
f
(y

,h
(F

))
→

F
·g

(y
)

g
(x

)
→

x

f
::

c
⇒

a
g

::
a
⇒

c
h

::
(a

⇒
b
)
⇒

c
k

::
a
⇒

c
⇒

b

k
(f

(h
(F

))
,g

(y
))

→
F

·y

1
1 B
o
n
u
s

e
x
e
rc

is
e
s

C
o
n
st

ru
ct

a
(g

en
er

a
l)

se
lf
-l
o
o
p

fo
r

th
e

fo
ll
ow

in
g

H
T

R
S
s:

f
::

a
⇒

(a
⇒

a)
g

::
(a

⇒
a)

⇒
a

f
(g

(x
))

→
x

f
::

(b
⇒

a
⇒

b
⇒

a)
⇒

c
g

::
b
⇒

c
h

::
c
⇒

b
k

::
c
⇒

b
⇒

b
⇒

a
⇒

a

k
(g

(x
),

y
,h

(f
(F

))
,z

)
→

F
·h

(g
(y

))
·z

·x

1
2 N
a
st

y
e
x
a
m

p
le

m
a
p
(F

,[
])

→
[]

m
a
p
(F

,c
o
n
s
(x

,y
))

→
c
o
n
s
(F

·x
,m
a
p
(F

,y
))

N
o
t

te
rm

in
a
ti
n
g

if
:

[]
::

o
c
o
n
s

::
(o

⇒
o)

⇒
o
⇒

o
m
a
p

::
((

o
⇒

o)
⇒

o
⇒

o)
⇒

o
⇒

o

P
ro

o
f:

ch
o
os

e
ω

:=
c
o
n
s
(λ

x
o
.m
a
p
(λ

y
o
⇒

o
.λ

z
o
.y

o
⇒

o
·z

o
,[

])
).

T
h
en

:

m
a
p
(λ

y
o
⇒

o
.λ

z
o
.y

o
⇒

o
·ω

,ω
)

→
c
o
n
s
(

(λ
y
.λ

z
.y

·ω
)
⟨λ

x
.m
a
p
(λ

y
.λ

z
.y

·x
,x

)⟩
,
m
a
p
(.

..
))

=
c
o
n
s
(
λ
z
.⟨λ

x
.m
a
p
(λ

y
.λ

z
′ .
y

·x
,x

)⟩
·ω

,m
a
p
(.

..
))

→
β

c
o
n
s
(
λ
z
.m
a
p
(λ

y
.λ

z
′ .
y

·ω
,ω

)
,m
a
p
(.

..
))

(B
u
t

is
te

rm
in

at
in

g
if
c
o
n
s

::
(a

⇒
a)

⇒
o
⇒

o.
)

T
h
e

a
ct

u
al

n
a
m

es
of

th
e

b
a
se

ty
p
es

m
a
tt

er
!

A
n
d

th
er

e
a
re

in
d
ee

d
te

rm
in

a
ti

o
n

m
et

h
o
d
s

th
at

ex
p
lo

it
th

is
.

1 H
an

d
ou

t
fo

r
p
ar

t
2
:

T
er

m
in

at
io

n
:

n
on

-t
er

m
in

at
io

n

2 T
e
rm

in
a
ti
o
n

D
e
fi
n
it
io

n
:

th
er

e
is

n
o

in
fi
n
it

e
re

d
u
ct

io
n

se
q
u
en

ce
s 1

→
R

s 2
→

R
s 3

→
R

..
.

P
u
t

d
iff

e
re

n
tl
y
:

•
a

te
rm

s
is

te
rm

in
a
ti
n
g

if
ev

er
y

re
d
u
ct

io
n

se
q
u
en

ce
st

ar
ti

n
g

in
s

is
fi
n
it

e;
i.
e.

,
th

er
e

is
n
o

in
fi
n
it
e

re
d
u
ct

io
n

se
q
u
en

ce
s
→

R
t 1

→
R

t 2
→

R
..

.

•
a

H
T

R
S

is
te

rm
in

at
in

g
if

al
l
it
s

te
rm

s
ar

e

D
e
fi
n
it
io

n
:

a
H

T
R

S
is

n
o
n
-t

e
rm

in
a
ti
n
g

if
it

h
a
s

a
n
o
n
-t

er
m

in
a
ti

n
g

te
rm

.

E
x
a
m

p
le

:
a

→
a

a
→

b

T
h
is

sy
st

em
is

cl
ea

rl
y

n
on

-t
er

m
in

at
in

g
,
as

th
er

e
is

a
n

in
fi
n
it

e
re

d
u
ct

io
n

se
q
u
en

ce
a
→

R
a
→

R
a
→

R
..

..

It
is

al
so

w
e
a
k
ly

n
o
rm

a
li
si

n
g
;
th

a
t

is
,
fo

r
ev

er
y

te
rm

th
er

e
ex

is
ts

a
re

d
u
ct

io
n

th
at

en
d
s

in
a

n
or

m
al

fo
rm

.
T

h
is

p
ro

p
er

ty
is

al
so

so
m

et
im

es
st

u
d
ie

d
,
b
u
t

is
n
o
t

th
e

q
u
es

ti
on

w
e

co
n
si

d
er

h
er

e.

3 P
ro

v
in

g
n
o
n
-t

e
rm

in
a
ti
o
n

S
om

e
w

ay
s

to
p
ro

ve
n
o
n
-t

er
m

in
a
ti

o
n
:

•
O

b
v
io

u
s

se
lf
-l
o
o
p
:

s
→

∗ R
s

f
(x

,F
)

→
f
(F

·0
,λ

y
.x

)

In
th

is
sy

st
em

,
w

e
h
av

e
f
(x

,λ
y
.x

)
→

R
f
(

(λ
y
.x

)
·0

,
λ
y
.x

)
→

β
f
(x

,λ
y
.x

).

•
In

st
an

ti
at

ed
se

lf
-l
o
op

:
s
→

∗ R
sγ

f
(x

,y
)

→
g
(y

,s
(x

))
g
(s

(x
),

y
)

→
f
(x

,s
(y

))

In
th

is
sy

st
em

,
w

e
h
av

e
f
(x

,s
(y

))
→

R
g
(s

(y
),
s
(x

))
→

R
f
(y

,s
(s

(x
))

)
=

f
(x

,s
(y

))
[x

:=
y
,y

:=
s
(x

)]
.

•
G

en
er

al
se

lf
-l
o
o
p
:

s
→

∗ R
C

[s
γ
]

f
(x

,F
)

→
s
(f

(s
(x

),
λ
y
.g

(F
,y

,x
))

In
th

is
sy

st
em

,
w

e
h
av

e
f
(x

,F
)
→

R
C

[f
(x

,F
)γ

]
w

h
er

e
C

[]
=

s
(2

)
an

d
γ

=
[x

:=
s
(x

),
F

:=
λ
y
.g

(F
,y

,x
)]
.

•
S
p
ec

ia
li
se

d
m

et
h
o
d
s:

n
ot

e
th

e
sh

ap
e

o
f
an

in
fi
n
it

e
re

d
u
ct

io
n

f
(s

(0
),

F
)

→
f
(0

,λ
y
.s

(F
·y

))
f
(0

,F
)

→
f
(F

·s
(0

),
F

)

In
th

is
sy

st
em

,
w

e
h
av

e
f
(0

,λ
x
.s

n
(x

))
→

∗ R
f
(s

n
+

1
(0

),
λ
x
.s

n
(x

))
→

∗ R
f
(0

,λ
x
.s

2
n
+

1
(x

))



4F
in

d
in

g
se

lf-lo
o
p
s

H
ow

w
ou

ld
y
o
u

a
u
to

m
a
tic

a
lly

d
etect

th
a
t

th
e

fo
llow

in
g

ru
le

a
d
m

its
a

self-lo
op

?

f
(x

,F
)

→
s
(f

(s
(x

),λ
y
.g

(F
,y

,x
)))

Id
e
a
:

fo
r

a
ru

le
ℓ→

C
[r]

sh
ow

th
at

ℓγ
δ

=
rγ

If
th

is
is

th
e

ca
se,

th
en

ℓγ
δ→

R
C
γ
δ[rγ

δ]
=

D
[(ℓγ

δ)δ]

N
o
te

:
th

is
is

a
fi
rst-ord

er
id

ea!

T
h
e

p
rim

ary
h
ig

h
er-ord

er
d
iffi

cu
lty

is
ex

ten
d
in

g
sem

i-u
n
ifi

cation
tech

n
iq

u
es.

B
u
t

in
stea

d
o
f
ex

ten
d
in

g
fi
rst-o

rd
er

n
on

-term
in

a
tio

n
tech

n
iq

u
es,

let
u
s

fo
cu

s
on

p
articu

larly
h
igh

er-ord
er

ap
p
roach

.
R

ecall
th

e
fi
rst

lectu
re.

W
ith

ou
t

ty
p
es,

w
e

often
ru

n
in

to
n
asty

co
u
n
terex

am
p
les

fo
r

term
in

ation
.

B
u
t

ev
en

w
ith

ty
p
es,

w
e

ca
n

often
rep

ro
d
u
ce

su
ch

ex
a
m

p
les!

5N
o
n
-te

rm
in

a
tio

n
o
f
th

e
u
n
ty

p
e
d

λ
-ca

lcu
lu

s
R

e
c
a
ll:

(λ
x
.s)·t→

β
s[x

:=
t]

S
e
lf-lo

o
p
:

•
L
et

ω
:=

λ
x
.x

·x
.

•
T

h
en

:
ω

·
ω
→

β
ω

·
ω
!

A
s

a
(sim

p
ly

-ty
p
e
d
)

H
T

R
S
:

Λ
:

[term
⇒

term
]⇒

term
@

:
[term

×
term

]⇒
term

@
(Λ

(F
),x

)
→

F
·x

S
e
lf-lo

o
p
:

L
et

ω
:=

Λ
(λ

x
.@

(x
,x

)).

@
(ω

,ω
)→

R
(λ

x
.@

(x
,x

))·
ω
→

β
@

(ω
,ω

)

6T
h
e
ω
ω

se
lf-lo

o
p

@
(Λ

(
F

|
{z

}
term

⇒
term

)

|
{z

}
term

,
x

|{z}
term

)→
F

·x
|{z}

T
h
e

k
ey

d
a
n
ger

is
th

a
t
a

term
o
f
h
igh

er
ty

p
e,

F
::

term
⇒

term
,
is

h
id

d
en

in
sid

e
a

strictly
sm

aller
ty

p
e,
L
a
m
b
d
a
(...)

::
term

.
T

h
e

ru
le

ta
k
es

th
e

fu
n
ction

o
u
t

o
f
th

e
con

stru
cto

r,
a
n
d

th
en

a
p
p
lies

it.

7F
in

d
in

g
ω
ω

e
lse

w
h
e
re

A
d
iff

e
re

n
t

e
x
a
m

p
le

:

f
::

(A
⇒

B
⇒

C
)⇒

A
g

::
A
⇒

B
⇒

A
⇒

C
h

::
C
⇒

C

g
(f

(
F

|
{z

}
A⇒

?⇒
C

)

|
{z

}
A

,y
,

z
|{z}

A

)→
h
(F

·z
|{z} ·y

)

ω
=

f
(λ

x
y
.g

(x
,z

,x
))

g
(ω

,z
,ω

)→
∗R
h
(g

(ω
,z

,ω
))

8N
o
t

e
x
a
m

p
le

s

Λ
::

(t
e
r
m
⇒

t
e
r
m
)⇒

t
e
r
m

@
::

t
e
r
m
⇒

t
e
r
m
⇒

t
e
r
m

c
::

t
e
r
m
⇒

t
e
r
m

@
(Λ

(F
),x

)→
F

·
c
(x

)

Λ
::

(a
⇒

b
)⇒

b

@
::

b
⇒

a
⇒

b

@
(Λ

(F
),x

)→
F

·
x

9T
h
e

g
e
n
e
ra

l
sh

a
p
e

o
f
ω
ω

o
ccu

rre
n
ce

s

•
R

ed
u
ction

:
C

[D
[F

],x
]→

∗
E

[F
·
s
1 ···x···s

k ]

•
V

ariab
les:

F
:
σ

1 ⇒
...⇒

σ
i ⇒

...⇒
σ

k ⇒
τ

an
d

x
:
σ

i

•
C

[D
[F

],x
]
:
τ

an
d

D
[F

]
:
σ

i

•
F

an
d

x
d
o

n
o
t

ap
p
ea

r
at

oth
er

p
o
sition

s
in

C
o
r

D

•
T

h
en

let
ω

:=
D

[λ
x

1
...x

k .C
[x

i ,x
i ]]

•
W

e
h
ave:

C
[ω

,ω
]→

∗
E

[
(λ

x
1
...x

k .C
[x

i ,x
i ])·ω

]→
∗β

E
[
C

[ω
,ω

]
]

10E
x
e
rcise

s
C

on
stru

ct
a

(gen
eral)

self-lo
op

for
th

e
follow

H
T

R
S
s:

f
::

o
⇒

o
⇒

o
g

::
o
⇒

o
h

::
(o

⇒
o)⇒

o


