerewrite systemon
terms:

Lemma7.2.4 Givenarewrite systemonterms®_ andanunwindingcalculusunw,
we have that -— is aninfinitarily soundcyclic extensionof %.

Proof. If M —— N thenwe have thatUnw(M) = Unw(N). Thisimpliesthat
Unw(M)[=)Unw(N) .

Because=C TH, we have that

UnW(M)[?ﬂUnW(N) .
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a

FromLemmas7.2.3and7.2.4we canimmediatelyconcludethat s is an

infinitarily soundcyclic extensionof a given orthogonalCRS X. By combining
thetwo lemmaswe canprove thatevery cyclic extensionwhichis a restrictionof
R modulounwindingequvalencepossiblyextendedwith an unwindingcalculus
is infinitarily sound:

Theorem 7.2.5 Given a cyclic extension®* of a CRS &, we have that R* is
infinitarily soundif = C (=unw o = ° =unw)Y =unw-

Proof. If M W N thenwe have two cases:
- If M =ynw N thenby Lemma7.2.4UnW(M)[?)UnW(N).

- If M =—Unw MI ? NI =—Unw N thel’l

Unw(M) = Unw(M’)[?)Unw(N’) =Unw(N) .

~ J

Lemma7.2.3

a

We can apply this theoremto prove that the simple extensionof the lambda
calculusgiven at the startof this chapteris an infinitarily soundextensionof the
lambdacalculus:

Example 7.2.6 The rewrite systemin Equation7.1 is a cyclic extensionof the
lambdacalculus.We canshaw this by applyingthe previoustheorem.Givena 3o
rewrite step

CIAXM)N] > (M [ x=N)] ,

we have that
C[(AX-M)N] + C[M[x:=N]]

andthat
C[(M | x=N)] W)C[M[X =(N|x= N)]]W»C[I\/I[x:: N]] .
Fromthe po-reductionwe canconcludethat
C[M[x:=N]] =unw C[(M | x=N)] .
This meanghatwe have that

CIOXM)N] 5 CIM[x:= NI =unw CI(M | x= N)]
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andthereforethatwe have that
WCZUnW o ? ° =ynw -

If we abbreviatex; = My, -+ , X, = My, with D thenwe have that

(M | D)N (MN | D)

lift
Ho | Ho |
(M[x := (Mi [ D))N (MN)[x := (Mi | D)]

and

(C[X}] o) ——& <C['V|}] | D)

oy Ko |

Clxalix = (Mi | D)] - 5 > CIMJx = (M | D)]

Fromthesediagramswve mayconcludethat
Tftes CTUnw -

If acyclic extensionof a CRSis infinitarily soundthenwe know thatthe cyclic
extensiondoesnot equatemoreinfinite termsthanthe infinitary extensionof the
sameCRS.In generale do not have theinverse thatis if Unw(M)[—-+)Unw(N)
thenwe do not necessarilyhave that MW—)N. The reasonis that to mimic the

rewrite stepon the unwinding you may needinfinitely mary stepson the cyclic
term. For example theunwindingof (x| x=yx,y=1) isI(l(---)). We have that

butin thecyclic extension—u? thetermwill neverrewrite to termwhoseunwind-
ingis Q. ’

Fortunatelywe do nothave to look atreductiononinfinite terms:reductionon
infinite termsis derived from reductionon finite approximation®f thoseterms,so
we cansimply considereductionson finite approximation®f the unwinding.

Given a cyclic term M, finite approximationP of the unwindingof M anda
reductionPTHQ in aCRS R, we may have for a cyclic extension®* of R that

MWN in suchaway thatQ is a finite approximationof the unwindingof N.
Thatis, thediagram

—, (7.7)
|
Unw | F Unwi F
|
|
- — ==
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might hold. However, notin every cyclic extensiondo we have this diagram.For
example,considerthefollowing cyclic extensionof thelambdacalculus:

(
{
<|V| | X= N,Dl,D2>
(CIAY.M] | x=Ay.M, D)
M| x=Ay.N,z=C[x],D) — (
M| x=Ay.C[x], D) {

M | x=Ay.N,z=C[Ay.N],D)
M | x = Ay.C[Ay.C[X]],D)

ThetermM = (xyy | y = (Au.u) 2) reducedo normalform asfollows:
xyyly=(Auu)z) = (xyy|y=(u|u=2) = (xyy|y=uu=2 .

Theunwindingof M is x(l 2) (I z). This unwindingis a finite approximatiorof it-
selfandit reducego xz(l z). Theonly two reductsof M have xzz asits unwinding,
soxz(l z) cannotbe the finite approximationof the unwinding of a reductof M.
We do have thatxz(l z) — xz(I z), sowe might hopethatthe diagram

B

R, R », (7.8)

|
Unw | F Unw! ¥

|
|

777777 »

RX

holds. Unfortunatelyit doesnt. For example,thetermx(l z) (Qz) is alsoa finite
approximatiorof theunwindingof M andreducego xz(Qz). Thelattertermis not
itself afinite approximatiorof theunwindingof areductof M nor doesit reduceto

one.We solwe this problemby replacingthereduction — SN with anunspecified
relation< andcall theresultingpropertycompletenesapto <.

Definition 7.2.7 GivenaCRS®, acyclic extension®* of ® andarelation< on
thetermsof &, we saythat® * is completeupto < if thefollowing diagramholds:

In mary caseswe will beableto find a corvenientrelationfor which we can
prove completenesspto. For example,if we have arelation R thatsatisfiesr.7
then?® is completeupto = andif X satisfies’.8thenwe havethat® is complete
upto = A key propertyusedto prove completenesapto is <q-monotonicity:
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Definition 7.2.8 A CRSR _is <g-monotonicif thefollowing diagramholds:

Thelambdacalculuswith B-reductionis <q-monotonic.With pn-reductionit
is not. For <g-monotonicorthogonalCRSswe have the following result:

Proposition 7.2.9 Given an <q-monotonicorthogonalCRS %, we have thatthe
cyclic extension—uo> is completeupto =.

Proof. We have the following diagram:

R
X B
\% 7/Q' I
77777 % ‘
ES R x \

Unw | F \ \ F 1 Unw
|
:w‘” %: !
| | |
N I

Ho R -

Theresultfollows from this diagramby meansof asimpletiling agument. O

7.3 Bohm Semanticsof Cyclic Extensions

In the previous chapterwe have shavn how to extend Bohm semantics§rom a
CRSto its infinitary extension. To be ableto definethis extensionwe needthe
CRSto have a notion of information content,suchthatits infinite normalforms
areuniqueandbothits informationcontentandthosenormalformsaremonotonic
with respecto <g. Becausewve will needtheseconditionsas standardwe will
call anotionof informationcontentregularif it hastheseproperties:

Definition 7.3.1 We saythatthe information contentof a CRSwith information
contentR®_is regular if

- R hasuniqueinfinite normalforms;
- Wg is monotonicwith respecto <o;

- Inf% is monotonicwith respecto <q.
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We will alsoneedwell-behaed cyclic extensionsThatis, we will needcyclic
extensionsthat are infinitarily soundand completeup to a useful relation. For
this usefulrelationwe choose<,,, andwe referto a cyclic extensionwith these
propertiesasaregular cyclic extension

Definition 7.3.2 A cyclic extension®* of a CRS R with informationcontentis
regular if ®* isinfinitarily soundandcompleteup to <o -

Givena CRSwith regularinformationcontent®_anda cyclic extension® * of
R that containsan unwinding calculusunw, we cannow definethe information
contentof a cyclic termastheinformationcontainedn the partof the cyclic term
thathasbecomestablewith respecto unwinding:

Definition 7.3.3 Givenacompleteandinfinitarily soundcyclic extension®* of a
CRSwith regular informationcontent®  containingan unwinding calculusunw,
we definethefunction oo;ix by

(L);ix = (1)‘;%‘0 Wunw -
Notethatif theinformationcontentof theunwindingcalculusis finite we have

that

Wix = Wg © Wunw
becausem;"i is a properextensionof wg . The function Wi x is not necessarilya
notionof informationcontent,asthe following exampleshavs:
Example 7.3.4 Let R _bethetermrewrite systemwith thesinglerule

A(X) — B(X) .

Theinformationcontentof atermis definedasthe normalform of theterm:

This notionof informationcontentis regular Define
R~ Koo

As theunwindingcalculusof & * we considetthe rewrite rule po with information
contentdefinedby

(A(M) | X1 =Mq,--+ X = Mp) W AM)[X1:=Q,- ;% = Q]

<B(M)|X1:M1,"',Xn:Mn> W Q
R
Evenwith this modifiednotion of informationcontentunwg is anunwindingcal-
culus.We now have that

(AX) [} %= (BX) ) -



7.3. BOHM SEMANTICSOF CYCLIC EXTENSIONS 125

However,

Wi ((AX) 1) = R(AX) = B(x)

Wi ((BX) ) =R(Q) =Q
Thus,the function Wi is not monotonicwith respecto = andhenceit is nota
notionof informationcontent.Notethat X * is aregularcyclic extensionof & ..

If Wi is a notion of informationcontentthenit will generatauniqueinfinite
normalformsif in addition X * is a completeandinfinitarily soundcyclic exten-
sion:

Theorem 7.3.5 Givenaregularcyclic extension® * of a CRSwith regularinfor-
mationcontent® containinganunwindingcalculusunw, suchthatwgx is anotion
of informationcontentwe have that ® * hasuniqueinfinite normalforms.

Proof. To prove that ®* hasunigueinfinite normalforms, we have to prove that
thefollowing diagramholds:

R* RX
[
| R¥
¥
[
Wgx | F
N

Wgx | F

This diagramcanbe proveneasilyusingthefollowing claims:

Mgz a <= Mg a (7.9)
K,X
— (7.10)
unwi UnW\lv/
wunwl? COunw\L?
| Ry
w&l? B ‘*’K\LT
(7.11)

Wy
n% N .
Ki munwif
wxl? B wxi?

To completethe proof, we mustprove theclaims:
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(7.9)

M U:;T) a <= aely (Wgx(M)) =l# (U)%((Uunw(M)))
< aclys (lubf{wg (N) | Nels (Wunw(M))})
<— aE\Ly {OOR(N) | N 61«_‘7 (%nW(M))}
< INely (wunw(M)) raely (wg(N))

F . ¥
:}Mm—m?a

(7.10) Thisdiagramcanbe obtainedby tiling with thefollowing two diagrams:

R* R*

% %
| |
unw unw | unw unw |
(i) v (i) v

Wunw | F COunw\ Va Wunw | F COunw\ F
R K) f’(\ R K) K\
| |

Wg | F ‘%\f Wg | F Wg | F ‘%\? Wg | F
+ _ NG NG _ NG

(i) Fromtheinfinitary soundnessf R* by applyingProp.7.2.2.
(i) Fromthemonotonicityof Infz with respecto <q.
(iii) Fromtheuniquenessf theinfinite normalform of .
(iv) Trivial.

(7. 11)Because—w>c - thefollowing diagramprovesthe claim:

Wy
n% \ inW
R‘i Sm& Wunw | F
‘*’xl? B "‘)R\LT

Thetop partof this diagranfollows from thecompletenessf R X upto <, .
Thebottompartis elementary

a

Theinformationcontentof a cyclic termdependsiot only on theinformation
contentof the finite terms, but also on the chosenunwinding calculus. We will
now shav that the choice of unwinding calculushasno effect on the resulting
infinite normalforms. We will do soby shaving thatno matterwhatthe choiceof
unwindingcalculusis, we alwayshave thatthe infinite normalform of the cyclic
termis equalto theinfinite normalform of theunwindingof thecyclic term:
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Theorem 7.3.6 Givenaregularcyclic extension® * of a CRSwith regularinfor-
mationcontent® containinganunwindingcalculusunw, suchthatwgx is anotion
of informationcontent,we have for every cyclic termM that:

Infgx(M) = Infg (Unw(M)) .
Proof. By someelementaryeasoningve canderive that

Inf (Unw(M)) = {a| M -2 = —m% a} .

Theclaims7.9,7.10and7.11areagainvalid. Fromtheseclaimswe canprove that

F ¥ F

Hence we have that

Infgx(M) ={a|M = —w(%)a} :

a

Becauseve havethatinfy is aproperextensionof Infg , animportantcorollary
from this theoremis thatinf4x is a properextensionof Infg :

Corollary 7.3.7 Givena completeandinfinitarily soundcyclic extension® * of a
CRSwith regularinformationcontent®  containingan unwinding calculusunw,
suchthatwgx is a notion of informationcontent,we have for every plaintermM
that:

Infgx(M) = Infg (M) .

We have now shavn how to extenduniquenessesultsfrom Bohm semantics
on plaintermsto cyclic terms.We will continuewith a studyof a property which
we couldnotintroduceon abstractewriting systemssyntacticcontinuity

7.4 Syntactic continuity of Bohm Semantics

Bohmtreeequivalences acompatiblerelation. Thatis, if two termsM andN have
the sameBohmtreethenfor ary context C we have thatC[M] andC[N] have the
sameBohmtree. To prove this for the lambdacalculus,Lévy ([Lév78g) shaved
thattheBohmtreehada propertycalledsyntacticcontinuity Thispropertyimplies
thatBohmtreeequivalenceis compatible.

Syntacticcontinuity is a propertywhich canbe definedon rewrite systems,
wherethe infinite normalforms are possiblyinfinite terms. The propertystates
thatgivenary context C andary termM, theinfinite normalform of C[M] depends
only onC andtheinfinite normalform of M:
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Definition 7.4.1 A rewrite systemwith informationcontent® _is syntacticallycon-
tinuousif
Infg (C[M]) = U{Infg (C[P] | Pe Infg (M)} .

Thegoalin thissectionisto find conditionson CRSsandtheircyclic extensions
thatallow usto prove thatthe cyclic extensionsare syntacticallycontinuous.An
obvious conditionis therequirementhatthe CRSis syntacticallycontinuousput
thereis anotherequirementsubstitutivecontinuity

Definition 7.4.2 A rewrite systemwith informationcontentR _ is substitutve con-
tinuousif
Infg (Mo) = U{Infg (Po | PelInfg (M)} .

In thelambdacalculuswith the 3-rule we canderive this propertyfrom syntac-
tic continuity if the freevariablesin theinfinite normalform area subsef those
in theterm. GivenatermM anda substitutiono, let X beavectorof variablessuch
thatFV (M) = {X}. We thenhave

Inf(Ma) = Inf(((AX.M)X)0)
= U{Inf((AR.P)R)0) | P e Inf(M)}
= U{Inf(Pa) | P Inf(M)} .

It is possiblefor a CRSwith information contentto have uniqueinfinite normal
formsandbe syntacticallycontinuouswithout alsobeingsubstitutve continuous.
Thisis shavn in thefollowing example:

Example 7.4.3 Giventhe CRS

B(C) —C
B(A) — B(A)
FXx.Z(x) = Z(A)

with informationcontentdefinedby

B(z) —wQ
FXx.Z(X) - Z(Q)

This CRSis syntacticallycontinuoushut it is not substitutve continuous:

C =Inf(B(C)) = Inf(B(x)[x:= C])
# U{Inf(Px:= ])IPelnf( ()}
= U{Inf(P[x:=C]) | P Q}
=Q .

Theexampleshavedthatfor CRSssyntacticcontinuity doesnotimply substi-
tutive continuity However, for cyclic extensionssyntacticcontinuity doesimply
substitutve continuity:
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Proposition 7.4.4 Givena cyclic extension®* of a CRS R, we have that R* is
substitutve continuousf R * is syntacticallycontinuous.

Proof. GivenatermM anda substitutiono, let X be a vectorof variablessuchthat
FV(M) = {X}. Wethenhave

Inf(Mo) =Inf((M | X1 =X10,--- ,Xn = Xn0))
=U{Inf((P| X1 = X10,-*+ ,Xn = X,0)) | Pe Inf(M)}
= U{Inf(Po) | Pe Inf(M)} .

O

Becausdor plain termswe have thatInfg (M) = Infgx(M), we canconclude
from the propositionandthe examplethatwe will needto requiresubstitutve con-
tinuity.

We arenow goingto developthetheorythatwe needin orderto prove our main
result. Thefirst thing we needis an operationon multiple hole contets, thatfills
all theholeswith thesameterm:

Definition 7.4.5 Givenamultiple holecontext C andatermM, we define
C{M} =C[M,--- ,M] .

With this notationwe canprove asimpleextensionof syntacticcontinuityfrom
singlehole contexts to multiple hole contexts:

Lemma 7.4.6 GivenaCRSwith syntacticallycontinuousegularinformationcon-
tent,we have that:

Inf (C{M}) = U{Infg (C{a}) | ac Infg (M)} .

Proof.
Infg (C{M})
= Infg (C[M,--- ,M])

= U{Infg (Clag,M,--- ,M]) | a € Infg (M)} (1)

= U{---U{Infg (Clag,--- ,an]) | an e Infg (M)} -~ [ &y € Infg (M)} (1)
= U{Infx (Clas, - ,an]) | & € Inf (M)}

= U{Infg (Cla,--- ,a]) [ae Infg (M)} (2
= U{Infg (C{a}) |acInfg (M)} .

(1) Applicationof continuityin asinglehole context.

(2) It is obviousthatwe have " >”. Becausénfg (M) is anideal,we have thatfor
every given combinationof g ¢ Infg (M) thereexistsana e Infg (M), such
thata; <, a. Frommonotonicityof Inf¢ with respecto < weget”C”.
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|
As afirst steptowardsproving syntacticcontinuity of cyclic extensionswve will
now considerthe extensionof CRSswith let.
Definition 7.4.7 Givena CRSwith informationcontent® , wedefinetheextension
of R with letsasfollows:
Riet = RU{letx=MinN = N[x:= M]}
gy (M) = g (Iet(M))
An importantcharacteristiof thelet-extensionis thatit is syntacticallycontin-
uousif the CRSis syntacticallyandsubstitutve continuous:

Lemma 7.4.8 Givenan orthogonalCRS X with informationcontentthatis syn-
tacticallyandsubstitutve continuousyve have that K¢ is syntacticallyandsubsti-
tutive continuous.

Proof. Oncewe have proven syntacticcontinuity we canprove substitutve conti-
nuity in the sameway aswe did for Prop7.4.4. Givena contet C andatermM,
bothwith lets, let X be a vectorof variablessuchthat{X} = FV(M). For ary term
Q, suchthatFV(Q) C FV(M) wethenhave that

Cllet X =Xin Q]-=+C'{letx=PinQ} ,
whereC' containsno lets, by rewriting every let in C. We alsohave that
C'{letX=Pin Q}+C'{let X=Pin let(Q)}
andthat
C'{letx=Pin let(Q)}WC'{Iet(Q)Lxl = let(Py), -, X = let(P)]}}

a

BecauseC[let X = Rin Q]z+C[Q], we canconcludethat

let(C[let X = Rin Q]) = C'{let(Q)o} .
Thisimpliesthat

Inf4,,(C[Q]) = Infg (Iet(C[Q))) = Infx (C'{let(Q)a}) .
Usingthis identity we have that:

Infg,,(C[M]) = Infg (C'{let(M)a})
= U{Infg (C'{Q}) | Qe Infg (let(M)o)}
= U{Infg (C'{Q}) | Qe U{Infg (Po) | P € Infg (let(M)}
= U{Infg (C'{Q}) | Qe Infg (Po),P e Infg (M)}
= U{U{Infg (C'{Q}) | Qe Infg (Po)} | Pe Infg (M)}
= U{Infg (C'{Pc}) | Pe Infg (M)}
— U{Inf4, (CIP)) | P< Infg, (M)}
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Definition 7.4.9 GivenanorthogonalCRSR_ with regularinformationcontentand
aregularcyclic extension® * of ® , we have

Rer=RU -

Lemma 7.4.10 GivenanorthogonalCRS R with regularinformationcontentand
aregularcyclic extension® * of &, we have that R, is aregular cyclic extension
of Ret andthat

Infgx (M) = Infgx(let(M)) .

Proof. First, we have that R); is infinitarily soundbecausét is giventhat R * is
infinitarily soundandbecause is infinitarily soundbecausdy Lemma7.2.3.
Secondve have that

—» - z% Sog

N et 4 |
7/
N s R ‘
Unw | F %a/ Unwl F
Unwl F :
| |
- e W= = === »
let R*

Finally, we have that
Infgx (M) = Infgx (let(M)) = Infgx(let(M)) .

O

We will now considersomespecialcasef Infgx(C[M]). The casesve want
to considercorrespondo the caseswvherefree variablesin M are not boundby
letrecsin C. In thesecasesye have the specialpropertythat

Unw(C[M]) =} {C'{M'} | C' e Unw(C),M’ e Unw(M)} .
For contexts andtermswith this propertywe canprove syntacticcontinuity:

Lemma 7.4.11 Givena regularcyclic extension® * of a CRSwith regularinfor-
mationcontent® containinganunwindingcalculusunw, suchthatwegx is anotion
of informationcontentwe have thatif R is syntacticallycontinuoughenfor every
contet C andeverytermM, we have that

UnW(C[M]) =} {C'{M"} | C' € Unw(C),M’ e Unw(M)}
—
|anx(C[M]) = {|anx(C[P]) | Pe |nfy{x(M)} .



132 CHAPTERY. SEMANTICSOF GRAPHREWRITING

Proof.

Inf£x(C[M])
= Infz (Unw(C[M])) 7.3.6
= U{Infg (P) | Pe Unw(C[M])}
= U{Infg (P) | Pel {C'{Q} |C' e Unw(C),Q e Unw(M)}}
=U{Infg (P) | Pe {C'{Q} |C' e Unw(C),Q e Unw(M)}}
= U{Infg (C'{Q}) | C' e Unw(C),Q € Unw(M)}
=U{U{Infg (C'{a}) |acInfg (Q)} | C' e Unw(C),Q e Unw(M)} 7.4.6
= U{Infg (C'{a}) | C' e Unw(C),ae U{Infg (Q) | Qe Unw(M)}}
= U{Infg (C'{a}) |C’' ¢ Unw(C),ac Inf% (M)}
= U{Infg (C'{a}) | C" e Unw(C),ac Infgx(M)} 7.3.6
=U{Infg (&) |& € {C'{a} |C' e Unw(C)},ac Infgx(M)}
=U{Infg (&) | & el {C'{a} |C' e Unw(C)},ae Infgx(M)}
= U{Infg (&) | & e Unw(C[a]),a e Infgx(M)}
=U{U{Infg (&) | & e Unw(C[a])} | ac Infgx(M)}
= U{Infx (Unw(Cl[a])) | ac Infgx(M)}
= U{Infgx(Unw(C[a])) | ac Infgx(M)} 7.3.6

a

We now have all the lemmaswe needto prove syntacticcontinuity of cyclic
extensions.

Theorem 7.4.12 Givenaregular cyclic extension® * of an orthogonalCRSwith
regular information content®  containingan unwinding calculusunw, suchthat
wgx is a notion of information content,we have thatif X is syntacticallyand
substitutve continuoughen® * is syntacticallycontinuous.

Proof. Given a context C anda term M, let X be a vector of variablessuchthat
{X} = FV(M). Wethenhave that

Inf g« (C[M])
= Infgx (Cllet X= Xin M])
= U{Infgx (Cllet X=Xin Q]) | Qe Infgx (M)} Lemma7.4.11
= U{Inf g (C[Q]) | Qe Infgz (M)}
= U{Inf£x(C[Q]) | Qe Infgx(M)}

Notethatin this proofwe usethelet asafunctionsymbolandnot asthe syntactic
abbreviation of aletrec. O

7.5 Conclusion
We have given an extensiontheorythat works fine for <g-monotonicCRSs,we

do notyet know muchaboutCRSsthatarent. In mary casesve dependon <g-
monotonicityin key partsof proofs. Thus,it will be hardto either modify the
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theoryin away thatallows thesenon-monotonisystemso work. It mayevenbe
necessaryo developa completelynen framevork to dealwith them.

Another possibledirection of future work is extendingacgyclic calculi rather
thanCRSs. This could be usefulbecauseayivena cyclic calculus,its agyclic frag-
mentmay have betterpropertieshanthe entirecalculus. For example,the cyclic
lambdacalculusis non-confluentput its agyclic fragmentis in essenceonfluent
by completedevelopments.

In the next chaptemwe considerafew applicationsof the extensiontheory






Chapter 8

Applications

In this chapterwe will considerapplicationsof the theory of semanticof graph
rewriting in thepreviouschapter We will consideorthogonalCRSsin generabnd
cyclic lambdacalculiin particular but first we will give somemore examplesof
unwindingcalculi.

8.1 Unwinding Calculi

Theonly exampleswe have seenof unwindingcalculi were po andsomecalculi
with Unw asinformationcontent.For example,thetwo rule rewrite system

(C{ [x=M,D) oz (CM] [x=M,D) ;
(XM [D)N > ((AxM)N | D) .

We want to have a notion of information contentfor this rewrite systemthat is
finite. The notion wy,, doesnot work, becausehereis a fundamentabifference
betweenthis simpletwo rule systemandpe. Both systemanove letrec aroundin
terms. Thetwo rule systemlifts letrecs towardsthetop of theterm. In contrastuo
distributesthe letrec away from thetop of theterm. Thesetwo systemsandmary
othersbuild up a tree-like prefix in aterm. A systemthat distributesthe letrecs
exposeghistreelike prefix very clearly A systenthatlifts letrecs keepsthe prefix
moreor lesshidden.For example,we have that
x| x=F(x) & (FX) | x=F(x))
= FUF(X) [x=F(x))
= F(FUF () [x=F(x))))

uo
andthat
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Table 8.1 Therewrite rulesof thelift calculus(Ic)

(C[X] | x=M,D) -2 (CIM] | x=M,D)

(M [x=C[x,D) =  (M|x=C[C[X],D)
F(--,(M|D),---) = (F(---,M,---)| D)

[X|(M | D1,Dy) i (XM | D1) | D2)

((M|Dy) [ D2) < (M[D3,D2)

(M[x=(N|Dy),D2) (M | x=N,D1,D5)

(M [D1,D2) <@ (M[|Dy)

M) = M

M Ssm N Jf MeN

In thiscasethesameprefixis beingbuilt, butin thesecondsequencd stayshidden
in theexternalpartof theletrec. We exposetheinformationin theexternalpartby
definingtheinformationcontentasfollows:

Definition 8.1.1 We definethefunctionwjs; by meansof therewrite system
(M| X1 =My, X0 =Mn) 5= M[X 1= Q,--- % 1= QJ .

Laterin this chapter we will give several examplesof rewrite systemswith
informationcontentwy; areunwindingcalculi. First,wewill studyalargesuperset
of this calculus:thelift calculus.An importantpropertyof thelift calculus,given
in Table8.1, is thatits corvertibility relationidentifiespreciselythosetermsthat
have thesameunwinding. Thenotionof informationcontentthatwe usefor thelift
calculusis wyr; . Theproofof thefactthatthelift calculusis anunwindingcalculus
is complicatedby thefactit is not confluent.For example thetermson thebottom
of thefollowing diagramdo not have areductin common:

X[ x=F () ——— (F() [x=F(x))

J J

{x|x=F(F(x))) (F() | x=F(F(x))

To shaw thatthelift calculusis anunwindingcalculuswe will useyetanother
reductionrelationandsomelemmas.Thereductionrelationis a restrictionof the
externalsubstitutionrule in thelift calculus.We referto this reductionrelationas
standad reduction Standardeductionis arestrictionof theapplicationof external
substitutionto certaincontets. The rede thatareallowed arethosethat do not
occurin thedefinitionof avariable:
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Definition 8.1.2 Standardexternalsubstitutiorreductionis definedby
E1[(E2[X] | x=M,D)] =z Ea[(E2[M] [ x=M,D)] ,

where
E:=0|F(---,E,---) | [X.-E|(E|D) .

Becauseve will have to distinguishbetweerstandardandnon-standardeduc-
tion, we introducethe notation(o—z) for non-standardeduction:
o =e \red -

A few examplesof standardandnon-standardtepsare:

(FXX) [x={yly=2) 2 (FX(yly=2) (yly=2)
(FxX) [x={yly=2) = (F{yly=2,%

XIx=(yly=2) o5 ([x=(z]y=2)

The mostcomplicatedstepin shaving thatthe lift calculusis an unwinding
calculusis thefollowing lemma:

x=
x=

Lemma 8.1.3 We have thefollowing diagram:

Ic
—

-
Ic : Ic

S

Proof. Wewill provethediagramby usingatiling agumentbut first we eliminate

internaland cyclic substitutionstepsby replacingthemwith alternatve conver-
sions:

“m (M[x=(Cly]|y =N),y=N,D)
o {M]x=(CIN] |y =N),y=N,D)
(M| x=(CIN] ),y =N.D)
— (M |x=CIN],y=N,D)

<M | X:C[y]ay: C[X]7D>

“w (M {(x=C[y]|y=C[x),D)
= (M[{x=C[C[X] |y=C[x]),D)
(M [x=C[C[{],y =C[X],D)
<o (M[x=C[C[],D)

We will now distinguishthreecasedor thetop step:externalsubstitutionsteps
from left to right external substitutionstepsfrom right to left and otherstepsde-
noted™s, in bothhorizontaldirections:
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—e Externalsubstitutionis confluentby completedevelopmentsf descendants.
Duplicationin elementarydiagramsis limited: an arbitrary stepcan have
oneor two descendantanda standardstepcanonly have onedescendant.
Thereforethesearetheonly elementarydiagrams:

es es es
— — —_—
es : es es : es es =
SN SN =
es es es -

— (8.1)

T
\

es | es
\
¥

<z If thegivenstepis a standardstepthenwe have

es

|

(8.2)

es es

«-=—--

To dealwith the caseof a non-standardtepwe will usecompletedevelop-

mentsof nonstandardtepsdenotedwith ow. Considerthediagram

les
+—oM

es

V42

A non-standardtepcannotcreatea standardstep,so the redex contracted
in N is a descendanof aredex in M. Moreover, a non-standardtepcan-
not duplicatea standardede. Thus,therede contractedn N is the only
descendarntf theredex in M. Hence thegivenreductionsequencés acom-
pletedevelopment.We canalsodo a completedevelopmentof the sameset
of redexes, by first contractingall standardedeesandthendevelopingthe
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setof theremainingnon-standardedees:

|les

es | es

— = (8.3)

es | es

—=,+—=— A lengthycaseanalysiswill shav thatwe have thefollowing two dia-

7S s
grams:
-es -es
% %
T T
I I
es | mes es | mes
I I
+ NS + NS
-5~ -5~
Fromthesediagramwe may concludethat
ﬂ—es>T LST (8.4)
I I
es | mes es | mes
I I
PR c -5 Ne

Becausegg doesnot decreasé¢he information contentand o2 ande> do not
changeheinformationcontenttheresultfollows from 8.1,8.3and8.4. O

In thefollowing propositionwe prove thattheinfinite normalforms computed
with respecto 2 arepreseredby - andthattheinfinite normalform computed
with respecto the 2 and-» arethesame.

Proposition 8.1.4 We have that
() M« N = Inf_,(M) = Inf_,(N);

(i) Inf_,(M) = Inf_,(M).
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Proof. Dueto symmetryit is suficientto shav thatgivenM <> N, we have that
Inf_, (M) CInf_,(N) .

FromLemma8.1.3we get:

M<+——N
A
\
Ic |lc
\
A N
We alsohave
Sair
I
Wift | F it | F
I
N2
Thecompositionof thesetwo diagramsprovestheresult. O

Becauseg is confluent,its infinite normalforms are unique. Fromthis and
the previous propositionit follows thattheinfinite normalformsof — areunique.
We arenow almostreadyto comparethe infinite normalforms of po andthe lift
calculus.Theonly thing we needis a comparisorbetweerthe notionsof informa-
tion contentwy,, andwsy usedin thosecalculi:

Proposition8.1.5 GivenatermM, thereexistsatermN, suchthatM N and
it (M) = @0 (N).
Proof. We have that

(M %= My, X0 = My)

T4

o M[x = (M| D)

M[x1 1= Q, - X := Q]

We alsohave that

He | Mo
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Hencewe can prove the resultby inductionon the numberof wy; stepsthatare
necessaryo rewrite M to wy (M):

N Mo
AN
, N
Wift NS
7/
x Qe
N Mo /
AN /
o Aok W
ift 2
/
)4% ('OHO

This completeghe preliminariesfor the maintheoremof this section:

Theorem 8.1.6 Thelift calculusis anunwindingcalculus.
Proof. We have to shav that

Info (M) = Infic(M) .
We mustdistinguishtwo cases:

C” GivenM-»N %) a, we canprove thatM <— N. We thenhave the fol-
lowing diagram:

Thetop halwe follows from Lemma8.1.3the bottomhalf follows from the
factthatfor every termP we have thatw, (P) <o wit (P).

“D” By Prop.8.1.4it suficesto shawv that

Inf._, (M) C Inf, (M) .

GivenM +—+ N % a, wecanprove thatM AT N. By Prop.8.1.5wehave

thatN» 5 a Fromtheuniquenessf Infy, it follows thatM 5> -
a
O

As acorollarywe have thatmary otherrewrite systenmwith wijz; asinformation
contentareunwindingcalculi:
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Table 8.2 Thevalueunwindingcalculus(unwy)
Rewrite system:

(C[¥ | x=V,D) —=— (C|V]|x=V,D)
<M |y:C[X]7XZVaD> =7 <M |y:CN]7XZVaD>
(M[x=(N|D1),D2) 4= (M|x=N,D1,Dp)

where
V i=x|AxM
Informationcontent:
_ F
wy (M) =lub{a| Mo -t
where

(C[¥ |x:MN,D)?SE><C[MN]|x:MN,D) .

Corollary 8.1.7 Every rewrite system—— with information contentwis, such
thatoz C 4w C o7 is anunwindingcalculus.

Proof. It is easyto shaw that
Inf_, (M) C Inf__,(M) C Inf_,(M) .

Therestfollows from Prop.8.1.4. O

As aresultof this corollary we have that andw areunwindingcalculi.

We will now continuewith anunwindingcalculusfor cyclic lambdaterms.

Someexisting lambdacalculiwith let or letrec restrictsubstitutionto variables
andlambdaabstractions.Theideais that by only copying theseso calledvalues
therewill be no unnecessarguplicationof redexes. In Table 8.2 we have given
the valueunwindingcalculus. This calculusis a rewrite systemwith information
contentthat obeys the restrictionon substitution. We will now shawv thatit is an
unwindingcalculus.

Theorem 8.1.8 Thevalueunwindingcalculusis anunwindingcalculus.

Proof. We have that

Henceit is easyto shaw that

Infe, (M) C Infic(M) .
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We will nhow shawv that
Inf_, (M) C Infg, (M) .

; F
GivenM e o & we have that

es F
M—— ———
| Wyift
im | =

¥ es F

p— % —_— —

Wiift

We alsohave that
n steps m steps
I esg ‘ esy ‘ es Wit
esvisy |

v nsteps _ _smsteps 5
€se - es Wiift

143

Note that the standardsequencen the bottomis shorterthanthat at the top, by
startingwith the previous diagramandtiling with the seconddiagramaslong as

possiblewe get

es F
M ———
| Wit
unwy | =
e
v e 7
Wit

8.2 Standardinformation contentfor CRSs

In this sectionwe definea notion of information contentthatis applicableto all

orthogonalCRSs.

Definition 8.2.1 GivenanorthogonalCRS %, we definethe rewrite relation wg

by:
M v Q,if Q<o M <g NandN isarede.

Proposition8.2.2 GivenanorthogonalCRS R , therewrite relationwsg, is conflu-

entandterminating.

Proof.

- Terminationfollows from thefactthat,—&> decreasethe numberof function

symbolsotherthanQ in aterm.
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- Given termination, confluencefollows from weak confluence. To prove
weak confluencewe mustconsidera term with two redexes. The two re-
dex canbe eitherdisjoint or one nestedbelown the other In both caseswve
caneasilyfind commonreducts:

C[Ml,Mz] HC[MLQ] 01[02[M]] *>C1[C2[Q]]

| | 7

C[Q,Mz] ——C[Q, Q] Ci1[Q]

Proposition 8.2.3 GivenanorthogonalCRS X, we have that
M<oN = wg (M) <qwg(N) .

Proof. If M T M’ thenM’ <q M. Hencewe have that

wg (M) <o M . (8.5)

Givenw(M) <o N andN Py N’, we have thatN = C[P] Iy C[Q] =N’, because
thereexistsatermP’ >q P, whichis arede. If we donothave thatwg (M) <q N’
thenwe musthave that wg (M) = C'[Q], wherethe holesin C andC' occurin
exactlythesamepositionandQ # Q. Becauseog (M) <q N, wehavethatQ <q P.
ThisimpliesthatQ <q P', whichin turnimpliesthatC'[Q] y C'[Q]. Thisisin
contradictiorwith thefactthatwg (M) is in wg -normalform. Hence we have that

wg (M) <q N,N Er N' = wg (M) <qoN'.
Fromthisimplicationandtheterminationof wg , we may concludethat
(L)K(M) <ogN = (DR(M) <o OOR(N) . (8.6)

By 8.5we have thatM <o N impliesthatwg (M) <q N. Hence,we may derve
from 8.6that
M<oN = wg (M) <qwg(N) .

O

GivenC[M] = C[N], we have thatwg (C[M]) = wg (C[Q]). Becaus€[Q] <q

C[N], we have that wg (C[Q]) <q wg (C[N]). This implies that wg (C[M]) <q

wg (C[N]). Fromthiswe canconcludethat?) is monotonicwith respecto Qg.

Therefore,we cannow definethe standardnformation contentof a CRS asfol-
lows:

Definition 8.2.4 Given an orthogonalCRS X, we definethe the CRSwith stan-
dardinformationcontent®_ as(R®,Qx, (Termsg, <q)).
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The standardnformationcontentis usefulin thetheoryof programmingan-
guagesFor example,in programmindanguageshelL évy-Longotreeis usedwith
thelambdacalculusnsteadof theBohmtree. Theinformationcontentcorrespond-
ing to the Lévy-Longotreeis givenby

(AXM)N — Q
QM —+Q

This is preciselythe standardnformationcontentof the lambdacalculuswith (3-
reduction.

We will now prove somepropertiesof CRSswith standardnformation con-
tent. Fromthe previous chapteris hasbecomeclearthat monotonicityof Infg is
a desirableproperty It is anopenquestionwhetherthis propertyholdsfor every
orthogonalCRSwith standardnformationcontent. However, for <q-monotonic
CRSsthis propertyis easyto prove:

Proposition8.2.5 Givenan <qo-monotonicorthogonalCRS ®_ with standardn-
formationcontent® , we have thatInf is monotonicwith respecto <q.

Proof. GivenM <q N, we have thefollowing diagram:

M <a N
|
|
R | R
|
<o T
wg | wg | F
Kl L

Hence we have that

7 7
Infg (M) = {a| Mz e a} C {a| N7 v a} =Infg (N) .

We will now considersyntacticandsubstitutve continuity of CRSswith stan-
dardinformationcontent. To prove syntacticcontinuity we will follow the proof
stratgy of Lévy ([Lév78). This stratgy requiresntroducingthe notionof reduc-
ing atermwithouttouchingredexesdescendindgrom a certainsubterm:

Definition 8.2.6 In anorthogonalCRS,we write

CIM]Z»N

if C[M] reducego N without reducinga descendarnf aredes in M.
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An arbitraryreductionfrom C[M] to atermN maycontractmary redexeswhich
aredescendantBom redexesin M. However, it is possibleto reduceM to aterm
M’, suchthatacommonreductN’ of C[M’] andN canbefoundin suchaway that
thereductionform C[M'] to N’ doesnot contractdescendantsom redexesin M’

Lemma 8.2.7 In ary orthogonalCRSwe have thediagram:

CM] —» N
\

I
I
¥ ¥
CIM'] - AN
Proof. We canview the givensequenc€[M]—+N asasequence

CM] g5~ N,

whereeachstep? standgor the completedevelopmentof the setof redexesS.
Givenasequencef completedevelopments

let S bethefirst setof redexeswhich containsadescendarfrom arede in M. Let
Sbethesetof redexesin M, whosedescendantarein §. Wethenhave:

M5— ~ —< - N
sl |
/ ¥
C[M]T ,§"> ,,S]$N

In this diagramwe have thatS), - - - , § do not containdescendantform redexesin
M’, soin afinite numberof iterationswe will finishwith thediagramwe neededo
prove. |

Theorem 8.2.8 An <qo-monotonicorthogonalCRSwith standardnformationcon-
tentis syntacticcontinuous.

Proof. We have to shav that
Inf(C[M]) = U{Inf(C[P]) | Pe Inf(M)}
We will distinguishtwo cases
"D” GivenP e Inf(M), we have to shav thatInf(C[P]) C Inf(C[M]).

BecauseP e Inf(M), we have thatM—+N %) P. ThisimpliesthatP <, N.
Fromthis it follows thatC[P] <q C[N] so by monotonicityanduniqueness
of Inf we have:

Inf(C[P]) C Inf(C[N]) = Inf(C[M]) .
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"C” Given C[M]—+N, we will shav that thereexists a P € Inf(M), suchthat
C[P]—»N"andN <, N'.

By Lemma8.2.7 we have that C[M]—»C[M']Z+»N", with N—+N". We

have that
ClA—5—R
(,ol : w
¥
ClQl-%4 —»R

If we defineP = w(M’) thenwe have that

C|V|' NG
M]——>N
m: :w
X ¥
ClP]- — — — »N

By monotonicity of w it follows from N—+N" that N <, N”. Because
w(N") = w(N’) we have that

N<,N .

Theorem 8.2.9 An <qo-monotonicorthogonalCRSwith standardnformationcon-
tentR_is substitutve continuous.

Proof. In this proofwe useRgt, theextensionof ® with let. In thepreviouschapter
we alreadydefinedanotionof informationcontentfor K, butin this proofwe will
usestandardnformationcontentfor Re¢. With this extensionwe have that:

Infg (Mo) = Infg (Mo)
= Infg, (let o in M)
= U{Infg_(letainP) | PeInfg_ (M)}
= U{Infg_ (Po) | PeInfg (M)}
= U{Infg (Po) | Pelnfg (M)}

8.3 Cyclic Lambda Calculi

Thework on Bohmsemanticgor non-confluensystemsstartedwith the develop-
mentcyclic lambdacalculiin [AB97a, AB97b]. In this articleandcorresponding
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Table 8.3 Thecall-by-namecyclic lambdacalculus

(Ax.-M) N = (M[x=N)

(C[X] | x=M,D) = (C[M]|x=M,D)
(M|x=Cl[y,y=N,D) T (M[x=C|[N],y=N,D)

((M[Dy) | D2) = (M|D1,D2)

(M[x=(N|D1),D2) > (M|x=N,D1,Dp)

(M|D)N ww (MN|D)

M (N | D) = (MN|D)

AX.(M | D1,D5) w0 (AX(M|D1)|Dz) (x=e,D1) LD2#0
(M| D1,Dy) <o (M|Dy) D2 #0,D2 L (M| Dy)
M) = M

M° — M .V

technicakeport,threecyclic lambdacalculiweredeveloped:acall-by-namecalcu-
lus, a sharingcalculusanda call-by-value calculus.Thefirst two calculiarecyclic
extensions. The call-by-value cyclic lambdacalculusis not a cyclic extension,
becausdetrecs may be part of the infinite normalform. Therefore we will only
discusghe call-by-nameandsharingcalculi from the earlierwork in this section.
We will alsobriefly discusghe possibilitiesfor a call-by-valuecalculus.

The call-by-namecyclic lambdacalculusAo;} . is givenin Table 8.3. We
canderive anunwindingcalculusfrom Ac.} . by excluding the Be-rule andusing
Qi asinformationcontent.We canthenapply Thm 7.2.5to shaw thatAo,} e iS
infinitarily sound.To shaw thatAop},,.iS completeupto =, it sufiicesto shaw that
the subsetonsistingof (o, lift andesis completeupto =:

Proposition 8.3.1 Therewrite systemm is acyclic extensionof thelambda
calculuswhichis completeupto =.

Proof. We have thefollowing diagram:

B _
%} =
IA T
> 0 \
Unw | F = » ,&i_lnw:?
Wiift |
I I it \\\
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Thekey subdiagrams

- »
Bo,lift,es
To prove this diagramwe replaceevery 3 stepwith areductionsequencsimilarto
(AX-M)N 5 (M| x=N)—=z>(M[x:=N][x=N) —M[x:=N] .
Thediagramis now provenif we canprove that

Bo,lift,es (8.7)

- 5
Bo,lift,es

Wewill prove this diagramby tiling with elementarydiagrams.Theonly possible
elementarydiagramsare

Bo lift es
_ _— —_—
Wit Wit Wit Wit Wit Wit
_— _— _—
Bo lift €s
Bo lift es
_— _— _—
Wit
Wit Wit Wit Wit Wit
Wit
_— _ _—
Bo Bo lift lift €s

Diagram8.7 follows by applyingdecreasingliagramswith the order
es> wyn > lift,Bo .

a

Thecyclic sharingcalculusioghareis givenin Table8.4. It is easyto shav that
this calculusis infinitarily soundwith respecto thelambdacalculus.We will now
shaw thatit alsocompleteup to:

Theorem 8.3.2 Therewrite systemAoghareiS cOmpleteup to (? U <g)*.
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Table 8.4 Thecyclic lambdacalculuswith sharing

(AXM)N 5 (M[x=N)
(CH [x=V,D) < (CV]Ix=V,D)
(M| x=C[xq],x1a =V, D>W (M| x=C[|V],x1 =V,D)
(M[D)N > (MN[D)
M(N|D) T (MN[D)
Ax.(M | D,VD) — (Ax.(M | D) | VD) Xx=e,D LVD#D
((M|D) | D) < (M|D,D)
(M[x=(N[D),D1) 4 (M|x=N,D,Dy)
(M |D,D) = (M|D) 0+D,D' L (M|D)
M) _—
M < N Jo: Y —- Y,N°=M and
Vx # X,0(x) = a(X) : a(x)
boundto avaluein M
CsatdM N] —ame Csatd (X | Xx=M N)] x anew variable
where
Csate 1= C'|C[AxC]|C[C'M]|CMC] .
V = x|AxM
VD = X =V, , X =Wy

Proof. Theresultfollows by inductionon the length of the given reductionfrom
thefollowing threediagrams:

B B ‘ B |
| ‘[3759
¥
<a <o B B Unw | F e
! Unw! ¥
¥ [
- — = — = - = = — = - = = — »
”B ”[3 Aoghare

I[¢
K\ 17 ?— /7(‘
Wity 7 Unlw
b - O % /B!SQ‘
&g ‘
Unw | ¥
¥
| %@ ~
! Unw! ¥
— = = = = — — — -+
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Thetop sub-diagranis easily proven, the left sub-diagranfollows from the fact
thatunwy, is anunwindingcalculusandthe lastsubdiagranfollows from the fol-
lowing threediagrams:

[IBo F F

EEE———
I Unw Unw
Bol <a
¥
e € =
S&) T Bo | S&)
| €S@ I Bo
[IBo | F ¥ F
Unw Unw

a

Formall of this, we canconcludethatthe call-by-namecyclic lambdacalculus
andthecyclic sharinglambdacalculusarecyclic extensionf thelambdacalculus
andhencehatthey have the sameinfinite normalforms.

To definea call-by-valuecyclic lambdacalculusasa cyclic extensionwe must
choosea suitablecall-by-valuelambdacalculus.For example,we coulduse

(AX.-M)N — letx=NinM
letx=MinC[x — letx=MinC[M]
letx=Ay.MinN — N ,if x¢FV(N)

Note that we do not includevariablesasvalues. We have to exclude becauseave
want a call-by-value calculusthat is substitutve continuous. For example, we
shouldhave that

Infyaiue(let X = (AX.XX) (AX.XX) in AX.X) = Q

andthat
Infva|ue()\x.x) == )\XX .

If we assumesubstitutve continuitythenwe have that

Infyaiue(let X = (AX.XX) (AX.XX) in AX.X)
= Infae((let Xx=yin 2) Ly = (AXXX) (AX.XX),Z := AX.X])

vy

e

o
== U{Infvame(ao-) | ae Infva|ue(|et X= y in Z) .

We alsohave that
U{Infyae(ao) | ae Infyaue(2) } = Infane(zo) = Infuaue(AX.X) .
Hence we mustconcludethat
Infuaiue(let x=yin z) # Infyaue(2) -

Thus,it is impossibleto rewrite let X =y in z to z while keepingthe uniqguenessf
infinite normalforms property
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Nederlandsesamervatting

Termgraafherschripn

syntaxensemantiek

De belangrijksteonderwerpervandit proefschriftzijn eengeneraliseringgan
detheorievande Bohmboomen de toepassingan die theorieop niet-confluente
termgraafherschrijffsysmen

Niet-confluentetermgraafherschrijfsysmenkomenvoort uit het modelleren
vanprogrammeas, geschreenin (pure)functioneleprogrammeertalerbezemod-
ellering kan op twee fundamenteelerschillendemanierengebeuren.De eerste
methodenodelleerdedataalseeneerste-ordéermgraakndecodealseengraafther
schrijfsysteem De tweedemethodemodelleertde dataen de codeals én enlele
tweede-orddermgraaf. Beide methodesijn geschiktom de uitvoering van een
programmate beschrijen. Voor hetbeschrijen van programmatransformaties
detweedemethoddbeteromdathetredeneremver eentermeervoudigeris danhet
redenererover eenherschrijfsysteem.

Als eerstegaathet proefschriftin op de representati@an termgrafermet be-
hulp van de let, letrec en p syntax. Voor eerste-ordgermgrafenwordt precies
aanggeven welke grafenwel en welke niet met de verschillendesyntactische
constructiekunnenwordengerepresenteerdlevenswordt door middel van ax-
iomatiseringeraanggeven welke termenequialentegrafenrepresenterenn het
tweedegedeeltevordt detheorievan oneindigenormaalormenuitgenerkt. Eerst
worden op het niveauvan abstractereductiesystemede basisprincipesiitgew-
erkt. Verwlgenswordteenstellingbevezenwaarmeeeenoneindigenormaalorm
voor termenmetletrec onderbepaaldesoorwaardenkan wordenafgeleiduit een
oneindigenormaalerm voor gevone termen. Ten slotte wordt van eenlambda
calculusmetletrecaangetoondatdezeaandevoorwaardenvoldoet.
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