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in
fi
rs

t-
o
rd

er
re

w
ri

ti
n
g

th
is

d
o
es

n
o
t

h
ol

d
,
a
s

ev
id

en
ce

d
b
y

th
e

ex
am

p
le

b
el

ow
.

T
o
y
a
m

a
’s

c
o
u
n
te

re
x
a
m

p
le

:

•
A

=
{
f
(a

,b
,x

)
→

f
(x

,x
,x

)
}

•
B

=
{
π
(x

,y
)
→

x
;
π
(x

,y
)
→

y
}

•
n
on

-t
er

m
in

at
io

n
of

A
∪

B
d
u
e

to
f
(a

,b
,π

(a
,b

))

5 M
o
d
u
la

ri
ty

P
re

tt
y

g
o
o
d

si
tu

a
ti

o
n
:

•
sp

li
t

R
in

to
R

=
A
∪

B
(s

ig
n
a
tu

re
s

sh
ar

e
o
n
ly

co
n
st

ru
ct

o
rs

)

•
p
ro

ve
te

rm
in

a
ti
on

o
f

A
∪

C ϵ
a
n
d

B
∪

C ϵ
se

p
ar

at
el

y
(h

er
e,

C ϵ
=

{
π

x
y
→

x
;
π

x
y
→

y
})

•
co

n
cl

u
d
e

te
rm

in
at

io
n

o
f
R

∪
C ϵ

T
h
is

on
e

d
o
es

h
ol

d
in

fi
rs

t-
or

d
er

re
w

ri
ti
n
g!

U
n
fo

rt
u
n
at

el
y,

in
th

e
h
ig

h
er

-o
rd

er
ca

se
it

st
il
l
d
o
es

n
ot

h
ol

d
.

M
y

c
o
u
n
te

re
x
a
m

p
le

:

A
=

              

c
o
m
p
2
(0

,s
(y

))
→

f
a
l
s
e

c
o
m
p
2
(s

(0
),
s
(y

))
→

f
a
l
s
e

c
o
m
p
2
(x

,0
)

→
t
r
u
e

c
o
m
p
2
(s

(s
(x

))
,s

(y
))

→
c
o
m
p
2
(x

,y
)

f
i
n
d
(F

,x
,f
a
l
s
e
)

→
e
n
d
(x

)
f
i
n
d
(F

,x
,t
r
u
e
)

→
f
i
n
d
(F

,s
(x

),
c
o
m
p
2
(F

·x
,x

))

              

B
=

{
d
o
u
b
l
e
(0

)
→

0
d
o
u
b
l
e
(s

(x
))

→
s
(s

(d
o
u
b
l
e
(x

))
)

}
N

ot
e

th
at

c
o
m
p
2
(s

n
(0

),
s

m
(0

))
re

d
u
ce

s
to

t
r
u
e

if
n

≥
2
∗m

,
an

d
to

f
a
l
s
e

ot
h
er

w
is

e.
If

w
e

ca
n

o
n
ly

u
se

λ
-t

er
m

s,
co

n
st

ru
ct

or
s

a
n
d
f
i
n
d
,

th
en

w
e

ca
n
n
ot

co
n
st

ru
ct

a
fu

n
ct

io
n

F
su

ch
th

at
F

(n
)
≥

2n
fo

r
al

l
n
,

so
ev

en
tu

a
ll
y

an
y

te
rm

in
th

e
si

gn
at

u
re

of
A

te
rm

in
a
te

s.
B

u
t

in
th

e
co

m
b
in

ed
sy

st
em

,
th

e
te

rm
f
i
n
d
(d
o
u
b
l
e
,0

,t
r
u
e
)

d
o
es

n
o
t

te
rm

in
a
te

.

6 H
ig

h
e
r-

o
rd

e
r

M
o
d
u
la

ri
ty

is
h
a
rd

!
A

p
p
e
l,

O
o
st

ro
m

,
S
im

o
n
se

n
(2

0
1
0
):



A
lm

ost
n
o

m
o
d
u
larity

p
rop

erties
h
old

for
h
igh

er-ord
er

rew
ritin

g!
(E

v
en

w
h
en

th
ey

d
o

h
old

for
fi
rst-ord

er
rew

ritin
g.)

7D
e
p
e
n
d
e
n
cy

P
a
irs

Id
e
a
:

•
isolate

fu
n
c
tio

n
c
a
lls

in
red

u
ction

ru
les

•
d
eterm

in
e

grou
p
s

of
recu

rsiv
e

calls

•
p
rove

for
each

grou
p

of
recu

rsiv
e

calls
th

at
it

d
o
esn

’t
lead

to
an

in
fi
n
ite

lo
op

P
ra

c
tic

e
:

•
“d

ep
en

d
en

cy
p
air”

≈
“fu

n
ction

call”

•
“d

ep
en

d
en

cy
p
air

p
rob

lem
”
≈

“grou
p

of
calls”

•
each

d
ep

en
d
en

cy
p
air

p
rob

lem
can

b
e
fi
n
ite

or
in
fi
n
ite:

–
fi
n
ite:

h
arm

less;
th

is
grou

p
of

calls
d
o
es

n
ot

lead
to

n
on

-term
in

ation

–
in
fi
n
ite:

h
arm

fu
l:

th
is

grou
p

of
calls

d
oes

lead
to

n
on

-term
in

ation

38E
x
a
m

p
le

s
L
et’s

con
sid

er
all

of
ou

r
rem

ain
in

g
D

P
p
rob

lem
s!

A
1

m
i
n
u
s
♯(s

(x
),s

(y
))

→
m
i
n
u
s
♯(x

,y
)

A
3

q
u
o
t
♯(s

(x
),s

(y
))

→
q
u
o
t
♯(m

i
n
u
s
(x

,y
),s

(y
))

A
4

a
c
k
♯(s

(x
),0

)
→

a
c
k
♯(x

,s
(0

))
a
c
k
♯(s

(x
),s

(y
))

→
a
c
k
♯(s

(x
),y

)
a
c
k
♯(s

(x
),s

(y
))

→
a
c
k
♯(x

,a
c
k
(s

(x
),y

))

A
6

f
e
x
p
♯(s

(x
),y

)
→

d
o
u
b
l
e
♯(x

,y
,0

)
d
o
u
b
l
e
♯(x

,0
,z

)
→

f
e
x
p
♯(x

,z
)

d
o
u
b
l
e
♯(x

,s
(y

),z
)

→
d
o
u
b
l
e
♯(x

,y
,s

(s
(z

)))

A
7

l
e
n
♯(c

o
n
s
(x

,l))
→

l
e
n
♯(l)

A
8

m
a
p
♯(F

,c
o
n
s
(x

,l))
→

m
a
p
♯(F

,l)

A
9

f
o
l
d
♯(F

,x
,c
o
n
s
(y

,l))
→

f
o
l
d
♯(F

,F
·
x

·
y
,l)

A
1
1

s
m
a
♯(f

a
l
s
e
,F

,s
(x

))
→

s
m
a
♯(F

·x
,F

,q
u
o
t
(x

,s
(s

0
)))

A
1
3

H
♯(s

(x
))

→
H
♯(t

w
i
c
e
(I

,x
))

39E
x
a
m

p
le

s:
A

1

A
1

m
i
n
u
s
♯(s

(x
),s

(y
))

→
m
i
n
u
s
♯(x

,y
)

A
rg

u
m

e
n
t

p
o
sitio

n
:
ν
(m
i
n
u
s
♯)

=
2

T
h
is

allow
s

u
s

to
rem

ov
e

th
e

o
n
ly

D
P
,
so

th
e

p
rob

lem
(P

,R
)

is
clearly

fi
n
ite.

40E
x
a
m

p
le

s:
A

3

A
3

q
u
o
t
♯(s

(x
),s

(y
))

→
q
u
o
t
♯(m

i
n
u
s
(x

,y
),s

(y
))

A
rg

u
m

e
n
t

p
o
sitio

n
:

m
eth

o
d

d
o
es

n
o
t

a
p
p
ly

(w
e

cou
ld

ch
o
ose

p
osition

2,
b
u
t

it
d
o
es

n
ot

allow
u
s

to
rem

ove
an

y
th

in
g)

41E
x
a
m

p
le

s:
A

4

A
4

a
c
k
♯(s

(x
),0

)
→

a
c
k
♯(x

,s
(0

))

a
c
k
♯(s

(x
),s

(y
))

→
a
c
k
♯(s

(x
),y

)

a
c
k
♯(s

(x
),s

(y
))

→
a
c
k
♯(x

,a
c
k
(s

(x
),y

))

A
rg

u
m

e
n
t

p
o
sitio

n
:
ν
(a
c
k
♯)

=
1

T
h
is

allow
s

u
s

to
rem

ove
th

e
fi
rst

an
d

th
ird

d
ep

en
d
en

cy
p
airs,

leav
in

g
u
s

w
ith

:



5
.

S
u
b
te

rm
s

36 T
h
e

su
b
te

rm
cr

it
e
ri

o
n
:

in
tu

it
io

n
R

e
c
a
ll
:

on
e

of
ou

r
ta

sk
s

is
to

p
ro

v
e

th
at

th
er

e
is

n
o

in
fi
n
it
e

co
m

p
u
ta

b
le

ch
ai

n
ov

er
(A

8
,R

)
w

h
er

e
A

8
is

gi
v
en

b
y
:

A
8

m
a
p
♯ (

F
,c
o
n
s
(x

,l
))

→
m
a
p
♯ (

F
,l

)

Q
u
e
st

io
n
:

w
h
at

d
o
es

an
in
fi
n
it

e
ch

ai
n

ov
er

A
8

lo
ok

li
k
e?

m
a
p
♯ (

u
1
,c
o
n
s
(v

1
,w

1
))

→
A

8
m
a
p
♯ (

u
1
,w

1
)

→
∗ R

m
a
p
♯ (

u
2
,c
o
n
s
(v

2
,w

2
))

→
A

8
m
a
p
♯ (

u
2
,w

2
)

→
∗ R

..
.

Id
e
a
:

lo
ok

at
th

e
se

co
n
d

ar
gu

m
en

t
of

m
a
p

(w
h
ic

h
is

c
o
m

p
u
ta

b
le

b
y

as
su

m
p
ti
on

).

c
o
n
s
(v

1
,w

1
))

�
w

1
→

∗ R
c
o
n
s
(v

2
,w

2
)
�

w
2
→

∗ R
..

.

O
b
se

rv
a
ti
o
n
:

th
is

co
n
tr

ad
ic

ts
te

rm
in

at
io

n
,
an

d
th

er
ef

or
e

co
m

p
u
ta

b
il
it
y
!

37 T
h
e

su
b
te

rm
cr

it
e
ri

o
n
:

d
e
fi
n
it
io

n
G

iv
e
n
:

(P
,R

)
w

it
h

m
ar

k
ed

sy
m

b
ol

s
f
♯ 1
,.

..
,f

♯ n

C
h
o
o
se

:
fo

r
ea

ch
f
♯ i,

o
n
e

ar
gu

m
en

t
p
os

it
io

n
ν
(f

♯ i)

S
h
o
w

:
fo

r
ev

er
y

D
P
f
♯ i(
ℓ 1

,.
..

,ℓ
k
)
→

f
♯ j
(r

1
,.

..
,r

n
):

•
ei

th
er

ℓ ν
(f

♯ i
)
�

r ν
(f

♯ j
)

•
or

ℓ ν
(f

♯ i
)
=

r ν
(f

♯ j
)

T
h
e
n
:

re
m

ov
e

fr
om

P
al

l
th

e
D

P
s

w
h
er

e
w

e
u
se

d
�

.

S
o
u
n
d
n
e
ss

p
ro

o
f:

in
an

y
in
fi
n
it

e
co

m
p
u
ta

b
le

ch
ai

n
,

on
ly

fi
n
it
el

y
m

an
y
�

st
ep

s
ca

n
b
e

d
on

e
(s

in
ce

→
R

∪�
is

w
el

lf
ou

n
d
ed

on
co

m
p
u
ta

b
le

te
rm

s)
.

H
en

ce
,
an

y
su

ch
ch

ai
n

m
u
st

h
av

e
an

in
fi
n
it
e

ta
il

w
it
h
ou

t
�

st
ep

s.

2
.

F
ir

st
-o

rd
e
r

8 F
ir

st
-o

rd
e
r

d
e
p
e
n
d
e
n
cy

p
a
ir

s

m
i
n
u
s
(x

,0
)

→
x

m
i
n
u
s
(s

(x
),
s
(y

))
→

m
i
n
u
s
(x

,y
)

q
u
o
t
(0

,s
(y

))
→

0

q
u
o
t
(s

(x
),
s
(y

))
→

s
(q
u
o
t
(m
i
n
u
s
(x

,y
),
s
(y

))
)

Q
u
e
st

io
n
:

w
h
at

is
a

“f
u
n
ct

io
n

ca
ll
”?

A
n
sw

e
r:

su
b
te

rm
s

w
h
o
se

ro
ot

sy
m

b
o
l
is

a
d
e
f
i
n
e
d

sy
m

b
ol

.

(I
co

n
ve

n
ie

n
tl
y

co
lo

u
r-

co
d
ed

th
em

fo
r

yo
u
!)

D
e
p
e
n
d
e
n
c
y

p
a
ir

s:

m
i
n
u
s
♯ (
s
(x

),
s
(y

))
→

m
i
n
u
s
♯ (

x
,y

)
q
u
o
t
♯ (
s
(x

),
s
(y

))
→

m
i
n
u
s
♯ (

x
,y

),
s
(y

)
q
u
o
t
♯ (
s
(x

),
s
(y

))
→

q
u
o
t
♯ (
m
i
n
u
s
(x

,y
),
s
(y

))

T
ec

h
n
ic

al
ly

,
w

e
in

tr
o
d
u
ce

a
fr

e
sh

sy
m

b
o
l
f
♯

fo
r

ea
ch

d
efi

n
ed

sy
m

b
ol

f
,

w
it
h

th
e

sa
m

e
ar

it
y.

T
h
es

e
sy

m
b
ol

s
ar

e
co

n
st

ru
ct

o
rs

w
it
h

re
sp

ec
t

to
th

e
or

ig
in

al
se

t
R

,
b
u
t

a
re

th
e

d
efi

n
ed

sy
m

b
o
ls

of
th

e
ru

le
s

D
P
(R

)
fo

rm
in

g
th

e
d
ep

en
d
en

cy
pa

ir
s

of
R

.

9 F
ir

st
-o

rd
e
r

d
e
p
e
n
d
e
n
cy

p
a
ir

ch
a
in

D
e
fi
n
it
io

n
:

a
m

in
im

a
l
D

P
ch

a
in

ov
er

(P
,R

)
is

a
re

d
u
ct

io
n

ch
ai

n
:

s 1
→

P
t 1

→
∗ R

s 2
→

P
t 2

→
∗ R

..
.

S
u
ch

th
at

:

•
ea

ch
re

d
u
ct

io
n

s i
→

P
t i

is
a
t

th
e

ro
o
t

(s
o

s i
=

ℓγ
an

d
t i

=
rγ

fo
r

so
m

e
ℓ
→

r
∈

P
)

•
ea

ch
re

d
u
ct

io
n

s i
→

∗ R
t i

o
cc

u
rs

b
e
lo

w
th

e
ro

o
t

(t
h
is

is
ac

tu
al

ly
au

to
m

at
ic

:
ro

o
t

sy
m

b
ol

s
ar

e
co

n
st

ru
ct

or
s)

•
ea

ch
t i

is
te

rm
in

a
ti
n
g

w
it
h

re
sp

ec
t

to
→

R

10 D
e
p
e
n
d
e
n
cy

ch
a
in

cl
a
im

C
la

im
:

th
er

e
is

an
in
fi
n
it

e
m

in
im

al
(D
P
(R

),
R

)-
ch

ai
n

if
a
n
d

o
n
ly

if
→

R
is

n
on

-t
er

m
in

at
in

g



P
ro

o
f:

⇒
If

s
→

D
P
(R

)
t

th
en

|s|→
R

·
�

|t|,
w

h
ere

|s|
is

s
w

ith
ev

ery
f
♯

rep
laced

b
y
f
,

an
d
�

is
th

e
su

b
term

relation
.

H
en

ce,
an

in
fi
n
ite

ch
ain

in
d
u
ces

an
in
fi
n
ite

red
u
ction

|s
1 |→

R
C

1 [|t1 |]→
∗R

C
1 [|s

2 |]→
R

C
1 [C

2 [|t2 |]]→
∗R

....

⇐
If→

R
is

n
on

-term
in

atin
g,

th
ere

is
a

m
in

im
a
l

n
o
n
-te

rm
in

a
tin

g
term

s
(th

at
is,

a
term

s
th

at
is

n
on

-term
in

atin
g,

b
u
t

all
its

su
b
term

s
d
o

term
in

ate).
H

en
ce,

th
ere

is
an

in
fi
n
ite

red
u
ction

s
=

f
(s

1 ,...,s
k )→

∗R
,in

f
(s ′1 ,...,s ′k )

=
ℓγ

→
R

rγ
→

R
...

w
h
ere→

R
,in

refers
to

a
red

u
ction

in
th

e
argu

m
en

ts.
T

h
ere

m
u
st

b
e

a
ro

ot
step

ev
en

tu
ally,

b
ecau

se
if

n
ot,

w
e

w
ou

ld
h
av

e
an

in
fi
n
ite

red
u
ction

in
an

argu
m

en
t,

con
trad

ictin
g

th
eir

term
in

ation
.

L
et

p
b
e

th
e

sm
allest

su
b
term

of
r

su
ch

th
at

p
γ

is
n
on

-term
in

atin
g.

W
e

k
n
ow

th
at

p
ex

ists,
b
ecau

se
rγ

is
n
on

-term
in

atin
g.

W
e

easily
see:

ℓ
♯→

p
♯

is
a

d
ep

en
d
en

cy
p
air!

(B
ecau

se
if

p
is

a
variab

le,
th

en
p
γ

is
a

su
b
term

of
som

e
s ′i

an
d

th
erefore

term
in

atin
n
g;

an
d

if
p

=
f
(p

1 ,...,p
n
)

w
ith

f
a

con
stru

ctor,
th

en
an

y
in
fi
n
ite

red
u
ction

startin
g

in
p
γ

in
d
u
ces

an
in
fi
n
ite

red
u
ction

startin
g

in
som

e
p

i γ
,

th
u
s

con
trad

ictin
g

m
in

im
ality

of
p
.)

11P
ro

v
in

g
te

rm
in

a
tio

n
u
sin

g
d
e
p
e
n
d
e
n
cy

p
a
irs

R
u
le

s:
m
i
n
u
s
(x

,0
)

→
x

m
i
n
u
s
(s

(x
),s

(y
))

→
m
i
n
u
s
(x

,y
)

q
u
o
t
(0

,s
(y

))
→

0

q
u
o
t
(s

(x
),s

(y
))

→
s
(q
u
o
t
(m
i
n
u
s
(x

,y
),s

(y
)))

D
e
p
e
n
d
e
n
c
y

p
a
irs:

m
i
n
u
s
♯(s

(x
),s

(y
))

→
m
i
n
u
s
♯(x

,y
)

q
u
o
t
♯(s

(x
),s

(y
))

→
m
i
n
u
s
♯(x

,y
),s

(y
)

q
u
o
t
♯(s

(x
),s

(y
))

→
q
u
o
t
♯(m

i
n
u
s
(x

,y
),s

(y
))

O
b
se

rv
a
tio

n
:

In
an

in
fi
n
ite

ch
ain

,
if

ev
er

w
e

en
cou

n
ter

a
ro

ot
sy

m
b
ol

m
i
n
u
s
♯

th
e

ro
ot

sy
m

b
ol

n
ev

er
b
ecom

es
q
u
o
t
♯

again
!

12M
o
d
u
la

rity
u
sin

g
d
e
p
e
n
d
e
n
cy

p
a
irs

Id
e
a
:

R
q
u
o
t

is
n
on

-term
in

atin
g

if
an

d
on

ly
if

th
ere

is
an

in
fi
n
ite

m
in

im
al

(D
P
(R

q
u
o
t ),R

q
u
o
t )-ch

ain

if
an

d
on

ly
if

th
ere

is
an

in
fi
n
ite

m
in

im
al

({
q
u
o
t
♯(s

(x
),s

(y
))→

q
u
o
t
♯(m

i
n
u
s
(x

,y
),s

(y
))},R

q
u
o
t )-ch

ain
o
r

th
ere

is
an

in
fi
n
ite

m
in

im
al

({
m
i
n
u
s
♯(s

(x
),s

(y
))→

m
i
n
u
s
♯(x

,y
)},R

q
u
o
t )-ch

ain
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e
rcise

s:

1.
C

om
p
u
te

th
e

d
ep

en
d
en

cy
p
airs

of
th

e
follow

in
g

H
T

R
S
,
an

d
d
iv

id
e

th
em

in
to

call
grou

p
s.

(Y
o
u

m
ay

u
se

a
grap

h
.

T
y
p
es

are
a
s

ex
p
ected

,
w

ith
sorts

n
at

a
n
d

b
o
ol.)

c
o
m
p
2
(0

,s
(y

))
→

f
a
l
s
e

c
o
m
p
2
(s

(0
),s

(y
))

→
f
a
l
s
e

c
o
m
p
2
(x

,0
)

→
t
r
u
e

c
o
m
p
2
(s

(s
(x

)),s
(y

))
→

c
o
m
p
2
(x

,y
)

f
i
n
d
(F

,x
,f
a
l
s
e
)

→
e
n
d
(x

)
f
i
n
d
(F

,x
,t
r
u
e
)

→
f
i
n
d
(F

,s
(x

),c
o
m
p
2
(F

·
x
,x

))
d
o
u
b
l
e
(0

)
→

0

d
o
u
b
l
e
(s

(x
))

→
s
(s

(d
o
u
b
l
e
(x

)))

2.
C

om
p
u
te

th
e

d
ep

en
d
en

cy
p
airs,

an
d

ca
ll

grou
p
s,

for
th

e
H

T
R

S
co

n
sistin

g
on

ly
of

T
oya

m
a’s

ex
am

p
le

(w
ith

a
,b

::
o
):

f
(a

,b
,x

)→
f
(x

,x
,x

)



ca
n

b
e

u
se

d
at

m
os

t
on

ce
in

an
y

in
fi
n
it

e
ch

ai
n
)

m
ay

b
e

re
m

ov
ed

al
to

ge
th

er
,

w
h
il
e

w
e

ca
n

sp
li
t

u
p

th
e

D
P

p
ro

b
le

m
in

to
th

e
su

b
p
ro

b
le

m
s

d
efi

n
ed

b
y

th
e

b
lu

e
gr

ou
p
s.

In
th

is
ca

se
,
ou

r
la

rg
e

in
it

ia
l
p
ro

b
le

m
is

sp
li
t

u
p

in
to

8
su

b
p
ro

b
le

m
s

d
efi

n
ed

b
y

m
u
ch

sm
al

le
r

se
ts

of
d
ep

en
d
en

cy
p
ai

rs
.

T
h
is

is
q
u
it

e
ty

p
ic

al
w

h
en

u
si

n
g

th
e

D
P

fr
am

ew
or

k
,
an

d
is

of
co

u
rs

e
gr

ea
t

fo
r

ou
r

go
al

of
m

od
u
la

ri
ty

.
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e
rn

a
ti
v
e

fo
rm

u
la

ti
o
n
:

D
P

g
ra

p
h

•
M

ak
e

a
gr

ap
h

w
h
os

e
v
er

ti
ce

s
ar

e
th

e
el

em
en

ts
of

P

•
P

la
ce

an
ed

ge
fr

om
ρ
1

to
ρ
2

if
ρ
2

m
ay

fo
ll
ow

ρ
1

in
a

gr
ap

h

•
S
p
li
t

u
p

P
in

to
th

e
st

ro
n
g
ly

c
o
n
n
e
c
te

d
c
o
m

p
o
n
e
n
ts

of
th

e
gr

ap
h

C
la

im
:

T
h
is

is
th

e
sa

m
e

m
et

h
o
d
.

•
T

h
e

gr
ap

h
is

n
at

u
ra

l
fo

r
a
u
to

m
a
ti
o
n

si
n
ce

th
er

e
ar

e
so

m
e

v
er

y
effi

ci
en

t
gr

ap
h

al
go

ri
th

m
s
fo

r
fi
n
d
in

g
S
C

C
s.

•
T

h
e

gr
ou

p
s

ap
p
ro

ac
h

is
n
at

u
ra

l
fo

r
c
e
rt

ifi
c
a
ti

o
n

si
n
ce

th
e

p
er

so
n

w
h
o

w
an

ts
to

ce
rt

if
y

a
p
ro

of
ca

n
ju

st
sp

ec
if
y

th
e

gr
ou

p
s,

an
d

a
to

ol
li
k
e

Is
ab

el
le

or
C

o
q

d
o
es

n
ot

h
av

e
to

co
n
si

d
er

h
ow

th
e

gr
ou

p
s

w
er

e
fo

u
n
d
;
on

ly
th

at
th

ey
sa

ti
sf

y
th

e
re

q
u
ir

em
en

t
on

su
b
se

q
u
en

t
D

P
s.

34 E
x
a
m

p
le

(1
)

m
a
p
♯ (

F
,c
o
n
s
(x

,l
))

→
m
a
p
♯ (

F
,l

)
(2

)
d
o
u
b
l
e
♯ (

l)
→

m
a
p
♯ (
λ
x
.a
d
d
(x

,x
),

l)
(3

)
d
o
u
b
l
e
♯ (

l)
→

a
d
d
♯ (

x
,x

)
(4

)
a
d
d
♯ (
s
(x

),
y
)

→
a
d
d
♯ (

x
,s

(y
))

1
2

3
4

R
e
su

lt
:

th
e

D
P

p
ro

b
le

m
(D
P
(R

),
R

)
is

fi
n
it
e

if
:

•
th

e
D

P
p
ro

b
le

m
({

(1
)}

,R
)

is
fi
n
it

e;

•
th

e
D

P
p
ro

b
le

m
({

(4
)}

,R
)

is
fi
n
it

e.

13 E
x
e
rc

is
e
s

1.
Id

en
ti
fy

th
e

d
ep

en
d
en

cy
p
ai

rs
o
f:

a
c
k
(0

,y
)

→
s
(y

)
a
c
k
(s

(x
),
0
)

→
a
c
k
(x

,s
(0

))
a
c
k
(s

(x
),
s
(y

))
→

a
c
k
(x

,a
c
k
(s

(x
),

y
))

i
n
c
(0

)
→

s
(i
n
c
(s

(0
))

)
f
e
x
p
(0

,y
)

→
y

f
e
x
p
(s

(x
),

y
)

→
d
o
u
b
l
e
(x

,y
,0

)
d
o
u
b
l
e
(x

,0
,z

)
→

f
e
x
p
(x

,z
)

d
o
u
b
l
e
(x

,s
(y

),
z
)

→
d
o
u
b
l
e
(x

,y
,s

(s
(z

))
)

2.
C

an
yo

u
sp

li
t

u
p

th
e

re
su

lt
in

g
p
ro

b
le

m
w

h
et

h
er

a
n

in
fi
n
it

e
m

in
im

a
l
(D
P
(R

),
R

)-
ch

ai
n

ex
is

ts
?

3.
T

h
is

sh
ou

ld
re

su
lt

in
m

u
lt

ip
le

p
ro

b
le

m
s

“i
s

th
er

e
an

in
fi
n
it

e
m

in
im

al
(P

,R
)-

ch
ai

n
?”

C
an

yo
u

p
ro

ve
fo

r
so

m
e

of
th

em
th

a
t

th
e

an
sw

er
is

n
o

(s
u
ch

a
ch

ai
n

d
o
es

n
o
t

ex
is

t)
?



3
.

H
ig

h
e
r-o

rd
e
r

14H
ig

h
e
r-o

rd
e
r

ch
a
lle

n
g
e
s

D
isc

u
ssio

n
:

w
h
at

sh
ou

ld
b
e

th
e

d
ep

en
d
en

cy
p
airs

ofR
m
a
p ?

m
a
p
(F

,[])
→

[]
m
a
p
(F

,c
o
n
s
(x

,l))
→

c
o
n
s
(F

·
x
,m
a
p
(F

,l))

W
h
en

w
e

con
sid

er
fu

n
ction

calls,
sh

ou
ld

w
e

in
clu

d
e

c
o
lla

p
sin

g
calls

F
·
t?

T
h
is

is
n
ot

a
triv

ial
q
u
estion

!
T

h
ere

are
d
iff

eren
t

w
ay

s
to

an
sw

er
th

is
q
u
estion

,
an

d
th

ey
lead

to
d
iff

eren
t

m
eth

o
d
ologies:

T
w

o
a
p
p
ro

a
ch

e
s:

•
d
y
n
a
m

ic
d
e
p
e
n
d
e
n
c
y

p
a
irs:

in
clu

d
e

collap
sin

g
D

P
s

lik
e
m
a
p
♯(F

,c
o
n
s
(x

,l))→
F

·
x

A
rgu

ab
ly

th
is

is
th

e
m

ost
gen

eral
ap

p
roach

.
A

fu
n
ction

is
called

,
ev

en
if

w
e

d
o

n
ot

k
n
ow

a
p
riori

w
h
ich

fu
n
ction

it
is.

U
sin

g
th

is
ap

p
roach

allow
s

u
s

to
d
efi

n
e

a
so

u
n
d

a
n
d

c
o
m

p
le

te
m

eth
o
d

for
h
igh

er-ord
er

term
in

ation
:

if
a

sy
stem

is
term

in
atin

g,
th

is
can

in
p
rin

cip
le

b
e

p
roved

u
sin

g
d
y
n
am

ic
d
ep

en
d
en

cy
p
airs.

•
sta

tic
d
e
p
e
n
d
e
n
c
y

p
a
irs:

on
ly

in
clu

d
e

n
on

-collap
sin

g
D

P
s

lik
e
m
a
p
♯(F

,c
o
n
s
(x

,l))→
m
a
p
♯(F

,l).
A

s
w

e
w

ill
see,

th
is

ap
p
roach

is
less

gen
eral:

it
com

es
w

ith
restrriction

s,
a
n
d

w
e

can
n
ot

alw
ay

s
fi
n
d

a
term

in
ation

p
ro

of
u
sin

g
static

d
ep

en
d
en

cy
p
airs

ev
en

for
a

term
in

atin
g

sy
stem

.
H

ow
ever,

th
e

m
eth

o
d
s

from
th

e
fi
rst-ord

er
settin

g
ex

ten
d

m
u
ch

m
ore

n
atu

rally.
A

n
d

m
ost

im
p
ortan

tly,
th

is
ap

p
roach

seem
s

to
b
e

m
u
ch

m
ore

u
sab

le
for

m
od

u
la

r
p
ro

ofs.

U
n
d
e
rly

in
g

p
ro

o
f
id

e
a
:

•
d
y
n
am

ic
D

P
s:

in
a

D
P
f
♯(ℓ

1 ,...,ℓ
k )→

r,
all

(in
stan

ces
of

each
)
ℓ
i
are

assu
m

ed
to

b
e
te

rm
in

a
tin

g
.

•
static

D
P

s:
in

a
D

P
f
♯(ℓ

1 ,...,ℓ
k )→

r,
all

(in
stan

ces
of

each
)
ℓ
i
are

assu
m

ed
to

b
e

c
o
m

p
u
a
b
le

.

R
ecall

th
at

in
th

e
sou

n
d
n
ess

p
ro

of
of

th
e
fi
rst-ord

er
d
ep

en
d
en

cy
p
air

ap
p
roach

,
w

e
con

sid
ered

m
in

im
al

n
on

-term
in

atin
g

term
s

–
an

d
as

a
resu

lt,
d
ep

en
d
en

cy
p
airs

f
♯(ℓ

1 ,...,ℓ
k )→

g
♯(r

1 ,...,r
n
)

w
ere

b
u
ilt

from
term

s
f
(ℓ

1 ,...,ℓ
k )γ

,
g
(r

1 ,...,r
n
)γ

w
h
ose

im
m

ed
iate

su
b
term

s
ℓ
i γ

an
d

r
j γ

w
ere

term
in

atin
g.

In
th

e
h
igh

er-ord
er

settin
g,

w
e

cou
ld

u
se

th
e

sam
e

p
ro

of
strategy

–
b
u
t

w
e

can
eith

er
u
se

term
in

ation
d
irectly,

or
u
se

com
p
u
tab

ility,
w

h
ich

is
argu

ab
ly

its
h
igh

er-ord
er

cou
n
terp

art.
H

ow
ev

er,
if

w
e

ch
o
ose

th
e

latter,
w

e
also

n
eed

to
p
ro

ve
com

p
u
tab

ility
of

all
term

s
–

w
h
ich

,
con

sid
ered

p
er

term
,
is

a
stron

ger
p
rop

erty.

In
th

is
talk

,
w

e
w

ill
u
se

th
e

sta
tic

ap
p
roach

.
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ig

h
e
r-o

rd
e
r

ch
a
lle

n
g
e
s

D
isc

u
ssio

n
:

w
h
at

sh
ou

ld
b
e

th
e

d
ep

en
d
en

cy
p
airs

of:

u
p
(l)→

m
a
p
(λ

x
.d
o
u
b
l
e
(x

),l)

(R
u
les

for
d
o
u
b
l
e

are
also

assu
m

ed
to

b
e

giv
en

.)

m
i
n
u
s
♯(s

(x
),s

(y
))

→
m
i
n
u
s
♯(x

,y
)

q
u
o
t
♯(s

(x
),s

(y
))

→
m
i
n
u
s
♯(x

,y
)

q
u
o
t
♯(s

(x
),s

(y
))

→
q
u
o
t
♯(m

i
n
u
s
(x

,y
),s

(y
))

a
c
k
♯(s

(x
),0

)
→

a
c
k
♯(x

,s
(0

))
a
c
k
♯(s

(x
),s

(y
))

→
a
c
k
♯(s

(x
),y

)
a
c
k
♯(s

(x
),s

(y
))

→
a
c
k
♯(x

,a
c
k
(s

(x
),y

))
i
n
c
♯(0

)
→

i
n
c
♯(s

(0
))

f
e
x
p
♯(s

(x
),y

)
→

d
o
u
b
l
e
♯(x

,y
,0

)
d
o
u
b
l
e
♯(x

,0
,z

)
→

f
e
x
p
♯(x

,z
)

d
o
u
b
l
e
♯(x

,s
(y

),z
)

→
d
o
u
b
l
e
♯(x

,y
,s

(s
(z

)))
l
e
n
♯(c

o
n
s
(x

,l))
→

l
e
n
♯(l)

m
a
p
♯(F

,c
o
n
s
(x

,l))
→

m
a
p
♯(F

,l)
f
o
l
d
♯(F

,x
,c
o
n
s
(y

,l))
→

f
o
l
d
♯(F

,F
·x

·y
,l)

m
k
b
i
g
♯(l,x

)
→

a
c
k
♯(x

,y
)

m
k
b
i
g
♯(l,x

)
→

m
a
p
♯(a

c
k
(x

),l)
m
k
d
i
v
♯(l,x

)
→

q
u
o
t
♯(y

,x
)

m
k
d
i
v
♯(l,x

)
→

m
a
p
♯(λ

y
.q
u
o
t
(y

,x
),l)

s
m
a
♯(f

a
l
s
e
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