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A(x, 0)→ x
A(x, S(y)) → S(A(x, y))
M(x, 0) → 0
M(x, S(y)) → A(M(x, y), x)

Grassmann 1861, Dedekind 1888 

data
0, S(0), S(S0)),...

M

S S

SS

00

termboom
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footnote: Dedekind started with 1, not 0.
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1. two times two is four

WN weakly normalizing

SN strongly normalizing

S(S(S(S(0)))), a normal form

reduction graph
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CR confluent,
Church-Rosser property

UN unique normal form 
property
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 SN & UN => CR
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elementary diagrams

7



8



9



A(x, 0)→ x
A(x, S(y)) → S(A(x, y))
M(x, 0) → 0
M(x, S(y)) → A(M(x, y), x)

M

S

A

0

A

S

M

0

A

0

left linear 
non-overlapping rules
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A(x, 0)→ x
A(x, S(y)) → S(A(x, y))
M(x, 0) → 0
M(x, S(y)) → A(M(x, y), x)

orthogonal constructor TRS 
with one collapsing rule

SN

WN

CR

UNAC

NE



Combinatory Logic

Ix →  x

Kxy → x

Sxyz → xz(yz)

orthogonal, hence confluent
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http://www.cs.vu.nl/~terese/lambda.html

for Freek Wiedijks lambda 
and CL calculator see
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F(0) P

0           F

S

0

P

P

P

P

0

S

0 S

S

0

.....

Limit: infinite sequence of natural numbers

F(x) → P(x, F(S(x)))
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F(x) → P(x, F(S(x)))

P

F F

0 0

P

F

0

P
P
P
P
P

0
S
0 S
S
0

P
P
P
P
P

0
S
0 S
S
0

P
P
P
P
P

0
S
0 S
S
0

Pω ω

Transfinite reduction sequence of length ω + ω
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Cauchy converging reduction sequence: activity may occur everywhere

Strongly converging reduction sequence, with descendant relations
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0 ω ω·2 ω·3 ω2

depth of contracted redex tends to infinity 
at each limit ordinal

But we may avoid transfinite ordinals by 
COMPRESSION.
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We will now show that (1) the term I! admits a convergent reduction of length
any countable ordinal !, and (2) if ! is a limit ordinal also a divergent reduction.

1. Take a countable !. So there is a bijection d : ! ! ". Then the reduction
(d(#))"<# is a convergent reduction of length ! by Theorem 2.

2. We can use 1 to construct also a divergent reduction of length !, if it
is a limit ordinal. For consider a convergent reduction $ = (d")"<# and
let #1, #2, . . . be an increasing sequence of ordinals with limit !. Define
$! = (d!

")"<#, where d!
"i

= 0 for all i " " and d!
" = d" for all other # < !.

Then one easily sees that $!
$ still converges at any limit ordinal % < !, as

it di!ers from $$ in at most finitely many places. Hence $! is well-defined
and it obviously diverges at !.

3 Normal forms and normalization properties
3.1 WN and SN in the finitary setting
Consider the TRS T = {f(x) ! b, a ! f(a)}. In T we have an infinite reduction
originating from the term a:

a ! f(a) ! f(f(a)) ! f(f(f(a))) ! · · ·

but on the other hand any term can be reduced to a normal form, in particular
we have a !! b via the reduction

a ! f(a) ! b

This is an example of a TRS that is weakly normalizing (WN), every term reduces
to a normal form, but not strongly normalizing (SN), there are reductions that go
on indefinitely, without ever reaching a normal form.4

Of course there is the trivial implication SN =# WN and the above example
shows that the converse does not hold. In this respect it is worth mentioning
a classic result of [O’Donnell, 1977], specifying a situation where the converse
does go through. It goes back to [Church, 1941], where it is proved that in the

4Term rewriting systems that are SN are also called terminating.

A transfinite reduction
Depth of redex activity goes down at each limit ordinal
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But if you don’t like ordinals, there is for 
orthogonal TRSs the Compression Lemma:

every reduction of length α can be 
compressed to ω or less.

use dove-tailing
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Every countable ordinal can be the 
length of an infinite reduction. 
Consider  the TRS
{c → f(a, c) and a → b}

f
fa

a f
fa

a



finite reduction strongly convergent reduction

infinite reduction divergent reduction

(poss. infinite) normal form

CR: finite coinitial reductions 
can be joined

CR∞: infinite coinitial 
reductions can be joined

UN: coinitial reductions to nf 
end in same nf

UN∞: coinitial reductions to 
nf end in same nf

SN: there are no infinite 
reductions

SN∞: there are no divergent 
reductions

WN: there is a reduction to nf WN∞: there is a reduction to 
nf

finitary rewriting infinitary rewriting

normal form
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A(x, 0)→ x
A(x, S(y)) → S(A(x, y))
M(x, 0) → 0
M(x, S(y)) → A(M(x, y), x)
∞  → S(∞)

data
0, S(0), S(S0)),...

codatum
S(S(S(S...

orthogonal constructor TRS
with one collapsing rule

AC

NE

SN∞

WN∞

CR∞

UN∞

coinductive natural numbers
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A

0A

0

0

A

0

A

0

A

0

A

0

A

0

A

0

A

0

A

M(0, ∞)

M(0,S(∞)) A(M(0,∞), 0)

M(0,S(S(∞)))

A

A∞

∞

M

M

M

∞

A(A(M(0,∞), 0), 0)

M(0,Sω) A(M(0, Sω), 0)

A(x, 0)→ x
A(x, S(y)) → S(A(x, y))
M(x, 0) → 0
M(x, S(y)) → A(M(x, y), x)
∞  → S(∞)

28



R

R 'projection

Parallel Moves Lemma

Rinfinite reduction 

R 'projection

(a)

(b)

t
0

s

t'

tn

s'

s"

s"'

t*



ρ t0 t1 tω tω+1

ρ’

tω+ω

t’0 t’1 t’2 t’ω t’ω+1 t’ω+ω

p0 p1 p2
|| || || || || || ||

s0 s1 sω

pω pω+ω

PML∞ For first order infinitary term rewriting we have 
the infinitary Parallel Moves Lemma PML∞

infinitary parallel moves lemma
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A(x)          x
B(x)          x
C              A(B(C))→

→
→

C

A(B(C))

A(C)                      B(C)

A(A(B(C)))           B(A(B(C)))

A(A(C))                 B(B(C))

A(A(A(B(C))))      B(B(A(B(C))))

A(A(A(C)))           B(B(B(C)))

A                            B

↓

↓ ↓

↓ ↓

↓ ↓

↓↓

↓↓

......

......

ω ω

C

ABC

ABABC

ABABABC

ABABABABAB...

A                           Bω ω

↓

↓

↓

↓

...

ωω

(a) (b)

Failure of infinitary confluence

not CR∞
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Sxyz         xz(yz)
Kxy          x

!

!

!
!

@(@(@(S, x), y), z)      @(@(x, z), @(y, z))
@(@(K, x), y)                x

@

@          K

K

@

@          S

K

@

@          K

K @

@          S

K @

@          K

K @

@          S

K @

@

@          S

K @

@          S

K @

@          S

K @

@          S

K @

@

@          K

K @

@          K

K @

@          K

K @

@          K

K @

" "

collapsing contexts

Failure of infinitary confluence for Combinatory Logic



A(x) → x
B(x) → x
C → A(B(C))

∞
Failure 
of CR

33



C ABC AC AABC AAC

ABC

BC

BABC

BBC

BBABC

Aω

Bω

ABC AC AABC AAC

BωBωBω BωBω

Aω

Aω

Aω

Aω

Aω

BC C ABC

ABC

AC AABC

BC

BABC

BABC

BBC

BBABC

C

C

C

C

convergent

divergent

AεC AεABC AεAεC (Aε)ω

(Aε)ω

εω

ABCC

ABC
ABC AεC AεABC AεAεC

εBC

εBABC

εBεBC

εBεBABC

(εB)ω (εB)ω εε(εB)ω εε(εB)ω εεε(εB)ω

εBC εεC εεABC εεAC

εBABC εεABC

εBεBC εεεBC εεεBC

εBεBABC εεεBABC

εεεεC

εεεεεεC

Bω ⊥

εε(Aε)ω

εε(Aε)ω

εεεε(Aε)ω

εεεε(Aε)ω



for OTRSs: UN∞.

Corollary: Dershowitz et al:
for OTRSs SN∞ => CR∞.

Proof: as for finite case
SN & UN => CR
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M1

M2

N normal form

!



Confluence in infinitary rewriting

by CR∞ for a quotient of λβ∞, e.g. mute terms, or 
hypercollapsing terms, and applying an abstract lemma of 
de Vrijer.
Let (A, →1) and (B, →2) be two ARSs with A included in B,   
reduction →1 included in →2,  normal forms nf(A) included in nf(B).
Then CR for B implies UN for A.
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Overview
• AC: no cycles

• WIN: weak innermost 
normalisation

• SN: strong normalisation

• NE: non-erasing

• ACfin: no cycles in finite graphs

• LF: locally finite: all graphs are 
finite

ACfin

WIN SN

WNAC

NE

?
LF
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7 Weak and Strong Head Normalization
We also consider the notions of weak and strong head normalization (WHN and
SHN). A head normal form is a term which is root-stable, as defined in Section 5.
Then we have for a term t:

WHN: There is a reduction of t to a head normal form.

SHN: In each infinite reduction of t after a finite number of steps a head normal
form is reached.

Restricting attention to orthogonal systems again, we enquire: what are the in-
finitary versions of WHN and SHN?

As to WHN, this is simple. If a head normal form can be reached by an infinite
reduction then by compression it can be reached in a reduction of length ! !. In
this reduction the root becomes stable after finitely many steps. So there is no
di!erence between finitary and infinitary WHN.

Remains the question of what is infinitary SHN. We propose: in all maximal
reductions, no matter whether converging or diverging, at some point a head
normal form is reached. Again it is not di"cult to see that this is equivalent to
finitary SHN.

This is at the level of terms. At the global level of orthogonal TRSs the notions
of WHN and SHN both coincide with WN! and SN!, which we showed to be
the same.

road map of infinitary 
normalization properties
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How to define  SN∞ and  WN∞?

WN∞ is easy: There is a possibly infinite 
reduction to the possibly infinite normal 
form.

SN∞ : all reductions will eventually terminate in 
the normal form. The only way such a reduction 
could fail to reach a normal form, is that it 
stagnates at some point in the tree which is 
developing, for infinitely many steps. Then no 
limit can be taken. 



42

Good and bad reductions. In ordinary rewriting 
the finite reductions are good, they have an end 
point, and the infinite ones are bad, they have 
no end point.

Same in infinitary rewriting. The good 
reductions are the ones that are strongly 
convergent, they have an end point. E.g. 
a → b(a) reaches after ω steps the end point 
bω.

The bad reductions (divergent, stagnating) are 
the ones without an end point. Their reductions 
may be long, a limit ordinal long, but there 
they fail.
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SN∞ states that there are no bad reductions.

In other words: say we select at random in each step
a redex and perform this step. We can go on until we 
reach a limit ordinal. At that point we look back, and if 
the reduction was strongly convergent we take the limit 
and go on. If not, we stop there and we had a bad 
reduction. 

CLAIM: we can then identify a stagnating term, a term 
where infinitely often a root step was performed.
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THEOREM. SN∞ 
⇔  WN∞

PROOF.
⇒ is clear.

        : suppose WN∞ and not SN∞.
So there is a stagnating reduction.
So there is a term with an infinite reduction in which 
infinitely many root steps occur. Such a term does 
not have an (infinite) normal form,
i.e. not WN∞. This uses the Head Normalization 
Theorem generalized to infinite terms 

€ 

⇐



 

Head Normalization Theorem

A head step is a reduction step that takes place at the head or the 
root. This means that the redex contracted coincides with the 
whole term t. Notation: t →h t’.

A step which is not a head step is called an internal step; notation t 
→i t’.

THEOREM. Let R be an orthogonal TRS and let t be a term 
in R with a reduction t → t’→ t”→ ... containing infinitely 
many root steps. 
(i) Then t has no head normal form.
(ii)  A fortiori, t has no normal form.

Term t is a head normal form (hnf) when it does not reduce to a redex;
has a hnf when it reduces to one.



THEOREM.  SN∞
⇒ AC 

Waldmann: S-terms |= SN∞

COROLLARY: S-terms are acyclic
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THEOREM. For orthogonal TRSs: WN ⇒ AC

PROOF. Will prove ¬AC ⇒ ¬WN. Suppose ¬AC. So there is a cycle. Now take a 
minimal cyclic term t, minimal with respect to the length. So there is a cyclic reduction 
C: t → ...→ t, and all terms shorter than t are not cyclic. 

Claim. One of the steps of C is a root step.

Proof of the claim. Let t have the form F(t
1
,...,t

n
) for some n. Suppose the claim is 

not true. So the root symbol F is ‘frozen’, not active, and all steps in C take place 
in the subterms t

1
,...,t

n
. There must be a step done in C, say in t

i
. Now we take out 

of C all the steps in t
i
. They are not influenced by the the other steps in C. But then 

these steps in C constitute a cycle t
i
 → ...→ t

i
, contradicting the minimality of t. 

 Now we unwind the cycle into an infinite reduction C; C; C; ... C; ..., that is C 
repeated infinitely often, notation Cω. By the Claim the reduction Cω has infinitely 
many root steps. Hence, by the Head Normalisation Theorem, the starting term t 
does not have head normal form, and a fortiori no normal form. That is, we have 
proved ¬WN.    
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t1 t2 t3

F

t1 t2 t3

F

top remains frozen

hence smaller cycle
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Related observation by Vincent van Oostrom:

A term allowing a trivial head step is not 
normalizing in a weakly orthogonal TRS. 

Here a step is ‘trivial’ if it is of the form 
t → t, so a one-step cycle.
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THEOREM.  SN∞
⇒ CR∞

 

Dershowitz, Kaplan, Plaisted 91 
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Failure of Newman’s Lemma, infinitary version

This example establishes that we do not have the implication 
WCR & SN∞ ⇒ CR∞ . In other words, the infinitary version of 

Newman’s Lemma WCR & SN ⇒ CR 
for abstract reduction systems (ARSs) fails for infinitary term rewriting. 

Consider the TRS with rules

 C → A(C)
 A(C) → B(C)
 A(B(x)) → B(A(x)).

Note that we do not have A(x) → B(x)! Now it is easily checked that WCR holds, by looking at the 
critical pairs and applying 
Huet’s Lemma stating that if all critical pairs are convergent, we have WCR.
We also have SN∞; proving that is a nice exercise. But CR∞ fails, as C reduces in ω steps to 
Aω and Bω, both infinite normal forms.
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A(C)

A(A(C))B(C)

    C → A(C)
 A(C) → B(C)
 A(B(x)) → B(A(x)).

A(B(C))

B(A(C))

Huet’s critical pair 
lemma

WCR



HC RA

NO WHNF
NO 
HNF

SN∞WN∞CR∞UN∞

Iω Ω
YK

IωΩ

Ω

A
AYK

?
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Lambda Calculus

Turing complete

(λx.Z(x))Y → Z(Y)
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Combinatory Logic

Ix →  x

Kxy → x

Sxyz → xz(yz)

Turing complete



λxyz. xz(yz)
S

λxy. x
K

λx. x
I

1924. "Über die Bausteine der mathematischen Logik"

Moses Schönfinkel
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For infinitary lambda calculus
Parallel Moves Lemma PML∞ 

fails, hence also CR∞

λ∞ :not PML∞ ωIωI Ι(ωIωI)

ωIωI

Ιω

ωωI

ωω ωωωωωω

Ι2(ωIωI) Ι3(ωIωI)

Ι(ωIωI)

Ιω

Ιω

Ιω

?

I

@

I

@

I

@

I

@

Iω ≡

ωI ≡ (λx.I(xx)
ω ≡ λx.xx

YI → ωI ωI



infinitary lambda calculus subsumes scott’s 
induction rule

Yx→→ x(Yx)   → →  x2 (Yx) →ω  xω ≡ x(x(x(x...

BY ≡ (λabc.a(bc)) Y BYS ≡ (λabc.a(bc)) YS 

λbc.Y(bc) 

λbc. (bc)ω ≡ λcz. (cz)ω 

ω

λc.Y(Sc) 

λc. Sc(Y(Sc)) 

λcz. cz(Y(Sc)z) 
λcz. cz(cz(Y(Sc)z)) ω

=∞

≠β



BYSI BYI 

BY BYS≠β ?

≠β !

BYI ≡ (λabc.a(bc)) YI 

λc.Y(Ic)

λc.Yc  

Y  

Curry’s fpc

BYSI ≡ (λabc.a(bc))YSI 

Y(SI)

Turing’s fpc

A simple proof
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infinitary lambda calculus represents an 
oracle directly

[M,N] = λz.zMN

[M0: M1: M2:...] = [M0, [M1, [M2,...

z

λz

@

@

M1

λz

@

z

@

M0

λz

@

For f: N → N, Sf 
is f(0):f(1):f(2): ...

g: N → N is recursive in f ⇔
for some finite λ-term T

T Sf   →ω  Sg

oracle
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infinitary lambda calculus theories

QUESTION:
Are there versions of Pω 
for LLT and BeT  semantics?

Th(Pω) = Th(λ∞βΩΒΤ) = B

Th(λ∞βΩLLT)

Th(λ∞βΩBeT)

Th(λβ)

Th(λ∞β)

Th(λβΩBeT)

Th(λβΩBT) = H

Th(λβΩLLT)



infinitary lambda calculus with dxx -> x

BT

BT

CA

Cε(CA))

ε(δ(CA)(CA))
ε(CA)

δ

ε

δ

ε

ε

δ

ε

ε

δ

ε

δ

β

figure by joerg

explaining non-confluence 
for finite λ-terms

by looking at 
their infinite 
normal forms, 
the Böhm Trees


