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1. Modularity

2
Motivation
Goal:

We want to prove termination of large higher-order term rewriting systems.

This is useful with an eye on program analysis. Programs tend to be more than just a few lines!

Secondary goal:

We want to prove termination properties of part of a higher-order TRS.

In a programming context, it makes sense to separately analyse modules without knowing the full
program. This allows us to create certified libraries, or to not have to completely redo an expensive

analysis.

3

Running example

I(z
minus(z,0
minus(s(z),s(y

mcoio s(y
quot(s(z
mowA

sy
O
mnwA (z),
A

double(z, m?\v
hd(cons(z,[)
Len((
len(cons(z,l)
.
map(F, cons(x, 1)
mowaﬁll I
fold(F,x,cons(y,!)
mkbig(l, =
mkdiv(l,:
sma(b, F', 0
sma(true, F, mA )
mENAmmHmm“ﬁqu\Av
twice(F,z
v

)
)
)
)
)
Y)
)
)
)
)
)
)2)
z)
)
)
)
)
)
)
)
)
r)
)
)
)
)
mAmAa )

B R R R N A N N N N R R

minus(z,y)

0
s(quot(minus(z, ), 5(1)))
s(y)

ack(z,s(0))
ack(z,ack(s(x),y))

s(inc(s(0))

Y

double(z,y,0)
fexp(z, 2)
double(w,y,s(s(2)))
M

s(len(l))

I

cons(F - x,map(F,1))
.mown?ﬁ Fex-yl)
map(ack(z),[)
map(Ay.quot(y, z),1)

0

s(z)

sma(F -z, F',quot(z,s (s 0)))
F(F-z)

H(twice(I,z))

6. argument filters

44

First-order example

Consider:

0)
minus(s(z), m?\vw
)

quot(s(z),s(y)

minus(z,

quot(0,s(y) 0

L1114

quotf(s(z),s(y)) — quotf(minus(

minus(z,y)

s(quot(minus(z,y),

Idea: look only at the first argument of each function symbol

This gives:

Observation: we can orient all rules and DPs together with LPO now!

minus(z) — @
minus(s(z)) — minus(z)
quot(0) — 0
quot(s(z)) — s(quot(minus(z)))
quotf(s(z)) — quott(minus(z))

s(v)))

45

Argument filtering

Suppose:

e Left-hand sides of rules have no subterm = - s; - -

e Each occurrence of £ in R, P has at least N¢ arguments.

Choose:

e a sequence 1 < iy, ig,.

Define:

o U(£(s1,...,5n)) = £'(T(siy)s - -, V(83 ), V(SNg 1), -

ifn > Ny and U(£(s1,...,8,)) = Alpg1... 0N, £

.., i < N¢ for each £

., 7(sn))

for n < j < N and £’ be a fresh symbol of appropriate type

o U(r sy -8y =

. ﬂQv{w.mOV TR mﬁv

Find: a reduction ordering such that: v(¢) = v(r) or v({) =

v(s1) - 7(sp)
= (A\z.7(s0)) - U(s1) - T(sp

)

Then: remove all £ — r from P that were oriented with >

Proof idea: We can do this because it is not so hard to prove that:

- sp or (Az.sg) - s

<+ Sy with n > 0

"(W(si,), - - -, 7(si,,)) otherwise, where we let s; := x;

v(r)forall{ - re PUR
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Almost no modularity properties hold for higher-order rewriting! (Even when they do hold for

first-order rewriting.)

Property TRS | STTRS | CRS | PRS

Confluence Yes No No No
Normalization Yes | No (f) [No (1) | No (1)

Termination No No No No

Completeness No No No No

Confluence, for left-linear systems Yes Yes Yes Yes
Completeness, for left-linear systems Yes | No (f) |No (1) | No (1)
Unique normal forms Yes | No () |No (1) | No (1)

Normalization, non-duplicating pattern systems || Yes | Yes (}) 7 ?

Termination, non-duplicating pattern systems Yes | Yes (7) ? No (1)

7
Dependency Pairs

Idea:
e isolate function calls in reduction rules

o determine groups of recursive calls

e prove for each group of recursive calls that it doesn’t lead to an infinite loop

Practice:
e “dependency pair” ~ “function call”
e “dependency pair problem” & “group of calls”

e cach dependency pair problem can be finite or infinite:

— finite: harmless; this group of calls does not lead to non-termination

— infinite: harmful: this group of calls does lead to non-termination

38
Examples

Let’s consider all of our remaining DP problems!

Ay — minusi(z,y)
s > quott(minus(z, 1), 5())
Ay — acki(z,s(0))
— ackb(s(z),y)
—  ackf(z,ack(s(z),y))
Ag —  doublef(
—  fexpf(z,2)
—  doublef(
Az — lenf(l)
As — map?(F, 1)
Ag — foldf(F,F ..
A —  smaf(F -z, F,quot(z,s (s 0)))
A —  Hi(twice(I,z))

39
Examples: A;

Ay minust(s(z),s(y)) — minusf(z,y)

Argument position: v(minus?) = 2

This allows us to remove the only DP, so the problem (P,R) is clearly finite.

40
Examples: Aj
Az quoti(s(z),s(y)) — quoti(minus(w,y),s(y))

Argument position: method does not apply (we could choose position 2, but it does not allow us to
remove anything)

41
Examples: Ay

Ay

Argument position: v(ackf) =1

This allows us to remove the first and third dependency pairs, leaving us with:
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Proof:

= If s —pp(r) t then [s| =g - > [t], where [s| is s with every £ replaced by £, and > is the subterm
relation. Hence, an infinite chain induces an infinite reduction |s1| =g Ci[|t1]] =% Ci[|s2|]] ==
C1[Ca|t2]]] R e

<« If —x is non-terminating, there is a minimal non-terminating term s (that is, a term s that is
non-terminating, but all its subterms do terminate).
Hence, there is an infinite reduction

s =1(51,-++,5%) 2 Rin £(sh, ., 8,) =0y 9RTY DR -

where —x i, refers to a reduction in the arguments. There must be a root step eventually, because
if not, we would have an infinite reduction in an argument, contradicting their termination.

Let p be the smallest subterm of r such that p7y is non-terminating. We know that p exists, because
77 is non-terminating.

We easily see: ¢f — pf is a dependency pair! (Because if p is a variable, then py is a subterm of
some s} and therefore terminatinng; and if p = £(py, ..., p,) with £ a constructor, then any infinite
reduction starting in py induces an infinite reduction starting in some p;y, thus contradicting
minimality of p.)

11

Proving termination using dependency pairs
Rules:

minus(z,0) — =z
minus(s(z),s(y)) — minus(z,y)
quot(0,s(y)) — 0
quot(s(z),s(y)) — s(quot(minus(z,y),s(y)))

Dependency pairs:
minusf(s(z),s(y)) — minusf(z,y)
quotf(s(z),s(y)) — minusf(z,y),s(y)
quoti(s(z),s(y)) — quot(minus(z,y),s(y))

Observation: In an infinite chain, if ever we encounter a root symbol minus? the root symbol never
becomes quot? again!

12
Modularity using dependency pairs
Idea:
\\Nasoﬂ is non-terminating
if and only if
there is an infinite minimal (DP(Rquot ), Rquot )-chain
if and only if

there is an infinite minimal ({quot?(s(z), s(y)) — quotf(minus
or
there is an infinite minimal ({minus®(s(z), s(y)) — minus®(z, )}, Rquot)-chain

), 8(y))}; Rauot)-chain

35

Exercises:

1. Compute the dependency pairs of the following HTRS, and divide them into call groups. (You may
use a graph. Types are as expected, with sorts nat and bool.)

comp2(0,s(y)) — false
comp2(s(0),s(y)) — false
comp2(z,0) — true
comp2(s(s(2)), () — comp2(s,y)
find(F,z,false) — end(z)
find(F,z,true) — find(F,s(z), comp2(F
double(0) — 0
double(s(z)) — s(s(double(z)))

2. Compute the dependency pairs, and call groups, for the HTRS consisting only of Toyama’s example
(with a,b:: 0):
f(a,b,x) = f(z
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3. Higher-order

14
Higher-order challenges
Discussion: what should be the dependency pairs of Rpap?
map(F,[)) — ]
map(F, cons(x,l)) — cons(F -x,map(F,1))
When we consider function calls, should we include collapsing calls F' - t?

This is not a trivial question! There are different ways to answer this question, and they lead to different
methodologies:

Two approaches:

¢ dynamic dependency pairs: include collapsing DPs like map?(F, cons(z,1)) — F -
Arguably this is the most general approach. A function is called, even if we do not know a priori
which function it is. Using this approach allows us to define a sound and complete method for
higher-order termination: if a system is terminating, this can in principle be proved using dynamic
dependency pairs.

static dependency pairs: only include non-collapsing DPs like map?(F, cons(,[)) — map® ([, 1).
As we will see, this approach is less general: it comes with restrrictions, and we cannot always
find a termination proof using static dependency pairs even for a terminating system. However,
the methods from the first-order setting extend much more naturally. And most importantly, this
approach seems to be much more usable for modular proofs.

Underlying proof idea:
o dynamic DPs: in a DP £8(¢y,...,£;) — r, all (instances of each) /; are assumed to be terminating.

e static DPs: in a DP £#({y,...,0;) — 7, all (instances of each) ¢; are assumed to be compuable.

Recall that in the soundness proof of the first-order dependency pair approach, we considered minimal
non-terminating terms — and as a result, dependency pairs £4(¢y, ..., €) — gf(r1,...,7,) were built from
terms £(lq,...,0,)7, g(r1,...,7m)y whose immediate subterms ¢;y and 7y were terminating. In the
higher-order setting, we could use the same proof strategy — but we can either use termination directly,
or use computability, which is arguably its higher-order counterpart. However, if we choose the latter,
we also need to prove computability of all terms — which, considered per term, is a stronger property.

In this talk, we will use the static approach.

15
Higher-order challenges

Discussion: what should be the dependency pairs of:
up(l) — map(Az.double(x),[)

(Rules for double are also assumed to be given.)

minusf(
minusf(
quot?(minus(z,y),s(y))
ack®(z,s(0))
ack?(s(z),y)
ack?(z,ack(s(z),y))
inck(s(0))
doublef(x,y,0)
fexp(z, z)

lent(cons(z,
map#(F, cons(z,
fold*(F,,cons(y,

fold*(F, F-a-y,l)
ackf(z,y)
mapf(ack(z), 1)
quot?(y, z)

mapt (A\y.quot(y, x),1)
quott(z,s (s 0))

smaf (F
(y)
twicef(I,z)
H(twice(I,))

F,quot(z,s (s 0)))

B R I e e e e A

This HTRS was already written in such a way that all rules only called function symbols that were defined
above it, or that were mutually recursive with the same symbol. Hence, we can very naturally divide it
as follows. Note that the split below was made only by looking at head symbols, and in the case of As,
by the observation that s(0) is a ground constructor term that does not reduce to 0.

Ay ) — minusf(z,y)
Ay ) — minusf(z,y)
As ) — quoti(minus(z,y),s(y))
Ay ) — acki(z,s(0))
) = acki(s(x),y)
) — ack(z,ack(s(z),y))
) — incf(s(0))
) — doublef(z,y,0)
doublef(r,0,z) — fexpi(,2)
doublef(r,s(y),z) — doublef(r,y,s(s(2)))
A7 len®(cons(z,0)) — lenf(])
As map?(F, cons(z,1)) — map?(F,])
Ay fold*(F,x,cons(y,l)) — fold (F,F-x-y,l)
Avo mkbigh(l,z) — ackf(z,y)
mkbigh(l,#) — map#(ack(z),l)
mkdivi(l,#) — quot®(y,z)
mkdivt(l,#) — mapf(\y.quot(y,),1)
sma(false, F,s(r)) — quoti(z,s (s 0))
Ay smaf(false, F',s(r)) — sma®(F -z, F,quot(z,s (s 0)))
Arp H(s(z)) — T%y)
Hi(s(z)) — twice®(I,x)
Ags H(s(r)) — H(twice(I,x))

Now, as there are only finitely many groups, any infinite chain must have a tail that only uses DPs in
one of the groups — which, moreover, must be a blue group. Hence, the DPs in the red groups (which
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Likely answer: this should not have any dependency pairs!
Discussion: what should be the dependency pairs of:

app(lam(F),z) = F -z

Likely answer: This should not be allowed!

In this case, computability of lam(F") does not imply computability of . So we have two choices:
limit the static DP framework to systems where this does not occur, or include some collapsing DPs
appf(lam(F),z) — F -z after all. We choose the former, as it would be much harder to define what
exactly is a chain in the latter case.

19
Plain function passing

Definition

A HTRS is plain function passing if:
for all rules £(¢1,...,0;) — 7t
if ¢; > F' with F' a variable of higher type
then ¢; = F' or I’ does not occur in r

20
Plain function passing

[ = list
cons :: nat=list = list
double : nat= nat
map : (nat = nat) = list = list
up = list = list
map(F,[]) = |
map(/, cons(z,l)) — cons(F - z,map(F,[))
up(l) — map(Az.double(x),l)

v

21
Plain function passing

app : term = term = term
lam :: (term = term) = term

app(lam(F)) — F

29

Dependency Pair
Processors

So now, our goal is to prove that no infinite computable (DP(R), R)-chain exists. We will consider a few
methods to split up DP problems (P, R), and perhaps prove their harmlessness altogether.
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24
Definition

Definition
For a term s the candidates of s are given by:

Cand(f(s1,...,8,)) = {£(s1,...,8,)}U -, Cand(s;) (if £ is a defined symbol)
Cand(c(s1, . ) = 1 Cand(s;) (if ¢ is a constructor symbol)
Cand(z - s1---8p) = 1 Cand(s;)
Cand(Az.s) = Cand(s[z := y]) (some fresh y)

Cand((Az.t) - so- - S Cand(t[z := s1] - 81+ s,) U Cand(sy)

Dependency pairs of a rule £(¢1,...,0;) — 7
o ifr:oy = ... = oy = ¢ (with ¢ a base type)

e and g(ty,...,t,) € Cand(r - xy -+ - ) (fresh )

e and g(ty,...,t,) 71 = ... = 7, = K (with x a base type)
o then (01, ..., 0y, 21,y ) = gH(t1, oo tn, y,y ,Yp) is in a dependency pair of this rule (for
fresh )
25
Exercise

Compute the dependency pairs of:

0 nat
s nat = nat
a o
c o=o0
¢ : nat= nat = (nat = nat = nat) = nat
add : nat = nat = nat
mul :: nat = nat = nat
f 1 o=o0
rec(0,F,y) — y
rec(s(z), — F.x-rec(z, F,y)
add(r) — rec(z,Az.s)
mul —  rec(z, Az.add(z))
£ = o (Az.f(x))-a)
£ — ¢ (Az.a)-£(b) )

26
Higher-order-order dependency pair chain
(Changes compared to the first-order definition are highlighted in red.)

Definition: a computable DP chain over (P, R) is a reduction chain:
s1=pti =R S2 Pty =R ...
Such that:

e cach reduction s; —p t; is at the root

o cach reduction s; =% t; occurs below the root

e cach ¢; is computable with respect to =g

Claim:
there is an infinite computable (DP(R), R)-chain
if =x is non-terminating
if there is an infinite computable (DP(R), R)-chain
using only dependency pairs { — r with FV(r) C FV({)
then —x is non-terminating
(Here, F'V(s) denotes the free variables of s.)

27

Dependency chain claim: proof sketch

Claim:

there is an infinite computable (DP(R), R)-chain
if —x is non-terminating

Proof sketch:

e If -5 is non-terminating, there is a non-terminating base-type term s whose strict subterms
are comptable.

e Consider an infinite reduction

/ !
5 = Rin £(S1,...,8,) =y 2R Ty SR ...

o Identify a smallest subterm p of 7 such that py is non-computable.

e Then r-y;---yp is a candidate.

28
Discussion:

Plain-function passingness:

o admits most (terminating) common examples



