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to
N
:

p
ro

b
le

m
s

L
et

’s
ex

te
n
d

th
is

id
ea

to
h
ig

h
er

-o
rd

er
re

w
ri

ti
n
g
.

H
er

e,
w

e
q
u
ic

k
ly

ru
n

in
to

th
e

p
ro

b
le

m
:

w
h
at

to
d
o

w
it
h

p
ar

ti
al

ap
p
li
ca

ti
on

s?
F
or

ex
a
m

p
le

:
S
u
p
p
o
se

:
Js

(x
)K

=
x

+
1

Q
u
e
st

io
n
:

W
h
at

is
Js

K?
P

ro
b
le

m
:

b
eh

av
io

u
r

m
at

te
rs

!

f
o
l
d
(F

,x
,[

])
→

[]
f
o
l
d
(F

,x
,c
o
n
s
(y

,l
))

→
f
o
l
d
(F

,(
F

·x
·y

),
l)

a
d
d
(x

,0
)

→
x

a
d
d
(x

,s
(y

))
→

s
(a
d
d
(x

,y
))

•
W

h
at

is
th

e
d
er

iv
a
ti
on

h
ei

gh
t

if
F

:=
λ
x
,y

.m
i
n
i
m
u
m
(x

,y
)?

•
W

h
at

if
:

F
:=

λ
x
,y

.a
d
d
(x

,y
)?



•
W

h
at

if:
F

:=
λ
x
,y

.a
d
d
(x

,s
(0

))?

•
W

h
at

if:
F

:=
λ
x
,y

.a
d
d
(x

,s
(s

(0
)))?

•
W

h
at

if:
F

:=
λ
x
,y

.a
d
d
(x

,x
)?

A
ll

in
all,

th
e

con
seq

u
en

ces
of

u
sin

g
d
iff

eren
t

fu
n
ction

s
for

F
can

n
ot

really
b
e

cap
tu

red
b
y

a
n
u
m

b
er.

7P
ro

p
o
sa

l

L
et’s

in
terp

ret
term

s
of

fu
n
ction

ty
p
e

as
fu

n
ction

s!

M
ore

th
an

th
at:

for
each

ty
p
e

w
e

h
av

e
a

p
ossib

ly
d
iff

eren
t

in
terp

retation
d
om

ain
.

W
e

on
ly

fi
x

th
at

fu
n
ction

ty
p
es

are
in

terp
reted

as
m

o
n
o
to

n
ic

fu
n
ction

s:

T
y
p
e

in
te

rp
re

ta
tio

n
s:

•
F
or

ev
ery

b
a
se

ty
p
e
ι:

a
setA

ι ,
ord

erin
g

>
ι
an

d
q
u
asi-ord

erin
g
≥

ι

•
D

efi
n
e:

LιM
=

A
ι

Lσ
⇒

τM
=

“m
on

oton
ic

fu
n
ction

s
from

LσM
to

LτM”
F

>
σ⇒

τ
G

if
F

(a
)

>
τ

G
(a

)
for

all
a
∈

LσM
F

≥
σ⇒

τ
G

if
F

(a
)≥

τ
G

(a
)

for
all

a
∈

LσM

8H
ig

h
e
r-o

rd
e
r

m
o
n
o
to

n
ic

a
lg

e
b
ra

s:
d
e
fi
n
itio

n

(D
iff

eren
ce

to
th

e
fi
rst-ord

er
d
efi

n
ition

are
in

d
icated

in
red

.)

G
iv

e
n
:

a
a

type
in

terp
reta

tio
n

fu
n
ctio

n
as

on
th

e
p
rev

iou
s

slid
e

C
h
o
o
se

:
a

fu
n
ction

[f
]
in

LσM
for

ev
ery

f
of

ty
p
e
σ

D
e
fi
n
e
:

for
a

giv
en

α
m

ap
p
in

g
variab

les
to

A
:

•
JxK

=
α
(x

)

•
JfK

=
[f

]

•
Js·

tK
=

JsK(JtK)

(W
e’re

ign
orin

g
ab

straction
s

for
n
ow

.
W

e
w

ill
get

b
ack

to
th

at
later!)

P
ro

v
e
:JℓK

>
JrK

for
all

ru
les

ℓ→
r,

all
α

In
p
ractice,

sin
ce

w
e

q
u
an

tify
ov

er
α
,

w
e

essen
tially

v
iew

b
oth

sid
es

as
fu

n
ction

s
over

a
giv

en
set

of
variab

les.

T
h
e
n
:JsK

>
JtK

w
h
en

v
er

s→
R

t.

C
o
n
se

q
u
e
n
c
e
:

if
to

n
a
t(a

)
>

to
n
a
t(b)

w
h
en

ev
er

a
>

b
th

en
to

n
a
t(JsK)≥

d
e
r
i
v
a
t
i
o
n
h
e
i
g
h
t
(s).

N
ote

th
at

of
cou

rse,
th

is
is

also
a

term
in

a
tio

n
tech

n
iq

u
e:

if
w

e
h
av

e
a

b
ou

n
d

on
th

e
n
u
m

b
er

of
step

s,
clearly

th
is

n
u
m

b
er

is
n
ot

in
fi
n
ite.

3
.

C
o
m

p
le

x
ity

n
o
tio

n
s

24D
e
riv

a
tio

n
a
l
a
n
d

ru
n
tim

e
co

m
p
le

x
ity

(fi
rst-o

rd
e
r)

D
e
riv

a
tio

n
a
l
c
o
m

p
le

x
ity

:
n

7→
“m

ax
im

u
m

d
eriva

tion
h
eig

h
t

fo
r

a
term

of
size

n
”

D
ow

n
sid

e:
can

ea
sily

g
et

la
rg

e;
e.g

.:
m
u
l
(m
u
l
(m
u
l
(m
u
l
(s

(s
(0

)),s
(s

(0
))),s

(s
(0

))),s
(s

(0
))),s

(s
(0

)))

R
u
n
tim

e
c
o
m

p
le

x
ity

:
n

7→
“m

ax
im

u
m

d
eriva

tion
h
eig

h
t

fo
r

a
b
a
sic

term
of

size
n
”

B
asic

term
:
f
u
n
c
t
i
o
n
(d
a
t
a
,...,d

a
t
a
)

E
x
am

p
le:

m
u
l
(s

(s
(s

(s
(s

(0
))))),s

(s
(s

(s
(s

(s
(s

(0
))))))))

C
o
n
n
e
c
tio

n
w

ith
c
o
m

p
u
ta

tio
n
a
l
c
o
m

p
le

x
ity

:
d
ep

en
d
s

25T
e
rm

in
a
tio

n
(a

n
d

co
m

p
le

x
ity

)
co

m
p
e
titio

n
In

th
e

an
n
u
al

term
in

a
tion

com
p
etitio

n
,
th

ere
a
re

categories
for

b
oth

ru
n
tim

e
an

d
d
eriva

tion
al

com
p
lex

ity
of

fi
rst-ord

er
term

rew
ritin

g
(b

o
th

w
ith

a
gen

eral
red

u
ction

strateg
y,

a
n
d

fo
cu

sed
on

in
n
erm

o
st

red
u
ction

).



M
e
th

o
d
:

P
lu

g
Jλ

x
.λ

y
.a
d
d
(x

,y
)K

in
to

th
e

in
te

rp
re

ta
ti

on
fo

r
f
o
l
d
.

In
te

rp
re

ti
n
g
λ
:

u
se

m
a
k
e
s
m
ι,
σ
1
⇒

..
.⇒

σ
m
⇒

κ
=

�
(F

,x
,y

1
,.

..
,y

m
)

7→
(F

(x
,y⃗

) 1
+

1
+

x
1
,F

(x
,y⃗

) 2
,.

..
,F

(x
,y⃗

) K
[κ

])
if

F
is

co
n
st

an
t

(F
,x

,y
1
,.

..
,y

m
)

7→
(F

(x
,y⃗

) 1
+

1
,F

(x
,y⃗

) 2
,.

..
,F

(x
,y⃗

) K
[κ

])
if

F
is

m
on

ot
on

ic

9 E
x
a
m

p
le

:

[]
::

lis
t

c
o
n
s

::
n
at

⇒
lis

t
⇒

lis
t

m
a
p

::
(n

at
⇒

n
at

)
⇒

lis
t
⇒

lis
t

m
a
p
(F

,[
])

→
[]

m
a
p
(F

,c
o
n
s
(x

,l
))

→
c
o
n
s
(F

·x
,m
a
p
(F

,l
))

C
h
o
o
se

:
A

ι
=

N
fo

r
al

l
ι

[[
]]

=
0

[c
o
n
s
](
x
,y

)
=

x
+

y
+

1
[ m
a
p
](
F

,x
)

=
(x

+
1)

∗F
(x

)

M
o
n
o
to

n
ic

it
y
:

h
o
ld

s.
(W

e
ca

n
ea

si
ly

se
e

th
at

,
fo

r
ex

a
m

p
le

,
if

x
>

y
th

en
[m
a
p
](
F

,x
)

>
[m
a
p
](
F

,y
),

an
d

if
F

(x
)

>
G

(x
)

fo
r

al
l
x

th
en

[m
a
p
](
F

,x
)

>
[m
a
p
](
G

,x
).
)

10 E
x
a
m

p
le

[[
]]

=
0

[c
o
n
s
](
x
,y

)
=

x
+

y
+

1
[m
a
p
](
F

,x
)

=
(x

+
1
)
∗F

(x
)
+

1

G
o
a
l
1
:

Jm
a
p
(F

,[
])

K>
J[]

K

T
h
at

is
:

(0
+

1
)
∗ F

(0
)
+

1
>

0

W
h
ic

h
is

ce
rt

ai
n
ly

tr
u
e

b
ec

au
se

1
>

0
.

G
o
a
l
2
:

Jm
a
p
(F

,c
o
n
s
(x

,l
))

K>
Jc
o
n
s
(F

·x
,m
a
p
(F

,l
))

K

T
h
at

is
:

((
x

+
l
+

1)
+

1
)
∗F

(x
+

l
+

1)
+

1
>

F
(x

)
+

((
l
+

1)
∗F

(l
)
+

1
)
+

1

S
im

p
li
fy

in
g

th
e

ar
it
h
m

et
ic

,
th

is
is

:

x
∗F

(x
+

l
+

1
)
+

l
∗F

(x
+

l
+

1)
+

F
(x

+
l
+

1)
+

F
(x

+
l
+

1)
+

1
>

F
(x

)
+

l
∗F

(l
)
+

F
(l

)
+

1

L
et

’s
re

or
ga

n
is

e
th

at
a

b
it
!

x
∗F

(x
+

l
+

1
)

+
l
∗F

(x
+

l
+

1
)

+
F

(x
+

l
+

1)
+

F
(x

+
l
+

1
)

+
1

>
+

l
∗F

(l
)

+
F

(x
)

+
F

(l
)

+
1



N
ow

ob
serv

e
th

at
F

is
m

o
n
o
to

n
ic.

S
o

for
in

stan
ce

F
(x

+
l
+

1)
>

F
(x

).
H

en
ce

w
e

q
u
ick

ly
see

th
at

th
is

in
eq

u
ality

in
d
eed

h
old

s.

11E
x
e
rcise

G
iv

e
n
:

[]
::

list
c
o
n
s

::
n
at⇒

list⇒
list

f
i
l
t
e
r

::
(n

at⇒
b
o
ol)⇒

list⇒
list

h
e
l
p
e
r

::
b
o
ol⇒

n
at⇒

list⇒
list

f
i
l
t
e
r
(F

,[])
→

[]
f
i
l
t
e
r
(F

,c
o
n
s
(x

,l))
→

h
e
l
p
e
r
(F

·x
,x

,f
i
l
t
e
r
(F

,l))
h
e
l
p
e
r
(t
r
u
e
,x

,l)
→

c
o
n
s
(x

,l)
h
e
l
p
e
r
(f
a
l
s
e
,x

,l)
→

l

T
a
sk

:
sh

ow
th

at
th

e
follow

in
g

in
terp

retation
su
ffi

ces:

[ []]
=

0
[t
r
u
e
]

=
1

[c
o
n
s
](x

,y
)

=
x

+
y

+
1

[f
a
l
s
e
]

=
0

[h
e
l
p
e
r
](b,x

,y
)

=
b
+

x
+

y
+

1
[f
i
l
t
e
r
](F

,x
)

=
(x

+
1)∗

(F
(x

)
+

1)

12B
o
n
u
s

e
x
e
rcise

G
iv

e
n
:

[]
::

list
c
o
n
s

::
n
at⇒

list⇒
list

z
i
p

::
(n

at⇒
n
at)⇒

list⇒
list

z
i
p
(F

,[],l)
=

l
z
i
p
(F

,l,[])
=

l
z
i
p
(F

,c
o
n
s
(x

,l),c
o
n
s
(y

,q))
=

c
o
n
s
(F

·x
·y

,z
i
p
(F

,l,q))

T
a
sk

:
fi
n
d

an
in

terp
retation

th
at

orien
ts

th
ese

ru
les!

13A
b
stra

ctio
n

D
isc

u
ssio

n
:

w
h
at

sh
ou

ld
b
e

th
e

in
terp

retation
of

λ
x
.s?

N
a
iv

e
ch

o
ic

e
:

x
7→

JsK
P

ro
b
le

m
:

th
e

n
aiv

e
in

terp
retation

for
for

λ
x
.s

is
n
ot

m
on

oton
ic

if
x

d
o
es

n
ot

o
ccu

r
in

s!
F
or

ex
am

p
le,

th
is

ch
oice

w
ou

ld
letJλ

x
.0K

b
e

th
e

c
o
n
sta

n
t

fu
n
ction

m
ap

p
in

g
ev

ery
th

in
g

to
0

–
an

d
th

u
s,

it
w

ou
ld

n
ot

b
e

an
elem

en
t

ofLn
at⇒

n
atM.

S
o
lu

tio
n
:

for
each

σ
,τ

,
a

fu
n
ction

m
a
k
e
s
m
σ
,τ :

•
In

p
u
t:

a
m

on
oton

ic
o
r

con
stan

t
fu

n
ction

from
LσM

to
LτM

•
O

u
tp

u
t:

a
m

on
oton

ic
fu

n
ction

from
LσM

to
LτM

21E
x
e
rcise

1.
F
in

d
an

in
terp

retation
,
w

ith
Ln

atM
=

N
2,

fo
r

th
e

follow
in

g
sy

stem
:

m
i
n
u
s
(x

,0
)

→
x

m
i
n
u
s
(s

(x
),s

(y
))

→
m
i
n
u
s
(x

,y
)

q
u
o
t
(0

,s
(y

))
→

0

q
u
o
t
(s

(x
),s

(y
))

→
s
(q
u
o
t
(m
i
n
u
s
(x

,y
),s

(y
)))

W
a
rn

in
g
:

d
o

n
ot

ta
k
e

x
size

−
y
size

fo
r

th
e

size
of

m
i
n
u
s
(x

,y
)!

D
o
in

g
th

is
w

ou
ld

b
reak

th
e

m
on

oton
icity

req
u
irem

en
t:

w
e

m
u
st

h
ave

Jm
i
n
u
s
(a

,b)K
>

Jm
i
n
u
s
(a

,c)K
if

b
>

c,
w

h
ich

im
p
lies

Jm
i
n
u
s
(a

,b)K
size ≥

Jm
i
n
u
s
(a

,c)K≥
if

b
co

st
>

c
co

st
a
n
d

b
size ≥

c
size .

S
id

e
n
ote:

th
e

fact
th

at
w

e
ca

n
d
o

th
is

a
t
all

illu
strates

th
e

p
ow

er
o
f
tu

p
le

in
terp

reta
tio

n
s.

T
h
is

w
as

a
m

otivatin
g

ex
a
m

p
le

for
d
ep

en
d
en

cy
p
airs,

sin
ce

it
can

n
o
t
b
e

h
a
n
d
led

w
ith

an
y

w
ell-fo

u
n
d
ed

ord
erin

g
th

at
h
as

m
i
n
u
s
(x

,y
)⪰

y
.

T
h
u
s,

term
in

a
tio

n
ca

n
n
o
t

b
e

p
rov

ed
u
sin

g
R

P
O

or
in

terp
retation

s
to

N
,

n
or

can
it

b
e

p
rov

ed
w

ith
a

m
eth

o
d

lik
e

m
atrix

in
terp

reta
tion

s
d
u
e

to
th

e
d
u
p
lica

tion
of

x
in

th
e

last
ru

le.
Y

et,
h
ere

w
e

d
o

n
ot

on
ly

p
rove

its
term

in
atio

n
,
b
u
t

also
fi
n
d

a
b
ou

n
d

to
its

com
p
lex

ity.

2.
F
in

d
an

in
terp

reta
tio

n
for

th
e

follow
in

g
H

T
R

S
,
w

h
ere

z
i
p

::
(n

at⇒
n
at)⇒

list⇒
list.

z
i
p
(F

,[],l)
=

l
z
i
p
(F

,l,[])
=

l
z
i
p
(F

,c
o
n
s
(x

,l),c
o
n
s
(y

,q))
=

c
o
n
s
(F

·x
·
y
,z
i
p
(F

,l,q))

22A
m

o
re

ch
a
lle

n
g
in

g
h
ig

h
e
r-o

rd
e
r

tu
p
le

in
te

rp
re

ta
tio

n

f
o
l
d
(F

,x
,[])

→
[]

f
o
l
d
(F

,x
,c
o
n
s
(y

,l))
→

f
o
l
d
(F

,(F
·x

·
y
),l)

In
te

rp
re

ta
tio

n
:

Jf
o
l
d
(F

,x
,l)K

=
⟨co

st,
size⟩

W
h
ere:

•
cost

=
1

+
lco

st
+

F
(⟨0,0⟩)

co
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