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Abstract

In this thesis three pencil-and-paper puzzles are explained and analysed: Su-
doku, Akari and Arukone. For each puzzle we present encodings in propositional
logic, in pseudo-boolean logic and in SMT. Experimental results for the different
encodings and for different solvers are reported. Further we focus on the com-
plexity of these puzzles. The existing NP-completeness proofs for Sudoku and
Akari are reviewed and for Arukone, which was not proved to be NP-complete
before, a proof is presented.
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1 Introduction

Ever since the broader emergence of Sudoku, paper-and-pencil puzzles enjoy
great popularity. Together with this growth in popularity, people started to
design individual solvers for almost every puzzle. The idea of such solvers is
normally to implement the solving strategies which are applied by humans. A
rather different approach to find solutions to puzzles is to encode puzzles in
logic and then to use a generic satisfiability solver to compute a solution. The
big advantage of this method is that only one solver has to be implemented
and increasing the performance of this single solver results in a performance
increase for all puzzles. As a price this solver is not able to implement any
solving strategies which are specific for a single puzzle but has to be capable of
handling very heterogeneous problems. In fact this shortcoming can be partly
compensated by a wise construction of the encodings.

In this thesis this approach is applied to three different Japanese puzzles.
For each puzzle we consider three different kinds of logic: propositional logic,
pseudo-boolean (PB) logic and SMT. Propositional logic provides a very re-
stricted language and therefore the resulting formulas are often large and hard
to read. Nevertheless the field of SAT solving has experienced a lot of research
during the past decades and therefore modern SAT solvers achieve outstanding
results. Pseudo-boolean logic is particularly useful if it is necessary to charac-
terise arithmetic connections. Often it allows a more concise representation of
problems than propositional logic. But as Chapter 4 shows there exist classes
of problems where the language of PB is not suitable at all, e.g. if there are
no arithmetic relations between variables or constraints appear mainly in the
shape of implications. Currently there are two approaches to testing a set of
PB constraints for satisfiability. The first is to transform the PB constraints to
propositional logic and then to use a SAT solver. This method is implemented
in Minisat+ [4]. The second is to try to apply the solving strategies which are
well-working for SAT solvers directly to PB constraints. The strategies imple-
mented in the PB solver Pueblo [21] are designed according to this principle.
The last language which is considered is SMT (satisfiability modulo theories).
More precisely SMT is not one specific language but a framework where differ-
ent logical theories can be used to encode problems. As there is more freedom
to chose a theory which goes with the properties of the original problem, SMT
often provides very convenient means to construct small formulas which are also
human-readable. As a drawback, our experiments showed that for all encoded
puzzles SMT performs dramatically worse than propositional logic and at best
is equally fast than PB logic.

In Chapter 2 we deal with the problem of converting propositional formulas
to CNF. Chapter 3 is entirely dedicated to Sudoku. We introduce and comment
different encodings, present experimental results and finally illustrate the NP-
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1 Introduction

completeness proof by Seta and Yato [27]. Chapter 4 treats the puzzle Akari
and similar to Chapter 3 we present encodings, experimental results and an NP-
completeness proof by McPhail [17]. Chapter 5 handles the puzzle Arukone.
To encode Sudoku and Akari it suffices completely to define a series of local
constraints. However encoding Arukone is more demanding as it requires to
find a way to represent connectivity of single cells in a grid. In this chapter we
present two different approaches for this problem. Further we present an NP-
completeness proof of Arukone. Finally Chapter 6 deals with the description
of a program which transforms instances of Sudoku, Akari and Arukone into
formulas according to the presented encodings. Subsequent to the generation
of a formula the program is able to run a solver on the generated formula and
to output a solution to the input puzzle or to declare it unsolvable.
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2 Preliminaries

Most SAT solvers expect the input to be in conjunctive normal form (CNF).
There exists a standard technique to transform propositional formulas into CNF
which relies on the repeated application of various propositional laws. A def-
inition of this approach is for example given in [10]. However this method is
problematic as it may cause an exponential blow-up of the initial formula. An
alternative method to derive a CNF is the application of Tseitin’s transforma-
tion [25]. The size of the resulting CNF depends linearly on the size of the
original formula but in turn requires the introduction of additional variables.
Moreover a formula and the CNF generated by Tseitin’s transformation are not
semantically equivalent but are equisatisfiable.

Definition 2.1. Two formulas φ and ψ are equisatisfiable if φ is satisfiable if
and only if ψ is satisfiable.

For a propositional formula φ Tseitin’s transformation defines an equisatisfi-
able formula T (φ) as follows:

Definition 2.2.

T (φ) = pφ ∧ ⋀
ψ ∈ NASub(φ)

ψ = ψ1 ∗ ψ2

(pψ ↔ pψ1 ∗ pψ2) ∧ ⋀
ψ ∈ NASub(φ)

ψ = ¬ψ1

(pψ ↔ ¬pψ1)

where NASub(φ) denotes the set of all non-atomic subformulas of φ and ∗ stands
for a binary connective. If ψ1 is an atom then pψ1 stands for ψ1 otherwise it is
a fresh variable. The same holds for pψ2 and for pφ.

The actual CNF for a formula φ is derived from T (φ) by applying the stan-
dard transformation to each equivalence. For each of these subformulas the
standard transformation yields at most four clauses [28].

In 1986 Greenbaum and Plaisted [19] presented a structure-preserving im-
provement of Tseitin’s transformation. If a formula is in negated normal form
(NNF), i.e., negations appear only next to atoms, it suffices to use an implica-
tion instead of an equivalence in the definition of T (φ). This approach yields
less clauses but it may not increase performance if the formula is not in NNF
already.

In the same year Blair et al. [9] proposed another refinement of Tseitin’s
transformation which allows to reduce the number of new variables. This is
achieved by introducing just one variable for disjunctions and conjunctions in-
dependent of the number of ∨ or ∧ connectives. In fact for a disjunction even no
new variable may be introduced but the disjunction itself is reused. Moreover
they apply the idea of Greenbaum and Plaisted to further reduce the resulting
CNF.
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2 Preliminaries

Most of the encodings which are presented in this thesis naturally yield a
formula in CNF or can be easily transformed to CNF by the application of the
standard transformation. The only formulas where a non-standard approach is
necessary appear in Chapter 5. Here the transformation according to Blair et
al. is applied.
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3 Sudoku

Sudoku is one of the most famous paper-and-pencil puzzles. Invented by
Howard Garns and first published in 1979 under the name Number Place it
achieved tremendous popularity after the Japanese company Nikoli [5] started
publishing it in 1984 [20]. Normally Sudoku puzzles which appear in newspapers
and books are in the form of a 9 × 9 grid and have a unique solution. Depend-
ing on the number of initial entries and the deduction rules which have to be
applied in order to solve a puzzle it is assigned a certain difficulty level. Often
these published Sudoku puzzles can be solved by applying only reasoning, i.e.,
guessing and backtracking is not necessary. Due to the popularity of Sudoku
a lot of different solution strategies have been developed and documented and
there exists already a large number of specialised Sudoku solvers implementing
these strategies.

In this chapter we introduce a formal definition of Sudoku generalised to
n2 × n2 grids on the basis of which we present encodings of Sudoku in three
different logical languages: propositional logic, pseudo-boolean constraints and
SMT. Further the different translations are compared and their weaknesses and
strengths are pointed out. The chapter is concluded with an NP-completeness
proof for Sudoku.

2 4

4 2

3

Figure 3.1: 4 × 4 Sudoku grid with unique solution.

3.1 Problem Definition

Sudoku is played on a grid consisting of n2 × n2 cells, an example grid is given
in Figure 3.1. The goal is to fill the cells of the grid with numbers such that
the following conditions are fulfilled:

� in each cell there is exactly one number,

� in each row each number from 1 to n2 appears exactly once,

� in each column each number from 1 to n2 appears exactly once,
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3 Sudoku

� the whole n2 × n2 grid can be divided into n2 subgrids of size n × n, in
each of these subgrids each number from 1 to n2 appears exactly once.

Some of the cells may contain predefined entries in order to make it easier to
find a solution or to define a unique solution. So as to make it possible to
subdivide a Sudoku grid in equally sized, quadratic subgrids as required by the
last condition the number of rows and columns has not only to be equal but to
be the power of a natural number.

3 2 4 1

1 4 3 2

4 1 2 3

2 3 1 4

Figure 3.2: Solution to the Sudoku grid of Figure 3.1.

In this and the following chapters we use the notation (i, j) where i denotes
the index of the row and j the index of the column to refer to a single cell of a
grid. The indices of rows and columns start in the left upper corner of the grid.

Example 3.1. Consider the Sudoku grid as given in Figure 3.1. Using the
predefined entries the number which belongs to cell (1,4) can be identified in the
following way: by the rule that in each row each number appears exactly once
we can exclude 2 and 4 from the set of possible entries, by the corresponding
rule for columns we know that 3 is also not possible in (1,4) and hence the
only valid choice for cell (1,4) is 1. Now it follows immediately that cell (4,4)
contains a 4 as this is the only number which is still missing in column 4.
Similarly we know that the only number which fits in cell (1,1) is 3 as it is
the last missing number in the first row. Using similar deduction steps the grid
can be completed. For this example grid the final solution which is shown in
Figure 3.2 can be computed without guessing.

Now that we have introduced the puzzle in an informal way and are familiar
with the rules by doing an example we are ready to give a formal definition of
Sudoku.

Definition 3.2. For n ∈ N with n ≥ 2 an n2 × n2 Sudoku grid is a function
S ∶ N ×N → N ∪ {w} with N = {x ∣ 1 ≤ x ≤ n2}. n is called dimension of the
Sudoku grid and w refers to a blank entry. A solution to a Sudoku grid S is a
function S′ ∶ N ×N → N such that

1. if S(i, j) ≠ w then S′(i, j) = S(i, j),

2. ∀m ∈ N , ∀i ∈ N , ∃j ∈ N : S′(i, j) =m,

3. ∀m ∈ N , ∀j ∈ N , ∃i ∈ N : S′(i, j) =m,

4. ∀m ∈ N , ∀ 0 ≤ i, j ≤ n − 1, ∃ 1 ≤ k, l ≤ n: S′(i ∗ n + k, j ∗ n + l) =m.
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3.2 Propositional Logic

3.2 Propositional Logic

In this section two different translations from Sudoku to a formula in propo-
sitional logic are presented. For any translation the first step is to fix a set
of variables and to determine their meaning. For each cell (i, j) in an n2 × n2

Sudoku grid and each number m from 1 to n2 a variable of the shape Ci,j,m is
introduced. If the value of the variable Ci,j,m is true then the number m is in
cell (i, j) otherwise it isn’t. In total this yields n2 ∗ n2 ∗ n2 variables which are
necessary to encode the Sudoku grid.

The second step is to translate each rule of the puzzle. The following proposi-
tional formulas suffice to express the conditions that have to hold for a solution
to an n2 × n2 Sudoku grid S:

� each cell contains at most one number:

⋀n
2

i=1⋀n
2

j=1⋀n
2−1
v=1 ⋀n

2

w=v+1(¬Ci,j,v ∨ ¬Ci,j,w),

� each number appears at least once in each row:

⋀n
2

i=1⋀n
2

v=1⋁n
2

j=1Ci,j,v,

� each number appears at least once in each column:

⋀n
2

j=1⋀n
2

v=1⋁n
2

i=1Ci,j,v,

� each number appears at least once in each n × n subgrid:

⋀n−1
i=0 ⋀n−1

j=0 ⋀n
2

v=1⋁nk=1⋁
n
l=1Ci∗n+k,j∗n+l,v,

� ∀i ∈ N , ∀j ∈ N with S(i, j) ≠ w add Ci,j,S(i,j) to the set of clauses.

This encoding is minimal in the sense that no clause can be omitted. If any
clause was left out than a solution to this formula probably wouldn’t correspond
to a valid solution of S. For each cell we need n2 ∗ 1

2(n
2 − 1) binary clauses

to guarantee that it contains at most one number and as there are n4 different
cells we get n4 ∗ n2 ∗ 1

2(n
2 − 1) binary clauses for the first statement. For each

of the remaining properties we need n4 clauses of arity n2 which makes 3 ∗ n4

clauses. The number of single literal clauses depends of course on the number
of initial entries in S but can not be more than n2.

Another minimal encoding can be constructed by using the same set of vari-
ables but the requirements of having exactly one number per cell and all num-
bers from 1 to n2 per row, column and subgrid is expressed by using an “at
least” clause for each cell and “at most” clauses for rows, columns and subgrids
– exactly the other way around as in the first minimal encoding:

� each number appears at least once in each cell:

⋀n
2

i=1⋀n
2

j=1⋁n
2

v=1Ci,j,v,

� each number appears at most once in each row:

⋀n
2

i=1⋀n
2

v=1⋀n
2−1
j=1 ⋀n

2

k=j+1(¬Ci,j,v ∨ ¬Ci,k,v),
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3 Sudoku

� each number appears at most once in each column:

⋀n
2

j=1⋀n
2

v=1⋀n
2−1
i=1 ⋀n

2

k=i+1(¬Ci,j,v ∨ ¬Ck,j,v),

� each number appears at most once in each n × n subgrid:

⋀n−1
i=0 ⋀n−1

j=0 ⋀n
2

v=1⋀nk=1⋀
n−1
l=1 ⋀

n
m=l+1(¬Ci∗n+k,j∗n+l,v ∨ ¬Ci∗n+k,j∗n+m,v)

⋀n−1
i=0 ⋀n−1

j=0 ⋀n
2

v=1⋀n−1
k=1 ⋀

n
l=1⋀

n
m=k+1⋀

n
o=1(¬Ci∗n+k,j∗n+l,v ∨ ¬Ci∗n+m,j∗n+o,v),

� ∀i ∈ N , ∀j ∈ N with S(i, j) ≠ w add Ci,j,S(i,j) to the set of clauses.

This encoding produces more clauses than the first one, but as most of them are
binary this may be beneficial due to the fact that they could allow more unit
propagation than the first minimal encoding. For the condition that in every cell
there has to be at least one number n4 clauses of arity n2 are needed. The other
three properties are encoded using binary clauses. We have n4 ∗ n2 ∗ 1

2(n
2 − 1)

clauses for each property which in total yields 3 ∗n6 ∗ 1
2(n

2 − 1) binary clauses.
Finally an unknown number of unary clauses is added to the formula.

If we compare these two encodings in terms of computation time it turns out
that a SAT solver performs dramatically worse on the first encoding than on
the second. On the first sight this might seem strange as one would expect
the smaller formula, as produced by the first encoding, to be solved faster. The
weakness of this formula is that the capability of deriving new information from
existing information is rather low. A SAT solver does this inference of new in-
formation by applying unit propagation which is commonly implemented rather
efficient. Together with the fact that no guessing is involved in unit propagation
it allows the fast derivation of compulsory information. The following example
points out the shortcomings of both encodings regarding unit propagation.

Example 3.3. Consider the 4 × 4 Sudoku grid from Figure 3.1. The first
implication we observed in Example 3.1 is that the only valid choice for cell
(1,4) is 1. At best we expect that an encoding is able to make such easy
implications as well. In our encodings the placement of number 1 in cell (1,4)
is represented by the fact that the variable C1,4,1 is true. In both encodings
C1,4,1 is not a unary clause hence we want to derive it using unit propagation.

Concerning the first encoding there are three clauses were C1,4,1 appears
positively and therefore could be assigned to true by unit propagation:

� C1,1,1 ∨C1,2,1 ∨C1,3,1 ∨C1,4,1 (1 appears at least once in row 1),

� C1,4,1 ∨C2,4,1 ∨C3,4,1 ∨C4,4,1 (1 appears at least once in column 4),

� C1,3,1 ∨C1,4,1 ∨C2,3,1 ∨C2,4,1 (1 appears at least once in the subgrid
starting at cell (1,3)).

If we consider the first clause we need to have that C1,1,1, C1,2,1 and C1,3,1 are
false in order to derive that C1,4,1 has to be true. ¬C1,2,1 and ¬C1,3,1 are found
by unit propagation on the two binary clauses

� ¬C1,2,1 ∨ ¬C1,2,2 (C1,2,2 is true as 2 is in (1,2)),

8



3.3 Pseudo-Boolean Logic

� ¬C1,3,1 ∨ ¬C1,3,4 (C1,3,4 is true as 4 is in (1,3)).

Anyway it is not possible to derive that C1,1,1 is also false. Likewise the other
two 4-ary clauses containing C1,4,1 are not appropriate to derive this easy in-
formation which can be found by a human immediately.

Using the second encoding unit propagation is able to show that C1,4,1 has
to be true. There is only one clause which allows to imply C1,4,1, namely
C1,4,1 ∨C1,4,2 ∨C1,4,3 ∨C1,4,4. That all variables except the desired one are false
is implied by the following binary clauses:

� ¬C1,4,2 ∨ ¬C1,2,2 (2 at most once in row 1),

� ¬C1,4,3 ∨ ¬C3,4,3 (3 at most once in column 4),

� ¬C1,4,4 ∨ ¬C1,3,4 (4 at most once in column 1).

To illustrate a drawback of the second encoding we consider the Sudoku grid
given in Figure 3.3. The immediate implication in this grid is that in cell (3,2)
there has to be a 4. If we want to derive this implication by unit propagation
there is only one clause which could possibly be useful to get C3,2,4 which is
C3,2,1 ∨C3,2,2 ∨C3,2,3 ∨C3,2,4. But as there is no 2 and no 3 in column 2 or row
3 we can not make any implication using this clause. A clause that demands
that there is at least one 4 in column 2 as generated by the first encoding would
help.

4 1

4

4

Figure 3.3: 4 × 4 Sudoku grid.

The latter example shows that it could be advantageous to put both encodings
together to one extended Sudoku encoding with clauses which are redundant
but allow more implications. This approach is also recommended in [16] and
supported by the experimental results given in Section 3.5.

As a final remark note that a SAT solver typically takes its input in conjunc-
tive normal form. Fortunately the presented encodings already create formulas
in CNF and therefore no further transformation effort is necessary.

3.3 Pseudo-Boolean Logic

For the PB encoding we may use the same number of variables with the same
meaning as in the propositional encoding. Hence we have again n6 variables
of the form Ci,j,m for an n2 × n2 Sudoku grid. In comparison to propositional
logic, PB constraints allow a very compact representation of the properties of
a correctly filled out Sudoku puzzle:

9



3 Sudoku

� each number appears exactly once in each cell:

∀i ∈ N , ∀j ∈ N : ∑n
2

m=1Ci,j,m = 1,

� each number appears exactly once in each row:

∀i ∈ N , ∀m ∈ N : ∑n
2

j=1Ci,j,m = 1,

� each number appears exactly once in each column:

∀j ∈ N , ∀m ∈ N : ∑n
2

i=1Ci,j,m = 1,

� each number appears exactly once in each n × n subgrid:

∀ 0 ≤ i, j ≤ n − 1, ∀m ∈ N : ∑nk=1∑
n
l=1Ci∗n+k,j∗n+l,m = 1,

� ∀j ∈ N , ∀m ∈ N with S(i, j) ≠ w: Ci,j,S(i,j) = 1.

The encoding of a Sudoku puzzle of dimension n needs 4∗n4 PB constraints to
represent the rules and a changing number of constraints to store the predefined
entries.

It has to be mentioned that a strict definition of PB constraints does not
comprise equalities as generated by the latter encoding but allows only inequal-
ities. Nevertheless equalities are often considered PB constraints for reasons of
convenience. In our Sudoku encoding the additional use of equalities instead
of using only inequalities allows the expression of the “exactly one number”
property in a very concise way, i.e, it is not necessary to split all rules into
an “at most” and an “at least” part as it has to be done for the propositional
encoding. Moreover this encoding approach is reasonable as both PB solvers
which were used in the experiments accept equalities as input.

3.4 SMT

To define an SMT encoding we first have to decide upon an appropriate the-
ory. For Sudoku it seemed suitable to use the theory of linear arithmetic or a
subset of linear arithmetic. The SMT solver Yices [6] which was used in our
experiments decides the theory modulo which satisfiability is computed on its
own if the input is specified in the Yices input format. If the input formula is
in SMT-LIB format [3] a theory has to be explicitly specified. The main differ-
ence in comparison to PB constraints is that in the theory of linear arithmetic
variables may range over natural or rational numbers whereas in PB variables
are boolean. Moreover we are not only allowed to use linear equalities and
inequalities but also to combine them with boolean connectives like ∧ and ∨. It
is easy to see that PB constraints are a subset of all valid expressions which can
be formed with the theory of linear arithmetic. The immediate consequence is
that the PB encoding presented in the former section is also an SMT encoding
of Sudoku. But as linear arithmetic allows integer variables an SMT encoding
with less variables can be constructed. The set of variables for an n2 × n2 Su-
doku grid consists of n4 variables of the form Ci,j . In the encoding the value
of a variable Ci,j is restricted to a value in-between 1 and n2. Given a solution

10



3.4 SMT

of an SMT formula which is the encoding of a Sudoku puzzle the value of Ci,j
indicates the number which is located in cell (i, j) in the completed puzzle.

A minimal encoding for an n2×n2 Sudoku grid is constructed in the following
way:

� each number appears at most once in each row:

∀i ∈ N , ∀ 1 ≤ j ≤ n2 − 1, ∀ j + 1 ≤ k ≤ n2: Ci,j ≠ Ci,k,

� each number appears at most once in each column:

∀j ∈ N , ∀ 1 ≤ i ≤ n2 − 1, ∀ i + 1 ≤ k ≤ n2: Ci,j ≠ Ck,j ,

� each number appears at most once in each n × n subgrid:

∀ 0 ≤ i, j ≤ n − 1, ∀ 1 ≤ k ≤ n, ∀ 1 ≤ l <m ≤ n: Ci∗n+k,j∗n+l ≠ Ci∗n+k,j∗n+m,

∀ 0 ≤ i, j ≤ n−1, ∀ 1 ≤ k <m ≤ n, ∀ 1 ≤ l, o ≤ n: Ci∗n+k,j∗n+l ≠ Ci∗n+m,j∗n+o,

� ∀i ∈ N , ∀j ∈ N with S(i, j) ≠ w: Ci,j = S(i, j).

It remains to guarantee that the value of each variable must not be larger than
n2 and not less than 1. In the language of the SMT solver Yices this can
be achieved by defining a subtype of the natural numbers and assigning this
subtype to each variable. For example for a 4 × 4 Sudoku grid this looks as
follows:

(define-type num (subtype (n::int) (and (>= n 1) (<= n 4))))
(define C11::num)
(define C12::num)

⋮

(define C44::num)

Interestingly the experiments showed that Yices performs better if the range of
the variables is not only restricted by the definition of the corresponding type
but by an explicit declaration in the form of constraints:

� ∀i ∈ N , ∀j ∈ N : ⋁n
2

m=1Ci,j =m.

Similar to the minimal propositional encodings this SMT encoding yields
rather bad results. If it is used to transform a Sudoku grid of dimension 6
with a usual number of predefined entries Yices is not able to find a solution
in reasonable time. Again the results are improved if redundant constraints
are added in order to have additional information. Using the very same idea
as in the propositional encoding we get the redundant constraints to express
the “exactly one” requirement by adding the missing “at least” and “at most”
constraints to the encoding. The property that there is exactly one number in
each cell is guaranteed by the fact that for each cell there is only one variable
and that a variable has exactly one value:

11
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� each number appears at least once in each row:

∀m ∈ N , ∀i ∈ N : ⋁n
2

j=1Ci,j =m,

� each number appears at least once in each column:

∀m ∈ N , ∀j ∈ N : ⋁n
2

i=1Ci,j =m,

� each number appears at least once in each n × n subgrid:

∀m ∈ N , ∀ 0 ≤ i, j ≤ n − 1: ⋁nk=1⋁
n
l=1Ci∗n+k,j∗n+l =m.

The minimal encoding yields 3 ∗ n4 ∗ 1
2(n

2 − 1) constraints. If the definition of
the range is given as constraints then additional n4 constraints are necessary.
Finally the extension adds another 3 ∗ n4 redundant constraints.

3.5 Experimental Results

The Sudoku grids corresponding to the test results shown in Tables 3.1, 3.2
and 3.3 were randomly generated and have all a unique solution. For each
gridsize – from 9 × 9 up to 36 × 36 – 10 puzzles were tested and the results
are give in terms of the arithmetic mean. In Table 3.1 the computation results

Grid size Minimal I Minimal II Minimal I+II
Decisions 44829.10 27.80 2.90
Conflicts 9 × 9 23850.70 12.50 0.70
CPU time 0.56 s 0.01 s 0.01 s
Decisions ∼ 3 m 565.00 54.90
Conflicts 16 × 16 ∼ 4 m 271.60 23.40
CPU time 1826.02 s 0.08 s 0.07 s
Decisions 77072.60 337.20
Conflicts 25 × 25 >1 h 41845.90 97.90
CPU time 22.69 s 0.34 s
Decisions 405.40
Conflicts 36 × 36 >1 h >1 h 121.50
CPU time 1.37 s

Table 3.1: Performance of Minisat2 on Sudoku grids with unique solution using
different SAT encodings.

for the 3 different propositional encodings are given. To test for satisfiability
the SAT solver Minisat2 [4] was used. As pointed out in Section 3.2 the
minimal encodings on their own are less powerful in comparison to a formula
consisting of both encodings together. If we consider the results for the Sudoku
grids of dimension 3 in Table 3.1 then there is no big difference between the
single encodings in terms of computation time. But concerning the number of
conflicts and decisions the differences are already outstanding. A small number
of conflicts is preferable as the cause of each conflict was a wrong guess and as
consequence backtracking is necessary which makes the whole process slow as

12
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it corresponds to branching in the decision tree. Especially the first minimal
encoding which is also the shortest concerning the number of clauses produces
a large number of conflicts and flops even at rather small grids of dimension
4 where the other two encodings yield satisfactory results. If we consider the
larger Sudoku grids of dimension 6 then the correlation between number of
conflicts and CPU time becomes even more clear. Using only the minimal
encodings after one hour Minisat2 still had not found any result whereas a
solution to the combination of both encodings could be found within seconds.
Of course not only the number of conflicts but also the number of variables
which appear in a formula have a big impact on the computation time.

Grid size Minisat+ Pueblo

Decisions 3.50 –
Conflicts 9 × 9 0.90 –
CPU time 0.01 s 0.02 s
Decisions 15.70 –
Conflicts 16 × 16 5.60 –
CPU time 0.05 s 0.15 s
Decisions 399.30 –
Conflicts 25 × 25 143.20 –
CPU time 0.23 s 0.76 s
Decisions 484.30 –
Conflicts 36 × 36 111.90 –
CPU time 0.54 s 3.34 s

Table 3.2: Performance of Minisat+ and Pueblo on Sudoku grids with unique
solution using the PB encoding.

Table 3.2 shows the computation results for the two PB solvers Minisat+ and
Pueblo. Unfortunately it was not possible to get the number of conflicts and
decisions Pueblo needs in the solving process. Even on the larger benchmarks
both solvers are rather fast although Minisat+ performs a bit better throughout
all sizes of input files. The working principle of Minisat+ is to translate the
PB constraints into CNF and then to take a version of the SAT solver Minisat
as back end to find a solution to the translated set of PB constraints. All
the more surprising that despite of the translation Minisat+ is faster than
Minisat2. The reason could be that Minisat+ already optimises the resulting
propositional formula during the transformation process. Nevertheless for the
tested instances the differences between the performance of the two PB solvers
and the SAT solver are rather small.

Table 3.3 illustrates the experimental results for the SMT solver Yices using
the SMT encoding on one and the PB encoding on the other hand. The exper-
iments show that it is not suitable to use the PB encoding on the SMT solver,
it performs equally bad than the first propositional encoding. In comparison
to the results of the PB and SAT solvers also the SMT encoding together with
Yices performs worse than any other combination of solver and encoding.
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Grid size PB encoding SMT encoding
CPU time 9 × 9 0.45 s 0.16 s
CPU time 16 × 16 112.92 s 0.84 s
CPU time 25 × 25 > 1 h 15.82 s
CPU time 36 × 36 > 1 h 45.69 s

Table 3.3: Performance of Yices on Sudoku grids with unique solution using
the SMT and the PB encoding.

Finally the performance of each solver on an empty Sudoku grid was tested.
The idea is to evaluate how the solvers perform if there is no initial informa-
tion to start from and to which unit propagation may be applied. For the
experiments the combination of both minimal Sudoku encodings was taken as
propositional encoding. The results which are given in Table 3.4 show that
Minisat2 clearly outperforms the other solvers. Only Minisat2 is powerful
enough to solve puzzles of dimension 6 where a larger amount of guessing is
necessary within seconds. Pueblo already needs more than one minute and
Minisat+ and Yices couldn’t find a solution for at least one hour. Surprisingly
Minisat+ which uses Minisat as back end – and which needs only a few seconds
on this problem – is very slow, also in comparison to Pueblo.

Grid size Minisat2 Minisat+ Pueblo Yices

CPU time 9 × 9 0.02 s 0.04 s 0.02 s 10.51 s
CPU time 16 × 16 0.08 s 0.30 s 0.23 s 1659.50 s
CPU time 25 × 25 0.59 s 1.57 s 2.67 s > 1 h
CPU time 36 × 36 5.66 s > 1 h 104.09 s > 1 h

Table 3.4: Performance of the single solvers on empty Sudoku grids.

3.6 NP-Completeness

The task of finding a solution to an n2 × n2 Sudoku grid is NP-complete. This
was first proven in 2003 by Seta and Yato [27]. On the contrary the smaller
class of Sudoku puzzles which have a unique solution and which can be solved
only by reasoning is decidable in polynomial time [16]. In this section we
give a short review of the NP-completeness proof. The main idea is to give a
polynomial-time reduction from the Latin square problem which was proven to
be NP-complete by Colbourn et al. in 1984 [11]. For a general introduction to
the theory of NP-completeness see for example [18].

Definition 3.4. For m ∈ N with m ≥ 2 a partial Latin square of dimension m is
a function L ∶M ×M →M ∪ {w} where M = {x ∣ 1 ≤ x ≤m}. A complete Latin
square for a partial Latin square L is a function L′ ∶M ×M →M such that
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1. if L(i, j) ≠ w then L′(i, j) = L(i, j),

2. ∀n ∈M , ∀i ∈M , ∃j ∈M : L′(i, j) = n,

3. ∀n ∈M , ∀j ∈M , ∃i ∈M : L′(i, j) = n.

Observe that the definition of a complete Latin square is almost the same as
the definition of the solution of a Sudoku grid. The main difference is that in a
complete Latin square there are no requirements for subgrids. As a consequence
it is not necessary to demand that the square root of the dimension m of a Latin
square is a natural number as it has to be in a Sudoku grid.

Theorem 3.5. The problem of finding a valid solution for an n2 × n2 Sudoku
grid is NP-complete.

Proof. Membership To test if a completed grid S′ meets all requirements in
order to be a valid solution of the Sudoku grid S the following procedure
can be used:

1. Check if the number of rows and columns in S and S′ is equal.
2. For every cell (i, j) of S′ verify that 1 ≤ S′(i, j) ≤ n2 and that S(i, j) =
S′(i, j) if S(i, j) ∈ N.

3. For every row, column and n × n subgrid in S′ compare every two
numbers to guarantee that they are distinct.

The first and the second step require each at most one iteration through
the grid. In the third step, for each row, each column and each subgrid
n2 ∗ 1

2(n
2−1) comparisons are necessary. Hence a solution can be verified

in polynomial time.

2

2
Ô⇒

1 4 3

3 1 4

2 3 4 1

4 1 2 3

Figure 3.4: A partial Latin square and the Sudoku grid it is reduced to.

Hardness Given a partial Latin square L of dimension m it can be mapped to
a Sudoku grid SL of dimension m as follows:

SL(i, j) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

L(i, jm) ∗m if (i, j) ∈ B,L(i, jm) ≠ w
w if (i, j) ∈ B,L(i, jm) = w
(((i − 1) mod m) ∗m + ⌊ i−1

m ⌋ + j) mod m2 otherwise

where B = {(i, j) ∣ 1 ≤ i ≤m and j mod m = 0}.
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The set B contains respectively all cells of the last column of all m ×
m subgrids in the first row of the Sudoku grid. Figure 3.4 illustrates
the relation between the Latin square and the constructed Sudoku grid.
This reduction is clearly computable in polynomial time and as the Latin
square problem is NP-complete, it remains only to show that there exists
a complete Latin square for L if and only if there exists a solution for SL.

First we proof that all cells which are in the first m rows of SL and which
are not in B must not contain a number which is divisible by m without
rest. Further we show that all cells which are in the same column as cells
in B but are not element of B do not contain which are numbers divisible
by m.

Lemma 3.6. Given a partial Latin square L then for each (i, j) ∈ N ×N
with N = {1, . . . ,m2} it holds that

1. if 1 ≤ i ≤m and j mod m ≠ 0 then SL(i, j) mod m ≠ 0,
2. if m < i ≤m2 and j mod m = 0 then SL(i, j) mod m ≠ 0.

Proof. 1. By definition SL(i, j) = (((i− 1) mod m) ∗m+ ⌊ i−1
m ⌋ + j) mod

m2. By the fact that 1 ≤ i ≤ m we have that ⌊ i−1
m ⌋ = 0 and therefore

SL(i, j) = (((i − 1) mod m) ∗m + j) mod m2. If we abbreviate ((i −
1) mod m) ∗m with v ∗m and write m ∗m for m2 then SL(i, j) =
(v−w∗m)∗m+j for some w ∈ {0,1}. As ((v−w∗m)∗m) mod m = 0
and j mod m ≠ 0 we have that SL(i, j) mod m ≠ 0.

2. By definition SL(i, j) = (((i−1) mod m)∗m+⌊ i−1
m ⌋+ j) mod m2. As

j mod m = 0 we can write j in the form of u∗m and by abbreviating
(i − 1) mod m with v we get SL(i, j) = ((v + u) ∗m + ⌊ i−1

m ⌋) mod m2.
This can be further rewritten to SL(i, j) = (v +u−w ∗m) ∗m+ ⌊ i−1

m ⌋
for some w. As m < i ≤m2 we have that 1 ≤ ⌊ i−1

m ⌋ <m and therefore
⌊ i−1
m ⌋ mod m ≠ 0. Now it is immediate that SL(i, j) mod m ≠ 0.

From this lemma it follows immediately that in a solution S′L of SL all
cells in B contain numbers which are divided by m without rest.

(⇐) Let SL be the Sudoku grid corresponding to a partial Latin square
L with dimension m and with solution S′L. We construct a completion L′

by taking the first m elements of each column j of S′L with j mod m = 0
divided by m as column j

m of L′. These elements of S′L are all in B and
therefore are divided by m without rest. As already mentioned this fact
follows from Lemma 3.6. To show that L′ is really a completion of L we
assume that in one row of L′ a number appears twice. Then it follows
immediately that S′L is not a valid Sudoku solution to SL as the rows of
L′ are part of the rows of S′ which must not contain any symbol twice.
The same argument can be used to deduce that all columns in L′ only
contain distinct symbols. Finally we have to verify that L′(i, j) = L(i, j)
if L(i, j) ≠ w. This holds by definition.
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(⇒) Let L be a partial Latin square with completion L′ and SL the
Sudoku grid constructed from L. A solution S′L to SL is given by the
following function

S′L(i, j) =
⎧⎪⎪⎨⎪⎪⎩

SL(i, j) if SL(i, j) ≠ w
L′(i, jm) ∗m otherwise

Next we have to prove that S′L is a valid Sudoku solution for SL.

� Every number in SL is at the same position as in S′L by definition.
� Clearly in every cell of S′L there is a number in-between 1 and m2.
� By contradiction we show that in every row each number appears at

most once. Therefore we assume that there exist a row i and two
columns j, j′ with j ≠ j′ such that S′L(i, j) = S′L(i, j′).

1. (i, j), (i, j′) ∉ B: from SL(i, j) = SL(i, j′) it follows by definition
that

(((i − 1) mod m) ∗m + ⌊ i−1
m ⌋ + j) mod m2 =

(((i − 1) mod m) ∗m + ⌊ i−1
m ⌋ + j′) mod m2.

This equation can be simplified to j mod m2 = j′ mod m2. But
as j ≠ j′ and 1 ≤ j, j′ ≤m2 this yields a contradiction.

2. (i, j), (i, j′) ∈ B: then L′(i, jm) ∗ m = L′(i, j
′

m) ∗ m and hence
L′(i, jm) = L′(i, j

′

m) which is contradicting the fact that L′ is a
complete Latin square.

3. (i, j) ∈ B, (i, j′) ∉ B: S′L(i, j) = L′(i,
j
m)∗m and hence S′L(i, j) mod

m = 0. By Lemma 3.6 we have that S′L(i, j′) mod m ≠ 0. If fol-
lows that SL(i, j) ≠ S′L(i, j′) which yields a contradiction.

4. (i, j′) ∈ B, (i, j) ∉ B: same proof as in c).
� To prove that in every column and every m×m subgrid every number

is unique a similar argumentation can be used.
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4 Akari

In comparison to Sudoku, Akari, also known as Light Up, is a relatively new
puzzle – it was developed in 2001 by the Japanese publisher Nikoli. Nevertheless
there are several online tutorials and games and Nikoli has already published
two books with Akari puzzles. Deciding if a given Akari puzzle has a solution
is NP-complete. This was proven in 2005 by Brandon McPhail [17]. At the end
of this chapter the main steps of the proof are illustrated.

The first part of this chapter is dedicated to different encodings of Akari,
a propositional and a pseudo-boolean encoding are discussed. For Akari no
separate SMT encoding is introduced but in the experiments the PB encoding
is taken as input for the SMT solver Yices. A detailed explanation of the
reasons can be found in Section 4.4. Further we give experimental results on
the presented encodings and different solvers.

4.1 Problem Definition

Like most other logic puzzles by Nikoli, Akari is played on a rectangular grid.
Grid cells are either black or white and in addition some of the black cells may
contain a number between 1 and 4. Figure 4.1 shows an example of an initial
Akari grid. During the game light bulbs are placed in white cells. If a light bulb

2 3

3

4

0 2

Figure 4.1: Akari grid of size 8 × 8.

is situated in a cell it illuminates all white cells in the same row and the same
column until the beam reaches the border or a black cell. An Akari puzzle is
solved correctly if all light bulbs are positioned in such a way that the following
conditions are fulfilled:
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� no two light bulbs shine on each other,

� every cell is illuminated,

� for every black cell containing a number n there are exactly n light bulbs
in the four adjacent cells.

Example 4.1. In this example we solve the Akari puzzle given in Figure 4.1
to point out the basic solving strategies:

� In the first step we mark every cell which is adjacent to a black cell labelled
with 0. A mark in a cell indicates that there must not be a light in this
cell. In our example there is only one cell labelled with 0 namely cell (8,1)
and hence we mark the cells (7,1) and (8,2) which are direct neighbours
of (8,1).

� Next we search every cell labelled with a number n and check if it has ex-
actly n adjacent white cells. If so, there is only one possibility to position
the according light bulbs, i.e., to place a bulb in every adjacent white cell.
In our example cell (6,7) is labelled with 4 and therefore it is immediately
possible to place four lights around cell (6,7). The second cell to which
this strategy is applicable is (4,1). This cell is labelled with 3 and as it
is next to the left border it only has 3 adjacent cells where lights can be
put. After the application of the first two steps we get the partly solved
Akari puzzle shown in Figure 4.2(a).

2 3

3

4

0 2

(a)

2 3

3

4

0 2

(b)

Figure 4.2: Partial solutions of the Akari grid given in Figure 4.1.

� In a next step we search if the light bulbs we have already placed allow
to deduce new information. And indeed cell (2,6) which is labelled with
a 3 allows us to place all of the three light bulbs. Imagine we put a light
bulb in cell (3,6) which is already illuminated then one light would be hit
by the beam of the other and hence there must not be a light in this cell.
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� Further for the three cells (7,2), (8,3) and (8,5) there is only one pos-
sibility to illuminate these cells namely by putting a light bulb directly
inside theses cells. As (8,3) and (8,5) are both adjacent to cell (8,4)
which is labelled with 2, we know that there must not be more light bulbs
adjacent to (8,4) and hence we mark cell (7,4). Now it follows that cell
(7,4) can only be illuminated if there is a light bulb in cell (3,4). After
applying these steps we see that there has to be also a light in cell (4,8)
as there is no other chance to illuminate this cell. The resulting Akari
grid is shown in Figure 4.2(b).

� Finally there are only five cells in the upper left corner left which are not
lit up by now. The two cells (1,4) and (2,3) surely must not contain a
light bulb as they are adjacent to a cell labelled with 2 which has already
two lights in its neighbourhood. Hence there are only three cells left
where we may put a light bulb. If there was a light in (1,2) then cell
(2,3) couldn’t be illuminated any more. Hence we mark (1,2) too and
now the only possibility which is left to light up all these five cells is to
place a light bulb in each of the two last unmarked cells (1,3) and (2,2).
The definite solution is shown in Figure 4.3.

2 3

3

4

0 2

Figure 4.3: Final solution of the Akari grid shown in Figure 4.1.

As usual we also need to introduce a more formal definition of Akari in order
to have the means to formulate the different encodings in a concise way. Again
a playing field is defined as a function:

Definition 4.2. For m,n ∈ N+ an m × n Akari grid is a function

A ∶ {1, . . . ,m} × {1, . . . , n} → {w, b,0, . . .4}

where m stands for the number of rows, n for the number of columns, w denotes
white cells and b is used for black cells without a number.
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In the following sections the abbreviations M = {1, . . . ,m} and N = {1, . . . , n}
are used to ease readability. In order to express all requirements for a correctly
solved Akari puzzle the following preliminary definitions are needed:

Definition 4.3. Given an m×n Akari grid A two cells (i, j), (k, l) ∈M ×N are
adjacent iff

∣i − k∣ + ∣j − l∣ = 1.

Two cells (i, j) and (k, l) are diagonally adjacent iff

∣i − k∣ = ∣j − l∣ = 1.

For each cell (i, j) ∈M ×N the 4-neighbourhood N4(i, j) contains all cells (k, l)
with A(k, l) = w that are adjacent to (i, j).

Definition 4.4. Given an m×n Akari grid A we describe the rows and columns
of A as functions R and C:

� R ∶M → P(M ×N), R(i) = {(i, j) ∣ j ∈ N}

� C ∶ N → P(M ×N), C(j) = {(i, j) ∣ i ∈M}

A row or column may be split by black cells into “subrows” and “subcolumns”.
For each cell (i, j) the subrow SR(i, j) and the subcolumn SC(i, j) it belongs
to are defined as follows:

� SR ∶M ×N → P(M ×N),

SR(i, j) =
⎧⎪⎪⎨⎪⎪⎩

SR′(i, j) if A(i, j) = w
� otherwise

with (i, j) ∈ SR′(i, j) and ∀(k, l) ∈ R(i) we have (k, l) ∈ SR′(i, j) iff

1. A(k, l) = w
2. ∀(u, v) ∈ R(i) with j < v < l or l < v < j: A(u, v) = w

� SC ∶M ×N → P(M ×N),

SC(i, j) =
⎧⎪⎪⎨⎪⎪⎩

SC′(i, j) if A(i, j) = w
� otherwise

with (i, j) ∈ SC′(i, j) and ∀(k, l) ∈ C(j) we have (k, l) ∈ SC′(i, j) iff

1. A(k, l) = w
2. ∀(u, v) ∈ C(j) with i < u < k or k < u < i: A(u, v) = w

All subrows can be merged to one set SR containing all distinct subrows, like-
wise a set SC with all subcolumns is constructed:

� SR = {SR(i, j) ∣ (i, j) ∈M ×N}

� SC = {SC(i, j) ∣ (i, j) ∈M ×N}
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Definition 4.5. A solution to an m × n Akari grid A is a function

A′ ∶ {1, . . . ,m} × {1, . . . , n} → {w, b, l,0, . . .4}

where l stands for light and the following conditions ∀(i, j) ∈M×N are fulfilled:

1. if A(i, j) = w then A′(i, j) = w or A′(i, j) = l, otherwise A′(i, j) = A(i, j),

2. if A′(i, j) = l then ∀(i′, j′) ∈ SR(i, j)∪SC(i, j) with (i, j) ≠ (i′, j′) it holds
that A′(i′, j′) ≠ l,

3. if A(i, j) = w then ∃(i′, j′) ∈ SR(i, j) ∪ SC(i, j) such that A′(i′, j′) = l,

4. if A(i, j) ∈ {0, . . . ,4} then there are exactly A(i, j) cells (i′, j′) ∈ N4(i, j)
with A′(i′, j′) = l.

4.2 Propositional Logic

The set of variables which is necessary for the propositional encoding presented
in this section is rather small. In order to find a solution for a given Akari puzzle
we have to decide for every cell if a light bulb is positioned inside that specific
cell or not. To model this fact a single variable L(i, j) for a cell (i, j) suffices.
The meaning of such a variable L(i, j) is that a light bulb is in cell (i, j) if and
only if L(i, j) is true. As lights may only be placed in white cells variables are
only introduced for those cells. All other cells represent static information and
therefore no variables are needed. The total number of variables clearly does
not exceed m ∗ n, for a typical m × n Akari grid it is about 80% of m ∗ n. As
the number of non-white cells is not fixed and depends on the difficulty of the
actual puzzle it is not possible to state the exact number of variables in general.

Sticking to Definition 4.5 the construction of a propositional encoding isn’t
too difficult. The first property stated in the definition is guaranteed by the
choice of variables. The second and the third condition are encoded in the
following way:

� The fact that no two lights bulbs shine on each other can be split into
two subparts. First, in each subrow there is at most one light bulb and
second, in each subcolumn there is at most one light bulb:

⋀sr∈SR⋀(i,j)∈sr⋀(i′,j′)∈sr,(i,j)≠(i′,j′)(¬L(i, j) ∨ ¬L(i′, j′))

⋀sc∈SC ⋀(i,j)∈sc⋀(i′,j′)∈sc,(i,j)≠(i′,j′)(¬L(i, j) ∨ ¬L(i′, j′))

� To guarantee that a white cell is lit up there has to be at least one light
bulb in the corresponding subrow or subcolumn:

⋀(i,j)∈M×N,A(i,j)=w⋁(i′,j′)∈SR(i,j)∪SC(i,j)L(i′, j′)

The encoding of the last property of a correctly solved Akari grid takes a bit
more thinking. Recall, that this characteristic requires the counting of lights in
the neighbourhood of a cell. Mainly there are two approaches to realise addi-
tion in propositional logic. On the one hand we may use a network of adders to
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sum up the values of propositional variables. On the other hand a formula can
be generated by enumerating all possible combinations of variables that corre-
spond to the correct outcome of the addition. It happens frequently that this
approach is unfeasible due to the rapid growth of the resulting formula. Using
adder networks in turn creates more compact formulas but requires the use of
additional variables to keep track of intermediate sums and carries. Further-
more the conversion to CNF of a formula corresponding to a full adder by the
application of the standard transformation again increases the final formula. As
explained in Chapter 2 the resulting CNF can be kept small by applying a kind
of Tseitin’s transformation which is linear in the length of the initial formula
but introduces additional variables.

Considering Akari puzzles counting is applied only in a very limited way. The
result of the addition must not be anything else than 1, 2 or 3 – to decide about
the adjacent cells of cells labelled with 0 and 4 no addition is required at all. The
corresponding lights may be placed immediately. Moreover not more than four
variables are added together, often it’s even less because of black cells or vicinity
to the border. Due to these reasons an encoding which establishes formulas by
enumerating possibilities instead of using adder networks is applicable. It yields
compact formulas, needs no additional variables and is closer to preserving the
reasoning steps of a human by allowing more unit propagation.

The following encodings assume that for the currently treated cell (i, j) all
four neighbours exist and are white. This is the most complex case to translate.
Simpler combinations are handled later on. The two cases for a cell labelled
with 0 or 4 are straight forward:

� if A(i, j) = 0 then ⋀(i′,j′)∈N4(i,j) ¬L(i
′, j′),

� if A(i, j) = 4 then ⋀(i′,j′)∈N4(i,j)L(i
′, j′).

The other cases have to be explained in more detail:

� Let A(i, j) = 1. This case amounts to the fact that at least one variable
in N4(i, j) has to be true as well as at most one variable has to be true.
Similar to the usage of “at least” and “at most” clauses in the proposi-
tional Sudoku encoding presented in Section 3.2 we get the formulas:

⋁(k,l)∈N4(i,j)L(k, l)

⋀(k,l)∈N4(i,j)⋀(k′,l′)∈N4(i,j),(k,l)≠(k′,l′)(¬L(k, l) ∨ ¬L(k
′, l′))

� Let A(i, j) = 2. The fact that two of the four neighbours have to be true
can’t be expressed as directly as before. The following formula states that
for every three variables in N4(i, j) it is not possible that all three are
true or all three are false at the same time:

⋀(k,l)∈N4(i,j)⋀(k′,l′)∈N4(i,j)⋀(k′′,l′′)∈N4(i,j) with (k, l) ≠ (k′, l′) ≠ (k′′, l′′)

(L(k, l) ∨L(k′, l′) ∨L(k′′, l′′)) ∧ (¬L(k, l) ∨ ¬L(k′, l′) ∨ ¬L(k′′, l′′))

� Given A(i, j) = 3. This case is very similar to the handling of cells labelled
with 1. We require that at least one and at most one of the four adjacent
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cells is false:

⋁(k,l)∈N4(i,j) ¬L(k, l)

⋀(k,l)∈N4(i,j)⋀(k′,l′)∈N4(i,j),(k,l)≠(k′,l′)(L(k, l) ∨L(k
′, l′))

Next we consider the cases where N4(i, j) of a labelled cell (i, j) has less
than four elements. If ∣N4(i, j)∣ = A(i, j) and A(i, j) > 0 then all elements of
N4(i, j) can be set to true immediately. If ∣N4(i, j)∣ < A(i, j) then there exists
no solution to the given puzzle. This leaves only following cases to consider:
cells labelled with 1 and cells labelled with 2 having less than four adjacent cells.
If A(i, j) = 1 then the same formula can be used irrespective of the number of
elements in N4(i, j). Finally for a cell labelled with 2 having three neighbours
we use the formulas which were introduced for cells labelled with 3 having four
neighbours.

It is rather hard to state the number of clauses generated by this encoding in
a precise way. First it depends on the number of subcolumns and subrows which
are not always the same and it depends on the numbers the cells are labelled
with. Hence we present an upper bound instead of giving an exact formula.
Remember also, that the number of clauses is not that important. If they are
short and/or allow unit propagation it is even better to have more clauses. To
find an upper bound for the encoding of the first two properties we consider an
Akari grid consisting only of white cells. The encoding of the fact that no two
lights see each other produces 1

2(m + 1) ∗m ∗ n + 1
2(n + 1) ∗ n ∗m clauses on

such an empty grid. To express that every cell is illuminated in the empty grid
takes m ∗ n clauses. The clauses used to express addition are more difficult to
estimate. The encoding of addition for a cell labelled with a number needs at
most 8 clauses. If we had a grid where every cell is labelled with a number then
we get an upper bound of 8 ∗m ∗ n. Of course such a puzzle is not solvable,
but it surely yields an upper bound. Putting everything together the number
of clauses generated for an m×n Akari grid is bounded by O(m2 ∗n+n2 ∗m).

4.3 Pseudo-Boolean Logic

For a pseudo-boolean encoding the same set of variables can be used as for
the propositional encoding, i.e., for every white cell (i, j) a variable L(i, j) is
introduced and the assignment of L(i, j) in a solution indicates if there is a
light in (i, j) or not.

The pseudo-boolean encoding itself is very similar to the propositional one,
nevertheless pseudo-boolean logic provides better means to express the different
requirements of a correct solution for an Akari puzzle. For example the encoding
of an “at most” condition requires a larger number of propositional clauses
whereas in pseudo-boolean logic we need exactly one ≤-constraint. Another
big advantage is that addition is supported naturally in pseudo-boolean logic.
Hence it is not necessary to think about adder networks or similar concepts but
an addition of variables with a desired result is expressed simply by stating a
linear equation. A further advantage is that the pseudo-boolean encoding is
closer to a human readable representation than the propositional encoding.
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The actual encoding for an m × n Akari grid A is as follows:

� no two light bulbs shine on each other:

∀sr ∈ SR: ∑(i,j)∈sr L(i, j) ≤ 1,

∀sc ∈ SC: ∑(i,j)∈scL(i, j) ≤ 1,

� each cell is illuminated:

∀(i, j) ∈M ×N with A(i, j) = w: ∑(i′,j′)∈SR(i,j)∪SC(i,j)L(i′, j′) ≥ 1,

� ever cell labelled with a number n has exactly n adjacent cells containing
a light bulb:

∀(i, j) ∈M ×N with A(i, j) ∈ N: ∑(i′,j′)∈N4(i,j)L(i
′, j′) = A(i, j).

In [22] Helmut Simonis presents an extension to this encoding which proves to
be useful in constraint programming. In the following the basic idea is explained
and illustrated with an example. The usefulness of this extension concerning
pseudo-boolean logic is discussed in Section 4.5 where the experimental results
are presented.

The aim of the extension is to improve the decisions for cells which are di-
agonally adjacent to cells labelled with a number. Consider Figure 4.4. It is
clear that all four cells diagonally adjacent to the cell labelled with 3 have to
be marked – no matter in which way the three light bulbs are placed, the four
diagonally adjacent cells are always in one row or column with a light. The
pseudo-boolean encoding as presented previously in this section does not allow
this deduction step. In order to develop an encoding of this property we formu-

3 3 3 3

Figure 4.4: Example Akari grids for the extension according to Simonis.

late it in a more general way such that it does not only hold for cells labelled
with 3 but also for cells labelled with 1 and 2. As the labels 0 and 4 allow
direct positioning of all lights in these cases this extension is not useful. Given
a cell (i, j) with integer label 1 ≤ A(i, j) ≤ 3 and ∣N4(i, j)∣ > A(i, j) a general
constraint for a cell (k, l) which is diagonally adjacent to cell (i, j) is derived
using the following equations:

1. ∑(i′,j′)∈N4(i,j)L(i
′, j′) = A(i, j),

2. ∀(k′, l′) ∈ N4(i, j) ∩N4(k, l): L(k, l) +L(k′, l′) ≤ 1.

Let c = ∣N4(i, j) ∩N4(k, l)∣, then some arithmetical conversions on the previous
constraints yield the inequality
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∑(k′′,l′′)∈N4(i,j)/N4(k,l)L(k
′′, l′′) − c ∗L(k, l) ≥ A(i, j) − c.

If c is 0 then such an additional constraint gives no extra information and can
be omitted.

Example 4.6. In Figure 4.4 the three initial equations respectively inequations
for cell (1,1) which is diagonally adjacent to cell (2,2) are

L(2,1) +L(1,2) +L(3,2) +L(2,3) = 3
L(2,1) +L(1,1) ≤ 1
L(1,2) +L(1,1) ≤ 1

and the final constraint is

L(3,2) +L(2,3) − 2 ∗L(1,1) ≥ 1.

Now assume that there is a light bulb in (1,1), thus that L(1,1) is true. Then
this inequality is never fulfilled even if L(3,2) and L(2,3) are both true. There-
fore this constraint allows to deduce that there must not be a light in (1,1).
Note that if the cell in the middle of the grid wasn’t labelled with 3 but with
2 than the resulting constraint would be L(3,2) + L(2,3) − 2 ∗ L(1,1) ≥ 0 and
reasoning as in the former case wouldn’t be possible any more. In that case
it would be necessary to first set at least one of the two variables L(3,2) or
L(2,3) to false in order to derive that there is no light in (1,1).

In pseudo-boolean logic it is possible to express the above mentioned property
in a very concise way. If we want to encode the very same fact in propositional
logic some difficulties arise and it is not immediately clear how the encoding is
done best. One possibility is to generate the PB constraints which correspond
to the extension and then to translate them into SAT, e.g. using translation
techniques like BDD’s or adders as done in Minisat+. Another approach is to
directly create a propositional formula which can be done by a kind of enu-
meration of all possibilities or by the use of propositional counting. As all of
these methods need some effort and as the propositional encoding given in Sec-
tion 4.2 performs very good in the experiments we omit the presentation of a
propositional translation of this extension.

4.4 SMT

As already mentioned one main advantage of SMT is that by the use of different
theories variables may range not only over boolean values but also over integers
or even over reals. Unfortunately there is no use for integer and real variables
in Akari. For each cell we have to make only a yes/no decision and therefore
boolean variables suffice completely. As a consequence there is no new encoding
presented in this section. For the experiments in Section 4.5 the performance
of Yices on the minimal and on the extended PB encoding is evaluated.
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4.5 Experimental Result

The Akari puzzles which were tested in the experiments and for which results
are presented in this section were randomly generated by the tool lightup
which is part of “Simon Tatham’s Portable Puzzle Collection” [23]. All puzzles
belong to the hardest difficulty level which can be specified in this tool and
have a unique solution. For each puzzle size 10 different puzzles were tested.
The given results are always an average of these 10 instances.

Grid size Decisions Conflicts CPU time
10 × 10 40.80 3.50 0.002 s
24 × 14 188.40 4.80 0.003 s
36 × 36 2139.20 22.60 0.005 s
50 × 100 23180.10 54.20 0.032 s
50 × 200 84310.70 85.60 0.085 s
50 × 400 353959.20 173.50 0.219 s

Table 4.1: Performance of Minisat2 on Akari grids.

The largest puzzles which where checked are of size 50 × 400, a grid size
which would take a human hours or days to find a solution. It is also very large
in comparison to the largest Sudoku grids for which results were presented in
Section 3.5. Still for these Akari puzzles a solution can be found within seconds
by all solvers. A propositional or PB encoding of a Sudoku grid of size 36 × 36
uses 363 which is 46656 variables whereas for an Akari puzzle of the same size
only 362 variables are necessary. To encode a 50 × 400 grid we need 20000
variables which roughly corresponds to a 25 × 25 Sudoku grid concerning the
number of variables. This explains mostly why the performance results for
Akari grids are dramatically better than for equally sized Sudoku grids.

Minisat+ Pueblo
Grid size Decisions Conflicts CPU time CPU time
10 × 10 28.90 5.00 0.002 s 0.005 s
24 × 14 43.90 6.60 0.007 s 0.018 s
36 × 36 270.00 29.20 0.024 s 0.049 s
50 × 100 1170.50 65.10 0.074 s 0.219 s
50 × 200 2383.00 119.70 0.094 s 0.432 s
50 × 400 8274.10 230.50 0.154 s 1.048 s

Table 4.2: Performance of Minisat+ and Pueblo on Akari grids using the PB
encoding without extension.

Table 4.1 illustrates the performance of the SAT solver Minisat2 on Akari
grids encoded with the propositional encoding which is described in Section 4.2.
For all instances a solution is found in less than one second.
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Minisat+ Pueblo
Grid size Decisions Conflicts CPU time CPU time
10 × 10 24.80 1.30 0.002 s 0.001 s
24 × 14 39.90 2.80 0.003 s 0.014 s
36 × 36 72.00 4.70 0.010 s 0.042 s
50 × 100 321.40 17.20 0.048 s 0.215 s
50 × 200 458.60 42.80 0.084 s 0.419 s
50 × 400 347.80 55.90 0.117 s 1.038 s

Table 4.3: Performance of Minisat+ and Pueblo on Akari grids using the PB
encoding with extension.

Experimental results for the PB encoding and its extension as presented in
Section 4.3 are given in Tables 4.2 and 4.3. The results show that for both
solvers the additional constraints of the extension improve the CPU time which
is required to find a solution only marginally. Nevertheless it is able to reduce
the number of conflicts reasonable and therefore may improve runtime on even
larger benchmarks for which no tests were enforced. Comparing the perfor-
mance of the different solvers it is easy to see that Minisat+ is faster than
Pueblo on all tested instances, also Minisat2 together with the propositional
encoding performs better than Pueblo. On all Akari grids except the largest

Grid size
Minimal PB encoding

CPU time
Extended PB encoding

CPU time
10 × 10 0.052 s 0.054 s
24 × 14 0.127 s 0.141 s
36 × 36 0.321 s 0.353 s
50 × 100 0.724 s 0.828 s
50 × 200 1.319 s 1.345 s
50 × 400 2.451 s 2.734 s

Table 4.4: Performance of Yices on Akari grids encoded with the minimal and
the extended PB encoding.

ones of size 50× 400 Minisat2 is faster or equally fast as Minisat+ irrespective
of the chosen PB encoding and despite the fact that the SAT encoding uses
no extension. Only for the largest class of Akari puzzles but there on both PB
encodings Minisat+ performs better than Minisat2.

Table 4.4 shows the performance results for Yices. As already the case for
Sudoku puzzles, the SMT solver Yices is slower than all other solvers and
encodings. Interestingly the use of the extended PB encoding which improved
the runtime of Minisat+ and Pueblo doesn’t allow any advancement for Yices
but makes it even slower.
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4.6 NP-Completeness

At the beginning of this chapter we mentioned already that Akari is NP-
complete, the proof was established by Brandon McPhail in 2005. He gives a
polynomial-time computable reduction from the NP-complete problem Circuit-
SAT to Akari. NP-completeness of Circuit-SAT again is proven by a reduction
from SAT – the propositional satisfiability problem – which was the first prob-
lem for which an NP-completeness proof was found. In the 1970s Stephen
Cook [12] and Leonid Levin [14] independently proved the NP-completeness of
SAT.

Definition 4.7. A boolean circuit is a directed acyclic graph C = (V,E) which
satisfies the following conditions:

� V = {1, . . . , n} and each node i ∈ V is called a gate of C.

� An edge (i, j) is called wire and for each (i, j) ∈ E we have i < j.

� Let I = {T,F} ∪ {x1, . . . , xm} then to each node i a sort s(i) ∈ I ∪
{∨,∧,¬, split} is assigned.

� The indegree of a node i depends on its sort:

– if s(i) ∈ I then the indegree of i is 0 and i is called input,
– if s(i) ∈ {¬, split} then the indegree of i is 1,
– if s(i) ∈ {∨,∧} then the indegree of i is 2.

� Gate n is not of sort split , has outdegree 0 and is called output. Every
gate with associated sort split has outdegree 2 and every other gate i < n
has outdegree 1.

� For each x ∈ {x1, . . . , xm} there is exactly one input i with s(i) = x.

A boolean circuit C with m variables defines a distinct boolean function
fC ∶ {0,1}m ↦ {0,1}. The value of the output depends on the value of the
input variables, i.e., the output n has value fC(a1, . . . , am) if the input vari-
ables x1, . . . xm are of value a1, . . . , am. fC is computed inductively starting
at the inputs of the circuit and then using the usual semantics of the boolean
connectives corresponding to the sort of each gate. Gates with sort split can be
disregarded in the computation of fC as a gate of this sort does not change the
value of the input wire but simply forwards it to two output wires. A boolean
circuit could of course be defined without the use of split . Here it is used to
have a fixed outdegree for each gate, a fact which simplifies the reduction from
circuits to Akari. A further simplification of boolean circuits is to disallow the
usage of the connective ∧. This is admissible as x∧ y ≡ ¬(¬x∨¬y) according to
De Morgan’s law.

Definition 4.8. Given a boolean circuit C with boolean function fC the circuit
satisfiability problem Circuit-SAT is the problem of deciding if there exists a
tuple (a1, . . . , am) ∈ {0,1}m such that fC(a1, . . . , am) = 1. If so, C is said to be
satisfiable.
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The reduction from SAT to Circuit-SAT which is necessary to show NP-
completeness of Circuit-SAT is rather easy as both problems decide upon sat-
isfiability of different representations of boolean functions and therefore is not
given here.

In general it is not possible to draw a circuit in such a way that no two wires
cross each other. If a graph can be drawn on a plane without crossing edges
it is called planar. Concerning a reduction there are two strategies in order
to deal with an eventual non-planarity of a circuit. The first approach is to
restrict the set of circuits which are reduced to the puzzle to planar circuits.
For that purpose the problem planar-3SAT which is also NP-complete as shown
in [15] can be used. A formula belonging to this set of problems has a planar
occurrence graph, that is a graph for a formula in CNF which has a node for
every variable and for every clause and edges (xi, cj) if xi or ¬xi appears in
clause cj . Converting a planar occurrence graph into a planar circuit which
is equivalent to the original formula is straightforward. The drawback of this
method is that the resulting circuit usually has more than one output node
and induction on the structure of the input formula to prove the equivalence of
formula and reduction is not directly applicable. But the restriction to planar
circuits is not essential. Another method of dealing with non-planar circuits
is to model a crossing of two wires with three XOR- (or ⊕-) gates and three
split-gates as shown in Figure 4.5 (split-gates are drawn as black spots). In
this second approach we don’t have to deal with multiple outputs but in turn
an additional gate has to be taken care of in the reduction. Concerning the
reduction to Akari we get the mapping of an ⊕-gate to the puzzle for free by a
reduction of ∨-gates and hence there is no need to restrict ourselves to planar
circuits. To simplify our reduction we additionally demand for any circuit that
two edges (i1, j) and (i2, j) with s(i1), s(i2) ∈ I must not form a crossing. It is
easy to see that this is not an actual restriction.

⊕

⊕

⊕

x

y

y

x

Figure 4.5: Modelling a wire crossing with a sequence of split- and ⊕-gates.

Theorem 4.9. The problem of finding a solution for an m × n Akari grid is
NP-complete.

Proof. Membership It is not too hard to see that the verification of a solution
to an Akari grid can be done in polynomial time. To check if the number
of lights in the neighbourhood of a labelled cell is correct the solution
has to be searched once. While iterating over the cells of the grid we can
check for each white cell if it is illuminated by searching the subrow and
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subcolumn the white cell belongs to. This needs at most m + n steps per
cell. At the same time we verify that there are no two lights in a subrow
or subcolumn with no additional time overhead. It remains to show that
the solution is really a solution of the initial Akari grid. This can also be
done by iterating once through all grid cells of both grids. All together
this yields a time bound of O(m2 ∗ n + n2 ∗m).

Hardness The reduction from Circuit-SAT to Akari is defined on the basis of
so-called tiles – minimal building blocks used to construct an Akari puzzle
from a circuit. The idea of the reduction is to rebuild a circuit kind of
graphically. Every wire and every gate is replaced by a special tile and all
these tiles together then form an Akari grid. Similar to gates in a circuit
tiles have input and output sides. Throughout the figures in this section
input and output sides of tiles are indicated by arrows.

→ →

↓

→

0 0 0 0

0 0 0 0

(a) straight-wire-tile

1

(b) corner-wire-tile

Figure 4.6: Tiles corresponding to reductions from wires.

First of all a reduction for the wires is needed, therefore wire-tiles as shown
in Figure 4.6 are introduced. A straight-wire-tile may not contain any 0’s
but can be stretched by inserting as many 0’s as desired. Both wire-tiles
have the property that a light either is in the first or the last cell of the
tile but nowhere else. This property is utilised to keep the connection to
boolean circuits by fixing a meaning in terms of boolean values to a tile.
If a light bulb is placed at the very beginning – the input side – of the
wire-tile this corresponds to value 1. Otherwise the light is in the last
cell – on the output side – and the value of the tile is 0. Thus a wire-tile
forwards a certain boolean value like the wire in the circuit does.

→

(a) variable-tile

1 →

(b) T -input-tile

0 →

(c) F -input-tile

Figure 4.7: All possible tiles corresponding to inputs.
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Next we define the representation of the input nodes in the reduction.
Therefore we distinguish three different kinds of inputs: T , F and vari-
ables. For each of these a tile is defined as shown in Figure 4.7. An
input-tile is either placed at the beginning of a wire or directly yields an
input value for a tile corresponding to a gate. The variable-tile has no
cells which are labelled with numbers and hence the value of e.g. a wire
which starts with a variable-tile is not fixed. This is due to the fact that a
variable either has value 0 or 1 and therefore the position of the light bulb
must not be predefined. The T -input- and F -input-tile which correspond
to input values 1 and 0 are used to fix the position of the light bulb to
the beginning respectively the end of a wire starting with these tiles.

0 1 0

0 1 0

2 → ¬xx→

0 1

0

00

0 1

0

2

x
↑

↓
x

x→

(a) ¬-tile (b) split-tile

Figure 4.8: One tile for ¬- and split-gates.

Figure 4.8 shows two nearly identical tiles. The ¬-tile which is given in
picture (a) is the reduction of a ¬-gate. Note that the 0’s are not actually
part of the ¬-tile but are the end respectively beginning of the input and
output wires. To illustrate the idea of the ¬-tile imagine that the value
on the input wire is 1 and hence there is no light bulb in cell (4,2). As
consequence there has to be a light in cell (3,3) and one in (5,3). Thus
the 2 in the middle has already two adjacent cells with lights and does
not allow any more lights in its neighbourhood. Hence there must not be
a light bulb in cell (4,4) which is the first cell of the output wire. By the
previously explained connection between wires and truth values this gives
value 0 on the output wire. On the other hand, if the incoming value is
0 then there is a light in (4,2) and as a consequence of the two 1’s there
are no lights in (3,3) and (5,3). Then by the 2 a light has to be placed
in cell (4,4) and therefore the value on the output wire is 1.

With a few simple modifications the ¬-tile is changed to a split-tile (pic-
ture (b) in Figure 4.8) which is used as representation of split-gates. The
split-tile copies the position of the light on the input wire to the output
wire and therefore does not change the incoming value but forwards it.

32



4.6 NP-Completeness

1

0 0 0 0 0 0

2 2

0 0 0 0

0 0

x→ ← y

¬(x⊕ y)
↑

↓
x ∨ y

Figure 4.9: One tile for ∨- and XNOR-gates.

The next tile which is introduced and which is pictured in Figure 4.9
corresponds to the two boolean functions ∨ and XNOR which is the com-
plement of ⊕ and also happens to be equivalent with ↔. Depending on
the gate which is represented, one of the two output wires is locked with
a black cell. Also for the ∨- and the XNOR-tile the idea is to simu-
late the correlation between input and output values of the corresponding
boolean functions. As for the ¬-tile one can easily verify that the tiles
work as desired by trying to find solutions for different positions of lights
on the input wires. The usefulness of the ∨-tile is immediately clear but
one might wonder why an XNOR-tile is of any use. Remember that we
have to provide a reduction of wire crossings via ⊕. To do so an ⊕-tile is
modelled by an XNOR-tile followed by a ¬-tile.

Figure 4.10 illustrates the tile which is used to indicate the end of the
circuit. The T -output-tile is placed at the end of that wire which comes
out of the tile which represents the output of the circuit. It demands that
in this wire a light is put in the first cell. This corresponds to requiring
an output value of 1.

0

Figure 4.10: The T -output-tile.

Having defined a tile for each element of a boolean circuit it is easy to
reduce the whole circuit to an Akari puzzle in polynomial time using
recursive computations. To reduce a gate i first the circuits which yield
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the inputs for i are computed recursively. If this is done these two smaller
Akari grids and the tile for gate i can be placed appropriately and are
then connected with wire-tiles. This placement of tiles is the only part of
the reduction where a bit more computation is involved.

The last step of the NP-completeness proof is to show that for a boolean
circuit C and its reduction AC it holds that C is satisfiable if and only
if there exists a solution to the Akari grid AC . The truth of this state-
ment follows immediately from the following two lemmas. The proof
for Lemma 4.10 is given in detail whereas Lemma 4.11 is only declared
but not proven. The proof for this Lemma is very similar to the one of
Lemma 4.10 and therefore it is not stated explicitly.

Lemma 4.10. Given a boolean circuit C with boolean function fC . If
there is a tuple (a1, . . . , am) ∈ {0,1}m with fC(a1, . . . , am) = 1 then AC
has a solution.

Proof. In the proof we consider only circuits which are already drawn in
a plane with the use of XNOR-gates. Then we show the statement by
induction on the number of gates i with s(i) ∈ G in a circuit C where
G = {¬,∨, split ,XNOR}.

0

(a) AC for a variable

01

(b) AC for T

Figure 4.11: Reductions corresponding to circuits consisting of one gate.

For the base case we have to consider all possible circuits which have
no gate i with s(i) ∈ G. Clearly these circuits consist of a single input
node and therefore we have to distinguish three different cases. The first
possible circuit consists of a single variable node. Hence it is satisfiable as
fC(1) = 1. Then we have to verify that AC which is given Figure 4.11(a)
has a solution. Therefore just put a light in the left white cell. The
second case is a single T -node. A solution to the reduction AC as shown
in picture (b) of Figure 4.11 is again found by placing a light in the left
white cell. The third case is a single F -node. As for this node there is no
assignment under which fC evaluates to 1 the statement holds trivially.

For the step case we consider a boolean circuit C with n+1 gates which are
not input nodes, i.e, they don’t have a sort which is element of G. Assume
that there is a tuple (a1, . . . , am) ∈ {0,1}m such that fC(a1, . . . , am) = 1.
Next we search for the smallest gate j with s(j) ∈ G such that for all
(i, j) ∈ E s(i) ∈ I. As the number of non-input gates is at least one such
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a gate j exists. If this wasn’t the case then somewhere in C there would
be a cycle and therefore C wouldn’t be a circuit. Under the assumption
that the variables x1, . . . , xm which occur in C are of value a1, . . . , am the
gate j has a completely determined boolean value v. Then we construct
a circuit C ′ with n non-input gates by removing gate j and all nodes i
with (i, j) ∈ E as well as all corresponding edges.

� If s(j) ≠ split and j < n then there is one gate k with (j, k) ∈ E in
circuit C. But as j is missing in C ′ and hence k misses one incoming
edge we have to find a replacement. If v = 1 then we add a new input
node i′ with s(i′) = T to C ′ and add the edge (i′, k). If v = 0 then
the new node i′ and the edge (i′, k) are added as well but s(i′) = F .

� If s(j) ≠ split and j = n then j has no outgoing edges. The new
circuit C ′ consists of a single input with sort T if v = 1 and of a
single input with sort F if v = 0.

� If s(j) = split there are two nodes k1, k2 with (j, k1), (j, k2) ∈ E in
circuit C and therefore two new inputs and two new edges have to
be added. Both new inputs have the same sort which again depends
on v.

The boolean function fC′ of this new circuit C ′ clearly is 1 for the values
a1, . . . , am. Hence we can apply the induction hypothesis to get that the
Akari grid AC′ has a solution which again can be used to generate a
solution for AC . Therefore we have to consider all possible combinations
of gates which could have been removed. Here we explain only the cases
for s(j) = ¬. For all other cases where s(j) ∈ {∨, split ,XNOR} a solution
to AC can be found in a similar way.

0 1 0

0 1 0

21 0

0

0

Figure 4.12: Solution to AC if ¬T is added to C ′.

Assume s(j) = ¬ and there is an edge from i to j then the actual solution
of AC depends on the sort of i.

� If s(i) = T then independent of a variable assignment the value of v is
always 0. Therefore the gate i′ which was added to complete circuit
C ′ was of sort F . In the reduction AC′ this gate i′ is represented by
an F -input-tile. If we take the Akari grid AC′ , chop of the F -input-
tile for gate i′ and add a ¬-tile and a T -input-tile we get an Akari grid

35



4 Akari

0 1 0

0 1 0

20 1

0

0

Figure 4.13: Solution to AC if ¬F is added to C ′.

which is the reduction of C disregarding the concrete wire-tiles. A
solution to this grid AC can be constructed by adopting the solution
of AC′ and completing the new tiles as shown in Figure 4.12.

� If s(i) = F then the value of v is 1. Therefore the gate which was
added to get C ′ had sort T . In a solution of AC′ there is always
a light in the first white cell of the T -input-tile which represents
gate i′. To get a grid which is the reduction of C we remove the T -
input-tile and add a ¬-tile and an F -input-tile. The actual solution
is then derived by completing the solution of AC′ as illustrated in
Figure 4.13.

� If s(i) ∈ {x1, . . . , xm} then v could have value 0 or value 1. Therefore
we have to guarantee that AC has a solution in either of both cases.
This time we get AC by again removing the input-tile which corre-
sponds to the new gate i′ and by adding a ¬-tile and a variable-tile.
That a solution for AC exists independent of the value of v is shown
in Figure 4.14.

Lemma 4.11. Given a boolean circuit C with boolean function fC . If
AC has a solution then there is a tuple (a1, . . . , am) ∈ {0,1}m such that
fC(a1, . . . , am) = 1.

The proof for this lemma has the same structure as the one for Lemma 4.10,
i.e., the lemma is shown by induction on the number of gates which are
not inputs. The base case is almost the same. In the step case again
a circuit C ′ is considered where we remove a gate which has only edges
coming from variable nodes.

To conclude this section about NP-completeness an example reduction for a
small circuit is given.

Example 4.12. The circuit for which an Akari grid is created is given in
Figure 4.15. It consists of six gates, three of them inputs namely x, y and z, a
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0 1 0

0 1 0

2 0

0

0

0 1 0

0 1 0

2 1

0

0

Figure 4.14: Solution to AC if ¬x is added to C ′.

¬-gate and two ∨-gates. The reduction of this circuit is shown in Figure 4.16.
In this picture the edges of the single tiles are indicated by blue boxes. For each
of the inputs one variable-tile is placed on the Akari grid. Further there are two
∨-tiles and one ¬-tile corresponding to the two ∨-gates and the ¬-gate. The two
lower variable-tiles correspond to inputs x and y and therefore are connected
with wire-tiles to the first ∨-tile. The uppermost variable-tile is the reduction
of z. It is attached to the ¬-tile with a straight-wire-tile. The ¬-tile and the
first ∨-tile then yield the two inputs for the second ∨-tile. The last tile on the
right side of the grid is a T -output-tile. It closes the output wire of the second
∨-tile and stands for an output value of 1.

x

y
∨

z ¬

∨

Figure 4.15: Boolean circuit corresponding to ¬z ∨ (x ∨ y).
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1

2
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0

0

1

0 0 0 0

0 0 0 0

1

0 0 0 0

0 0 0 0

0

0

1

1

2

0 0 0

0 00

1

2

2

0

0

1

0 0 0 0

0 0 0 0

0 0

1

0 0 0 0

0 0 0 0

0

Figure 4.16: Reduction of the boolean circuit shown in Figure 4.15.
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5 Arukone

Arukone, also called Number Link, is another logic puzzle originating from the
Japanese publisher Nikoli. It seems to be one of the less common puzzles as
only very little information on this puzzle is available.

At the beginning of this chapter the rules of Arukone are explained and we
give a formal definition of the game. Then the different encodings are introduced
and discussed. The key problem concerning an encoding is to express that two
cells in a grid are connected with a continuous line. The representation of this
property requests to think about a whole concept which expresses connectivity.
This task is not as simple as the encodings of the features of Akari and Sudoku
which used only constraints that followed immediately from the definition of the
puzzles. In the following we introduce two approaches to define connectivity
which are known from graph theory and explain how they can be encoded
into logic. The section about experimental results focuses on comparing the
performance of these two methods for each logical language. In the last section
we present an NP-completeness proof for Arukone. This appears to be a new
result.

3 2 4

1

4 2 3

1

Figure 5.1: Arukone grid of size 5 × 5.

5.1 Problem Definition

Arukone is played on a rectangular grid of white cells in which some of the
cells contain numbers. In each Arukone grid there are at least two numbers
and each number appears exactly twice on the grid. An example grid is given
in Figure 5.1. To construct a solution we have to draw lines through all white
cells such that the following conditions hold:

� each matching pair of numbers is connected with a continuous line,

� in each white cell without number there is exactly one line,
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5 Arukone

� lines must not cross, branch-off or travel through cells with numbers.

Solving an Arukone puzzle demands more sophisticated reasoning than solving
an Akari or Sudoku grid. This is due to the fact that often the only means to
come to the decision if a certain line can be placed in a cell is by considering the
influence of placing that line on the possibility to connect the other numbers.

Example 5.1. The puzzle shown in Figure 5.1 is a very easy one but still the
outline of its solving process illustrates the main techniques which are commonly
used to derive a solution.

� A possible starting point is the 3 in cell (5,1). There is only one possibility
to draw a line starting at this 3, that is through cells (4,1) and (4,2)
whereas the shape of the line in (4,2) is not clear yet. As cell (4,2) is
already reserved for number 3, the line starting at the 2 in cell (5,2) can
only take a path via cell (5,3). The concrete shape of the line in (5,3) is
then determined by the fact that cell (5,4) has to contain a line starting
at the 4 in (5,5). This is the case because cell (5,4) is the only neighbour
cell of (5,5) which does not have a number. The grid with all these newly
located lines is given in Figure 5.2(a).

3 2 4

1

4 2

3

1

(a)

3 2 4

1

4 2

3

1

(b)

Figure 5.2: Partial solutions of the Arukone grid given in Figure 5.1.

� Now it is easy to see that there is only one kind of line admissible in cell
(4,3) – the one which goes straight through a cell from the bottom to the
top. A turn to the left is not possible as cell (4,2) is reserved for a line
connecting the 3’s and a turn to the right is not feasible as cell (4,4) is
the only possible continuation of the line in cell (5,4).

� Next the line connecting the two 3’s can be finished the way it is shown in
Figure 5.2(b). The cells (4,2) and (3,2) are clearly the only possibility to
continue the line coming from cell (4,1). Any longer path is not possible
as such a path has to go through the cells (1,2) and (1,3) and as a
consequence the 4 in cell (3,1) would be cut off from the rest of the grid
and therefore could not be connected to the other 4 any more.
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3 2 4

1

4 2

3

1

Figure 5.3: Solution of the Arukone grid given in Figure 5.1.

� After these steps the solution of the grid given in Figure 5.3 is very easy
to find. It is the only possible connection for the last two remaining pairs
of numbers.

The formal definition of an Arukone grid as a function A and a correct solu-
tion to A are defined in the following way:

Definition 5.2. For m,n ∈ N with m,n ≥ 2 an m×n Arukone grid is a function

A ∶M ×N → {w} ∪N

with M = {1, . . . ,m} and N = {1, . . . , n} where w stands for white and it holds
that

1. ∃(i, j) ∈M ×N : A(i, j) ∈ N,

2. A(i, j) ∈ N Ô⇒ ∃i′, j′ with (i, j) ≠ (i′, j′) andA(i, j) = A(i′, j′) such that
(∀(k, l) ∈M ×N : (i, j) ≠ (k, l) ≠ (i′, j′) Ô⇒ A(k, l) ≠ A(i, j)).

Definition 5.3. A solution to an m × n Arukone grid A is a function

A′ ∶M ×N → lines ∪N

where lines = {Ð, ∣,⌜,⌞,⌟,⌝} and where the following properties hold:

1. if A(i, j) = w then A′(i, j) ∈ lines, otherwise A′(i, j) = A(i, j),

2. ∀(i, j), (k, l) ∈M ×N with (i, j) ≠ (k, l) and A(i, j),A(k, l) ∈ N:

� if A(i, j) = A(k, l) then there is a line from (i, j) to (k, l),
� if A(i, j) ≠ A(k, l) then there is no line from (i, j) to (k, l),

3. if A(i, j) ∈ N then (i, j) is directly connected to exactly one cell (k, l) ∈
N4(i, j),

4. if A(i, j) = w then there is a line to at least one (i, j) with A(i, j) ∈ N.

The meaning of the term “there is a line from c1 to c2” is not defined formally
as it would require a formal definition of connectivity but intuitively it is clear
that it signifies that there is a continuous line from c1 to c2 which passes at least
one other cell. The above mentioned notion of direct connectivity is defined as
follows:
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5 Arukone

Definition 5.4. Two cells (i, j), (k, l) ∈ M × N are directly connected if and
only if (i, j) and (k, l) are adjacent and one of the following two properties
holds:

� l = j + 1 and A′(i, j) ∈ {Ð,⌜,⌞} and A′(k, l) ∈ {Ð,⌟,⌝},

� k = i + 1 and A′(i, j) ∈ {∣,⌜,⌝} and A′(k, l) ∈ {∣,⌞,⌟}.

5.2 Propositional Logic

The first step is to define a set of variables for the propositional encoding. As
there are six different ways to draw a line through a cell, for each white cell
(i, j) we introduce six variables Ci,j,L with L ∈ lines. If a variable Ci,j,L is true
then a line of shape L is in cell (i, j). To refer to cells which are labelled with
numbers we have different possibilities. One is to use a single variable Ci,j to
denote the numbered cell (i, j), another is to define the six variables for the six
lines as well as for white cells and set all of them to true. In the propositional
encoding which is presented in this section the second approach is taken as it
allows an easier description and implementation of the encoding. In total this
yields 6 ∗m ∗ n variables for an m × n Arukone grid.

Given an m × n Arukone grid we first consider all numbered cells and set all
possible lines to true:

∀1 ≤ i ≤m, ∀1 ≤ j ≤ n with A(i, j) ∈ N: ⋀L∈lines Ci,j,L

For all white cells we have to guarantee that there is exactly one line per cell:

∀1 ≤ i ≤m, ∀1 ≤ j ≤ n with A(i, j) = w: exact(i, j, lines)

where

exact(i, j, S) = ⋁L∈S Ci,j,L ∧⋀L∈S ⋀L′∈SÓ{L}(¬Ci,j,L ∨ ¬Ci,j,L′)

This minimal encoding of the possible lines in white cells can be replaced by
another minimal set of formulas which takes into consideration that the actual
number of lines per cell is not always six but may be restricted by the border of
the grid. If we consider for example cell (1,1) in the upper left corner, here the
only line which is admissible is ⌜ and therefore the variable C1,1,⌜ can be set
immediately to true whereas all other variables for (1,1) are set to false. If this
encoding approach is used some of the clauses are smaller and the values of some
variables are fixed already at the beginning of the computation. For that reason
we extend the definition of exact(i, j, S) to exact(i, j, S)∧⋀L∈linesÓS ¬Ci,j,L. The
possible lines per cell are then encoded by

∀1 ≤ i ≤m, ∀1 ≤ j ≤ n with A(i, j) = w: exact(i, j, lin(i, j))

where lin(i, j) is the set of all lines which are possible in cell (i, j):
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lin(i, j) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{⌜} if i = 1, j = 1
{Ð,⌜,⌝} if i = 1, 1 < j < n
{⌝} if i = 1, j = n
{∣,⌜,⌞} if 1 < i <m, j = 1
{∣,⌟,⌝} if 1 < i <m, j = n
{⌞} if i =m, j = 1
{Ð,⌞,⌟} if i =m, 1 < j < n
{⌟} if i =m, j = n
lines otherwise

(5.1)

To encode any of the other features of Arukone we first need to define vari-
ables which allow us to express that two cells are connected. In this section
we introduce two different connectivity concepts which are not only used for
the propositional encoding but also for PB and SMT. The ideas of these two
concepts are also discussed in [8]. In Section 5.5 the performance of both ap-
proaches is compared. The first representation of connectivity is an encoding
of the Floyd-Warshall algorithm. This algorithm is named after its inventors
Robert Floyd [13] and Stephen Warshall [26] and computes the shortest path
between each two nodes of a graph. In the version we present here we use the
basic idea of the algorithm but instead of the shortest path we simply compute
if there is a path between two nodes.

The algorithm as presented by Warshall starts with the adjacency matrix
R0 of a graph (E,V ) which is a boolean matrix. Let us fix e = ∣E∣ then the
algorithm needs e iterations to compute a boolean matrix Re in which an entry
at position [u, v] is 1 exactly if u and v are connected in the graph. The concrete
computation looks as follows:

R0[u, v] =
⎧⎪⎪⎨⎪⎪⎩

1 if u = v or (u, v) ∈ V
0 otherwise

(5.2)

∀1 ≤ k ≤ e: Rk[u, v] = Rk−1[u, v] ∨ (Rk−1[u, k] ∧Rk−1[k, v])

The idea is that two nodes u and v are connected at level k if there is a path
from u to the intermediate node k and another path from k to v at level k − 1
or, of course, if u and v are already connected at a lower level.

To apply the Floyd-Warshall algorithm to an Arukone grid we view a grid
of size m × n as a graph with m ∗ n vertices where each cell (iu, ju) of the
grid corresponds to a vertex u with u = (iu − 1) ∗ n + ju. In the following we
write (iu, ju) for u and vice versa whenever it simplifies the representation of
formulas. Between two vertices there is an edge if they are directly connected
in the solution of the Arukone grid. Next the previous definition has to be
translated from matrices to propositional formulas. Therefore for each matrix
entry Rk[u, v] a variable Ru,v,k is introduced which yields e2 ∗ (e + 1) = e3 + e2
new variables with e = ∣E∣ =m∗n. In fact the number of necessary variables per
matrix Rk can be reduced from e2 to 1

2 ∗(e+1)∗e by defining only one variable
for Rk[u, v] and Rk[v, u]. This is admissible as the graph corresponding to
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an Arukone grid is undirected and therefore the adjacency matrix R0 and as a
consequence all other matrices Rk are symmetric and hence two entries Rk[u, v]
and Rk[v, u] are always equal. In this manner the total amount of variables for
the Floyd-Warshall encoding is reduced from e3 + e2 to 1

2 ∗ (e3 + 2 ∗ e2 + e).
As the actual lines on the grid and therefore the edges of the corresponding

graph are not assessed initially but are computed during the solving process
the definition of the initial matrix R0 has to be changed in order to be suitable
for a changing placement of lines:

∀1 ≤ u ≤ v ≤ e: Ru,v,0 ↔

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

T if u = v
ψ({Ð,⌜,⌞},{Ð,⌟,⌝}, u, v) if iu = iv, jv = ju + 1
ψ({∣,⌜,⌝},{∣,⌞,⌟}, u, v) if ju = jv, iv = iu + 1
F otherwise

where (5.3)

ψ(S,S′, u, v) =
⎧⎪⎪⎨⎪⎪⎩

F if A(iu, ju), A(iv, jv) ∈ N
⋁L∈S ⋁L′∈S′ Ciu,ju,L ∧Civ ,jv ,L′ otherwise

If u and v are equal or if they are not adjacent the value of Ru,v,0 can be
determined immediately. In turn, if both cells are adjacent the variable Ru,v,0
is false if u and v both contain a number. If this is not the case, Ru,v,0 is
true if and only if the two lines which are currently placed in u and v form
a continuous line. These properties for adjacent cells are expressed in ψ. For
matrices with index k > 0 the definition of the Floyd-Warshall algorithm can
be applied one-to-one to Arukone grids:

∀1 ≤ k ≤ e, ∀1 ≤ u ≤ v ≤ e ∶ Ru,v,k ↔ Ru,v,k−1 ∨ (Ru,k,k−1 ∧Rk,v,k−1)

The last step in this encoding is the transformation of the single formulas to
CNF. For all equivalences concerning variables with k > 0 this requires only
a few steps in the standard transformation. Also the ←-side of equivalences
concerning variables of level 0 is transformed instantly to CNF by replacing the
implication by its definition via ∨. The only kind of formula which is left to
transform is the →-side of level 0 equivalences. Unfortunately the right-hand
side of these formulas is in DNF and the CNF generated by the application
of the standard transformation is very large. Normally in such cases Tseitin’s
transformation is used to create an equisatisfiable formula in CNF. But in this
case we might as well apply another method to get an equivalent formula in
CNF namely by reading the CNF out of the truth table. This is done only
once as structure and size of the formulas in question are always identical. This
way we can omit the use of additional variables. Moreover a few experiments
showed that for these formulas CNF generation via truth tables performs better
than CNF generation with Tseitin’s transformation.

The second approach concerning connectivity is the logarithmic encoding.
A detailed description of this encoding and of its translation to CNF is given
in [24]. The advantage of the logarithmic encoding is that – without considering

44



5.2 Propositional Logic

the transformation to CNF – it requires less variables than the one based on
Floyd-Warshall. The idea is that if there is a path of length n between two
nodes u and v then there exist an intermediate node k on this path such that
the path from u to k and the path from k to v are at most of length n+1

2 . If
the two endpoints of a subpath are not equal then this path is again searched
for an intermediate node which serves to split the subpath into two almost
equally long smaller paths. This process is continued until the whole path is
divided into subpaths of length 1. Due to the consequent bisecting of paths
the number of iterations which are necessary to delimit the connectivity of all
nodes is limited to ⌈log2(e − 1)⌉.

If we apply this idea to an m × n Arukone grid again variables Ru,v,k are
introduced but their meaning slightly changes. Ru,v,k is true if there is a path
from u to v with length at most 2k. The equations which correspond to the
definition of the adjacency matrix R0 are the same as in the encoding of the
Floyd-Warshall algorithm. This is intuitively clear as the starting point of the
computation – the adjacency matrix – does not change if another algorithm
is chosen. We set the number of necessary iterations max to ⌈log2(e − 1)⌉ for
e =m ∗ n and then define all variables of higher levels as follows:

∀1 ≤ k ≤ max , ∀1 ≤ u ≤ v ≤ e ∶ Ru,v,k ↔⋁ec=1Ru,c,k ∧Rv,c,k

The number of variables which is required by this encoding is 1
2 ∗ (e+ 1) ∗ e∗

⌈log2(e − 1)⌉. In comparison to the first encoding of connectivity were 1
2 ∗ (e +

1) ∗ e ∗ (e + 1) variables are used this is an improvement. But in turn we need
a lot of additional variables as it is necessary to apply Tseitin’s transformation
in order to get equisatisfiable formulas in CNF. The ←-side of the equivalence
is immediately transformed to CNF and hence we only have to care about the
other direction were Tseitin’s transformation together with the improvements
which are explained in Chapter 2 is applied. The formulas in question are all
of the following shape:

Ru,v,k → ⋁ec=1Ru,c,k ∧Rv,c,k ≡ ¬Ru,v,k ∨⋁ec=1Ru,c,k ∧Rv,c,k

For each of the conjunctions Ru,c,k∧Rv,c,k in this large disjunction a new variable
xu,v,c,k is introduced. Then a formula which is satisfiable if and only if the
original disjunction is satisfiable is established:

(¬Ru,v,k ∨⋁ec=1 xu,v,c,k) ∧ ⋀ec=1(xu,v,c,k → Ru,c,k ∧Rv,c,k)

To convert this formula to CNF only the small implications have to be trans-
formed which is straightforward. Nevertheless we have to keep in mind that per
disjunction e new variables are needed and as for each level k > 0 1

2 ∗ (e+ 1) ∗ e
such disjunctions appear we have 1

2∗(e+1)∗e2∗⌈log2(e−1)⌉ additional variables.
Having defined these two methods to encode connectivity in Arukone grids

we are now ready to give an encoding of the remaining characteristics of a
correctly solved m × n Arukone grid A as it is defined in Definition 5.3. If the
Floyd-Warshall encoding is used to express connectivity then max =m ∗ n, for
the logarithmic encoding max = ⌈log2(m ∗ n − 1)⌉:
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� two equal numbers are connected:

∀u, v ∈M ×N with u ≠ v, A(iu, ju),A(iv, jv) ∈ N and A(iu, ju) = A(iv, jv):
Ru,v,max,

� two different numbers must not be connected:

∀u, v ∈M×N withA(iu, ju),A(iv, jv) ∈ N, A(iu, ju) ≠ A(iv, jv): ¬Ru,v,max,

� a cell with a number is directly connected to exactly one cell:

∀t ∈M ×N with A(it, jt) ∈ N:

⋁u∈N4(it,jt)Rt,u,0 ∧ ⋀u∈N4(it,jt)⋀v∈N4(it,jt),u≠v(¬Rt,u,0 ∨ ¬Rt,v,0),

� each white cell is connected to a number:

∀u ∈M ×N with A(iu, ju) = w: ⋁v∈M×N,A(iv ,jv)∈NRu,v,max.

Note that by requiring that two nodes are not reachable at the highest level
(second item) they also must not be reachable at any lower level. This is a
consequence in both connectivity concepts. The disjunction which is described
in the fourth item – each white cell reaches at least one number – could be
reduced by adding just one variable per pair of equal numbers to the disjunction
instead of both.

The formulas which are presented up to now cover all properties that have to
be encoded in order to get a correct solution and constitute a minimal encoding.
Nevertheless there is an additional feature of Arukone for which an encoding
is presented as it significantly improves the performance. Consider a white cell
of an Arukone grid where a certain line is placed. This line connects the white
cell to exactly two of its neighbours at level 0 whereas the other two neighbours
are not connected to this cell at level 0 (if the white cell is not at the border).
To encode this property we use the following formulas:

� Ci,j,Ð → R(i,j−1),(i,j),0 ∧R(i,j),(i,j+1),0 ∧ ¬R(i−1,j),(i,j),0 ∧ ¬R(i,j),(i+1,j),0,

� Ci,j,∣ → R(i−1,j),(i,j),0 ∧R(i,j),(i+1,j),0 ∧ ¬R(i,j−1),(i,j),0 ∧ ¬R(i,j),(i,j+1),0,

� Ci,j,⌜ → R(i,j),(i,j+1),0 ∧R(i,j),(i+1,j),0 ∧ ¬R(i−1,j),(i,j),0 ∧ ¬R(i,j−1),(i,j),0,

� Ci,j,⌞ → R(i−1,j),(i,j),0 ∧R(i,j),(i,j+1),0 ∧ ¬R(i,j−1),(i,j),0 ∧ ¬R(i,j),(i+1,j),0,

� Ci,j,⌟ → R(i−1,j),(i,j),0 ∧R(i,j−1),(i,j),0 ∧ ¬R(i,j),(i,j+1),0 ∧ ¬R(i,j),(i+1,j),0,

� Ci,j,⌝ → R(i,j−1),(i,j),0 ∧R(i,j),(i+1,j),0 ∧ ¬R(i−1,j),(i,j),0 ∧ ¬R(i,j),(i,j+1),0.

Note that such an implication for a cell (i, j) and a line L is only added to the
set of formulas if it is in principle admissible to put a line L in cell (i, j). Further
a negated variable ¬Ru,v,0 is only added to the conjunction on the right-hand
side of the implication if u and v are on the grid.
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5.3 Pseudo-Boolean Logic

For Sudoku and Akari pseudo-boolean logic provides mostly very convenient
means to encode the single features of the puzzles. Interestingly it turns out
that pseudo-boolean logic isn’t that suitable to express more complex properties
like connectivity. A major drawback is that there exists no construction which
is analogue to the propositional implication. This is the main reason why some
of the pseudo-boolean constraints which are presented in this section are not
intuitively understandable and not very easy to read.

The pseudo-boolean encoding of Arukone uses the same set of variables as
the propositional one. Hence for each cell (i, j) in an m × n Arukone grid we
have six variables Ci,j,L – one for each of kind of line. Again we require that in
each cell without number there is exactly one line and in each cell with number
all lines are true. As in the propositional encoding we take care that lines which
can never be placed in a cell due to the border are excluded from the set of
possible lines:

∀1 ≤ i ≤m, ∀1 ≤ j ≤ n:

� if A(i, j) ∈ N then ∀L ∈ lines: Ci,j,L = 1,

� if A(i, j) = w then ∑L∈lin(i,j)Ci,j,L = 1 and ∑L∈linesÓlin(i,j)Ci,j,L = 0

where the definition of lin(i, j) corresponds to equation 5.1.
To express connectivity we again use the two approaches which where already

presented in Section 5.2 and define their representation as pseudo-boolean con-
straints. Remember that independent of the chosen connectivity concept –
Floyd-Warshall or logarithmic – the encoding of the adjacency matrix, i.e.,
the definition of the connectivity variables of level 0, is the same. To find
a pseudo-boolean representation of the adjacency matrix we take its proposi-
tional encoding according to equation 5.3 and transform it. The easy part is
to translate Ru,v,k ↔ T to Ru,v,k = 1 and Ru,v,k ↔ F to Ru,v,k = 0. The more
difficult part is to find an appropriate pseudo-boolean constraint to encode that
two cells are reachable at level 0 if they are directly connected. Therefore we
recall the corresponding propositional formula for adjacent cells which is

Ru,v,0 ↔⋁L∈S ⋁L′∈S′ Ciu,ju,L ∧Civ ,jv ,L′

In the →-direction we have that if Ru,v,0 is true then one line from S is in u
and one line from S′ is in v. In pseudo-boolean logic these implications are
expressed by the following two constraints:

� −Ru,v,0 +∑L∈S Ciu,ju,L ≥ 0,

� −Ru,v,0 +∑L∈S′ Civ ,jv ,L ≥ 0.

The other direction of the equivalence states that Ru,v,0 is true whenever there
are two variables Ciu,ju,L and Civ ,jv ,L′ with L ∈ S and L′ ∈ S′ which are true:

∀L ∈ S, ∀L′ ∈ S′ ∶ 2 ∗Ru,v,0 −Ciu,ju,L −Civ ,jv ,L′ ≥ −1
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5 Arukone

To express connectivity on a higher level the two different approaches have
to be distinguished. First we focus on the encoding corresponding to the Floyd-
Warshall algorithm as defined in equation 5.2. The two pseudo-boolean con-
straints which encode the definition of an entry Rk[u, v] of a matrix Rk with
k > 0 are

� 2 ∗Ru,v,k−1 +Ru,k,k−1 +Rk,v,k−1 − 3 ∗Ru,v,k ≥ −1,

� 2 ∗Ru,v,k−1 +Ru,k,k−1 +Rk,v,k−1 − 3 ∗Ru,v,k ≤ 1.

To demonstrate that these constraints really determine the value of Ru,v,k cor-
rectly assume that a variable Ru,v,k is true. Then by the first constraint the
variable Ru,v,k−1 which states that u and v are reachable already at level k − 1
has to be true or – if Ru,v,k−1 is false – then both Ru,k,k−1 and Rk,v,k−1 have to
be true and therefore u and v are connected via node k. On the other hand,
if Ru,v,k is false then it is not possible that Ru,v,k−1 is true because this would
violate the second constraint. The second constraint also forbids that Ru,k,k−1

and Rk,v,k−1 are true at the same time if Ru,v,k is false.
The second approach to express connectivity of different cells in the Arukone

grid is the logarithmic encoding. To find a suitable PB encoding for reachability
of higher levels we start with the corresponding expressions in propositional
logic which are always of the following form:

Ru,v,k ↔⋁ec=1Ru,c,k ∧Rv,c,k

We first consider the easier direction of the equivalence which is the one from
right to left. By an application of De Morgan’s law we get

Ru,v,k ← ⋁ec=1Ru,c,k ∧Rv,c,k ≡ ⋀ec=1(Ru,v,k ∨ ¬Ru,c,k ∨ ¬Rv,c,k)

Now it is easy to define PB constraints which are equivalent to the clauses of
this formula in CNF:

∀1 ≤ c ≤ e ∶ −2 ∗Ru,v,k +Ru,c,k +Rv,c,k ≤ 0

The PB constraints corresponding to the →-direction of the equation require
the use of additional variables like it is the case for propositional logic. As start-
ing point of the construction we take the propositional formula after Tseitin’s
transformation:

(¬Ru,v,k ∨⋁ec=1 xu,v,c,k) ∧ ⋀ec=1(xu,v,c,k → Ru,c,k ∧Rv,c,k)

The first part of the formula, ¬Ru,v,k ∨⋁ec=1 xu,v,c,k, is translated one-to-one by
demanding that at least one of the variables in this clause is true:

−Ru,v,k +∑ec=1 xu,v,c,k ≥ 0

Each implication xu,v,c,k → Ru,c,k ∧ Rv,c,k is expressed in PB by the following
constraint:

−2 ∗ xu,v,c,k +Ru,c,k +Rv,c,k ≥ 0
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To improve performance we add redundant constraints of the form

−2 ∗ xu,v,c,k +Ru,c,k +Rv,c,k ≤ 1

which state that if both reachability variables are true then also the new variable
xu,v,c,k has to be true.

Clearly in an m×n Arukone grid all of these constraints have to be introduced
for all levels 1 ≤ k ≤ ⌈log2(m ∗ n − 1)⌉ and all nodes 1 ≤ u ≤ v ≤ m ∗ n. For the
logarithmic as well as for the Floyd-Warshall encoding the number of required
variables is the same as for the connectivity encodings in propositional logic.

It remains to present the encoding of the remaining properties which consti-
tute a minimal representation of an Arukone grid. Depending on the chosen
concept to express connectivity max = m ∗ n in case of the Floyd-Warshall
encoding and max = ⌈log2(m ∗ n − 1)⌉ in case of the logarithmic encoding:

� two equal numbers are connected:

∀u, v ∈M ×N with u ≠ v, A(iu, ju),A(iv, jv) ∈ N and A(iu, ju) = A(iv, jv):
Ru,v,max = 1,

� two different numbers must not be connected:

∀u, v ∈M ×N with A(iu, ju),A(iv, jv) ∈ N and A(iu, ju) ≠ A(iv, jv):
Ru,v,max = 0,

� a cell with a number is directly connected to exactly one cell:

∀u ∈M ×N with A(iu, ju) ∈ N: ∑v∈N4(iu,ju)Ru,v,0 = 1,

� each white cell is connected to a number:

∀u ∈M ×N with A(iu, ju) = w: ∑v∶A(iv ,jv)∈NRu,v,max ≥ 1.

As in the propositional encoding we add a set of redundant constraints which
deals with the implications of the placement of a certain line L in a cell (i, j).
Assume that L is placed (and allowed to place) in cell (i, j). As a consequence
there are two cells u1 and u2 which are directly connected to cell (i, j). For
these two cells and this line L this implication is reflected by the following PB
constraint:

−2 ∗Ci,j,L +R(i,j),u1,0 +R(i,j),u2,0 ≥ 0

Moreover if L is in cell (i, j) there is a set of cells S containing all cells adjacent
to (i, j) which must not be directly connected to (i, j) as a consequence of L. If
(i, j) is in a corner of the grid this set is empty, if it is somewhere at the border
but not in a corner then S contains one element and in all other cases it has
two elements. From this fact a constraint of the following form can be derived

∣S∣ ∗Ci,j,L +∑u∈S R(i,j),u,0 ≤ ∣S∣

which demands that all variables R(i,j),u,0 are false if L is in (i, j). This con-
straint has another, rather convenient implication. If one of the reachability
variables R(i,j),u,0 is true and hence (i, j) and u are directly connected then it
is not possible any more to have line L in (i, j).
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These previous two constraints are added for every cell and for every line
which can be put in that cell. In addition the second constraint is only con-
structible if S is not the empty set. We omit a complete listing of all constraints
as the structure is the same as given in Section 5.2 and can be easily adjusted
to pseudo-boolean logic.

5.4 SMT

Depending on the chosen theory SMT may provide a very rich language which
in the case of Arukone allows to specify a solution to an Arukone grid in a very
compact way. In Section 3.4 it was already mentioned that the SMT solver
Yices, the solver on which all SMT encodings were tested in our experiments,
decides the respective theory on its own. Therefore we do not care so much
about the theory but simply use the language features Yices provides to its
users.

For an m × n Arukone grid two sets of variables are defined. One consists of
integer variables ranging from 1 to 6 where for each cell (i, j) one variable Ci,j
is introduced. The value of a variable Ci,j indicates the line which is placed in
this cell (i, j). The other set consists of boolean variables Ru,v,k which are used
to express connectivity as introduced in the previous sections. The size of this
set depends on the connectivity concept which is chosen in the actual encoding.
To define integer variables with a limited range in Yices a subset of the natural
numbers has to be determined by defining a subtype L = {1, . . . ,6}. Then the
type of each variable Ci,j is defined to be L. In addition we use redundant
constraints of the form Ci,j = 1 ∨ . . . ∨Ci,j = 6 which state all possible values of
a variable explicitly to improve performance. The type of all variables of kind
Ru,v,k is set to B. In comparison to the previous Arukone encodings it is clearly
not possible that for a cell containing a number all possible lines are set to true
as a variable has exactly one value. Therefore the value of the variable for such
a cell is always set to 1:

∀1 ≤ i ≤m, ∀1 ≤ j ≤ n:

� if A(i, j) = w then ⋁6
l=1Ci,j = l,

� if A(i, j) ∈ N then Ci,j = 1.

Before we state the two encodings of connectivity in SMT we need to define
a few auxiliary functions:

� up ∶ L→ B where up(x) = (x = 2) ∨ (x = 4) ∨ (x = 5),

� down ∶ L→ B where down(x) = (x = 2) ∨ (x = 3) ∨ (x = 6),

� left ∶ L→ B where left(x) = (x = 1) ∨ (x = 5) ∨ (x = 6),

� right ∶ L→ B where right(x) = (x = 1) ∨ (x = 3) ∨ (x = 4),

� horizontal ∶ L ×L→ B where horizontal(x, y) = right(x) ∧ left(y),
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5.4 SMT

� vertical ∶ L ×L→ B where vertical(x, y) = down(x) ∧ up(y).

To make these functions more understandable we keep the following mapping
from numbers in L to actual lines in mind:

Ð ∣ ⌜ ⌞ ⌟ ⌝
1 2 3 4 5 6

Then it is clear that up(x) is true if x refers to a type of line which connects
a cell to its upper neighbour. The meaning of down, left and right is similar.
The functions horizontal and vertical are merely introduced as abbreviations.
horizontal(x, y) is true whenever x is a line connecting a cell to its right neigh-
bour and y is a line connecting a cell to its left neighbour. In the encoding
this function comes in if we want to check if two horizontally adjacent cells are
directly connected. The function itself does not guarantee that x and y are
adjacent and that x is the left neighbour of y therefore horizontal has to be
applied carefully. The same holds for vertical which is used to determine if two
cells which are vertically adjacent are directly connected.

In a next step these functions are used to define the adjacency matrix for the
Arukone grid:

∀1 ≤ u ≤ v ≤ e ∶ Ru,v,0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

T if u = v
ψ1(u, v) if iu = iv and jv = ju + 1
ψ2(u, v) if ju = jv and iv = iu + 1
F otherwise

where

ψ1(u, v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

F if A(iu, ju), A(iv, jv) ∈ N
left(Civ ,jv) if A(iu, ju) ∈ N and A(iv, jv) = w
right(Ciu,ju) if A(iv, jv) ∈ N and A(iu, ju) = w
horizontal(Ciu,ju ,Civ ,jv) otherwise

ψ2(u, v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

F if A(iu, ju), A(iv, jv) ∈ N
top(Civ ,jv) if A(iu, ju) ∈ N and A(iv, jv) = w
down(Ciu,ju) if A(iv, jv) ∈ N and A(iu, ju) = w
vertical(Ciu,ju ,Civ ,jv) otherwise

The definition of Ru,v,0 for two adjacent cells is more complicated than for
propositional and pseudo-boolean logic as in these encodings all lines of a cell
with a number are set to true but for SMT we have that there is only one line in
a numbered cell. Assume u is the upper neighbour of v and contains a number
whereas v is white. By the SMT encoding the line in u is always of shape
Ð. Normally this line does not allow u to be connected to its lower neighbour.
Hence we ignore in the definition of ψ2 the line in cell u completely and demand
only that v contains a type of line which allows a cell to be connected to its
upper neighbour.
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The first connectivity concept we examine is the one on the basis of the Floyd-
Warshall algorithm. The translation of the definition for all matrices with k > 0
is immediate due to the rich language of SMT. For each entry Rk[u, v] in a
matrix Rk with 1 ≤ k ≤ m ∗ n a variable Ru,v,k is introduced and the following
constraint is added:

Ru,v,k = Ru,v,k−1 ∨ (Ru,k,k−1 ∧Rk,v,k−1)

Also for the second approach, the logarithmic encoding, SMT allows us to
directly take over the formula as defined originally. Hence for an m×n Arukone
grid and for all 1 ≤ k ≤ ⌈log2(n − 1)⌉ the following formula is added:

Ru,v,k = ⋁m∗nc=1 Ru,c,k ∧Rv,c,k

The SMT encoding of logarithmic connectivity requires far less variables as it
is not necessary to squeeze the constraints into the corset of CNF or pseudo-
boolean logic.

The encoding of the remaining properties of Arukone is very similar to the
encodings given in propositional and pseudo-boolean logic. Again, in case of the
Floyd-Warshall encoding max =m ∗ n and in case of the logarithmic encoding
max = ⌈log2(m ∗ n − 1)⌉:

� two equal numbers are connected:

∀u, v ∈M ×N with u ≠ v, A(iu, ju),A(iv, jv) ∈ N and A(iu, ju) = A(iv, jv):
Ru,v,max = T ,

� two different numbers must not be connected:

∀u, v ∈ M × N with A(iu, ju),A(iv, jv) ∈ N and A(iu, ju) ≠ A(iv, jv):
Ru,v,max = F ,

� a cell with a number is directly connected to exactly one cell:

∀t ∈M ×N with A(it, jt) ∈ N:

⋁u∈N4(it,jt)Rt,u,0 ∧ ⋀u∈N4(it,jt)⋀v∈N4(it,jt),u≠v(¬Rt,u,0 ∨ ¬Rt,v,0),

� each white cell is connected to a number:

∀u ∈M ×N with A(iu, ju) = w: ⋁v∈M×N,A(iv ,jv)∈NRu,v,max.

The very last property – the fact that lines imply certain cells to be directly
connected and others to be not – is expressed similar to the propositional en-
coding given in Section 5.2.

5.5 Experimental Results

To test the performance of the different encodings, experiments on 50 Arukone
puzzles were run. According to their sizes the puzzles are grouped into 5 classes
each containing ten instances of the same grid size. All results in this section are
given as an arithmetic mean of these ten Arukone puzzles per class. Besides
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Grid size Floyd-Warshall Logarithmic
Decisions 7801.70 39303.00
Conflicts 5 × 5 0.10 0.60
CPU time 0.038 s 0.189 s
Decisions 25694.60 142218.00
Conflicts 6 × 6 21.60 26.20
CPU time 0.124 s 0.778 s
Decisions 131620.60 791627.00
Conflicts 8 × 8 74.60 79.60
CPU time 0.926 s 5.773 s
Decisions 268350.90 ∼ 2 m
Conflicts 9 × 9 764.50 1092.50
CPU time 5.802 s 91.364 s
Decisions 526774.70 ∼ 4 m
Conflicts 10 × 10 11316.20 13834.50
CPU time 78.195 s 1765.661 s

Table 5.1: Performance of Minisat2 on Arukone grids.

the comparison of the different encodings, the tests aimed also to compare
the performance of the two different approaches which are used to express
connectivity. All tested Arukone grids are taken from “Janko.at” [1] or self-
generated. The time limit was set to one hour, puzzles which needed more
than one hour were taken with 3600 seconds into consideration. This affects
results where the average CPU time is more than 1500 seconds but less than
one hour. If a solver needs more than one hour on all instances of a certain
problem class then we write > 1 h. In all tables in this section the letter “m” is
used as abbreviation for “million”.

Table 5.1 shows the performance results for the SAT solver Minisat2 on the
propositional encoding for both connectivity approaches. Throughout all in-
stances the encoding of connectivity according to the Floyd-Warshall algorithm
performs better than the logarithmic encoding. If we compare the amount of
variables required by the two different encodings then the logarithmic encod-
ing uses far more variables to express reachability than the encoding of the
Floyd-Warshall algorithm. As explained in Section 5.2 this is due to the trans-
formation into CNF which adds a lot of auxiliary variables to the logarithmic
encoding. Another reason for the poor performance of the logarithmic encoding
could be the fact that it creates very large formulas whereas the formulas gen-
erated by the Floyd-Warshall encoding are very compact. In comparison to the
results for Sudoku and Akari, the SAT solver needs already a rather long time
to solve the relatively small puzzles of size 10 × 10. This is due to the complex
encoding of connectivity which does not allow too much unit propagation and
necessitates a large number of variables.

The pseudo-boolean encoding performs even worse than the SAT encoding.
Especially the solver Pueblo has huge difficulties (Table 5.3) to solve even very
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Grid size Floyd-Warshall Logarithmic
Decisions 1.90 60556.30
Conflicts 5 × 5 0.20 960.20
CPU time 0.816 s 7.873 s
Decisions 259.80 578113.00
Conflicts 6 × 6 59.40 3413.40
CPU time 2.826 s 46.332 s
Decisions 1086.00 ∼ 9 m
Conflicts 8 × 8 284.40 32594.10
CPU time 16.214 s 1862.673 s
Decisions 5031.90
Conflicts 9 × 9 1495.80 > 1 h
CPU time 45.550 s
Decisions 79653.70
Conflicts 10 × 10 26583.70 > 1 h
CPU time 498.709 s

Table 5.2: Performance of Minisat+ on Arukone grids.

small Arukone grids. Using the logarithmic encoding Pueblo is only able to
find a solution for puzzles smaller than 8 × 8 within an hour. This is worse
than any human player who is familiar with Arukone. But also the results
for Minisat+ which are given in Table 5.2 are rather bad in comparison to
Minisat2. The unsatisfying runtime results for the pseudo-boolean encoding
reflect the fact that pseudo-boolean logic is not very suitable to encode the
properties of Arukone.

Floyd-Warshall Logarithmic
Grid size CPU time CPU time

5 × 5 0.568 s 19.179 s
6 × 6 3.124 s 632.289 s
8 × 8 181.889 s > 1 h
9 × 9 799.710 s > 1 h

10 × 10 > 1 h > 1 h

Table 5.3: Performance of Pueblo on Arukone grids.

The results for the SMT solver Yices (Table 5.4) are better than for the two
pseudo-boolean solvers. This is a bit surprising as for Sudoku and Akari, Yices
always performed worst. Especially on the logarithmic connectivity encoding
the difference to Minisat+ and Pueblo is outstanding. As it is not necessary
in SMT to use additional variables for the logarithmic encoding SMT allows a
more direct comparisons of the two different approaches to express connectivity.
Interestingly, Yices is faster on the Floyd-Warshall encoding which uses notably
more variables than the logarithmic encoding. The reason might be the fact
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Floyd-Warshall Logarithmic
Grid size CPU time CPU time

5 × 5 0.597 s 0.916 s
6 × 6 1.860 s 4.509 s
8 × 8 11.732 s 100.202 s
9 × 9 42.745 s 1920.427 s

10 × 10 477.671 s > 1 h

Table 5.4: Performance of Yices on Arukone grids.

that the formulas generated by the Floyd-Warshall algorithm are considerable
smaller.

5.6 NP-Completeness

In this section we illustrate how Arukone is proven to be NP-complete by defin-
ing a reduction from the NP-complete problem planar 3SAT which was shortly
introduced in Section 4.6.

Definition 5.5. A propositional formula φ is in 3CNF if it is in CNF and if
all clauses in φ have exactly three literals. 3SAT is the problem of deciding if
a given formula which is in 3CNF is satisfiable. Planar 3SAT is a restricted
form of 3SAT where only planar instances of 3SAT, i.e, 3CNF formulas which
have a planar occurrence graph G(φ), are considered. For a formula φ in CNF
let X be the set of all variables in φ and let C be the set of all clauses. The
occurrence graph G(φ) is defined as follows:

G(φ) = (X ∪C,E) with E = {(xi, cj) ∣ xi or ¬xi is in cj}

In order to reduce a formula φ which is in 3CNF and has a planar occurrence
graph to an Arukone grid we create an intermediate planar boolean circuit
from the planar occurrence graph. Roughly, this circuit is satisfied by every
assignment which satisfies φ and is not satisfied by an assignment which does
not satisfy φ. In a next step the circuit is reduced to Arukone by applying the
same principle as in the NP-completeness proof of Akari. For each component
of the circuit – gates and wires – a corresponding tile which is a small part of
an Arukone grid is defined.

In comparison to Akari where a general boolean circuit is reduced to an
Akari grid, the usage of planar circuits allows some simplifications. The most
important one is that it is not necessary to define a tile for XOR-gates as by
the planarity of the circuit there are no wire-crossings. Another advantage is
that there is no need to define tiles which correspond to inputs of sort T and
F as φ contains only variables. The disadvantage of this approach is that the
circuits which are derived from planar 3CNF formulas usually have not only
one but multiple outputs. Therefore Definition 4.7 has to be changed to allow
more than just one output node (nodes with outdegree 0).
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To construct a circuit from a planar 3CNF formula φ the occurrence graph
G(φ) is used. For each node xi in G(φ) which corresponds to a variable of φ
in the circuit an input node with sort xi is defined. For each node cj which
corresponds to a clause with three literals we introduce two ∨-gates. If the
outdegree of a node xi is larger than 1 several split-gates are used to fix the
outdegree to 1 as it is required by Definition 4.7. Also for the reduction it is
essential to have a fixed outdegree for each gate. The edges (xi, cj) of G(φ)
serve as wires. If xi appears negatively in cj an additional ¬-gate is added
before the edge starting at input node xi enters the ∨-gate corresponding to cj .
The circuit which is constructed by this transformation is planar.

In all figures in this section which show tiles or complete Arukone grids,
characters are used instead of natural numbers to indicate labelled cells. This
is done to improve readability and of course has no influence on the solution of
a puzzle. Further in each tile certain cells are marked with black spots. These
spots indicate inputs and outputs of the tile. In fact two spots together form
an input or an output for one signal. Spots on the left-hand side correspond
to inputs, black spots on the right-hand side point at cells which forward the
signal to the next tile. Moreover in the figures arrows are used to point out the
input and the output side of a tile. Further the cells marked with black spots
are the only cells through which a line from a previous tile is allowed to enter
respectively a line is allowed to leave in order to enter a successor tile. These
lines which pass several tiles are used to forward truth values from one tile to
the next. A line which enters a tile through the upper black spot of an input
corresponds to an input signal of 1, if the line enters at the lower spot of the
input this means that the value of the input is 0. The definition of values which
are transported by lines leaving the tile is the same: leaving through the upper
black spot of the output means 1 and leaving the tile through the lower black
spot of the output means 0. To guarantee that lines are not allowed to enter
or leave through cells which are different from the ones marked with spots, all
other cells have to be blocked by “walls” which are made out of labels. The
concrete implementation of walls is illustrated later on in this section as the
explanation requires the knowledge of the different tiles.

For all tiles and grids which are presented we have to distinguish different
kinds of labels. A label of the form ai appears twice per tile and hence the line
which connects these two labels chooses a path within the tile. These labels
have an auxiliary function and are used to direct the incoming and outgoing
lines appropriately. Then there are labels of shape v̄ or v̄i – these label cells
to which input lines are connected to. Accordingly there is one label v per
tile or in case of the split-tile which is explained later there are two labels v1
and v2 where the outgoing line(s) start(s). In the concrete reduction we have
to take care that the label v of one tile and the label v̄ of its successive tile
(straight-wire-tiles are not considered as they only have auxiliary labels) are
the same number or character. This way it is possible to draw lines which cross
the border of a tile and therefore carry information from one tile to the next.
Finally there are labels xi which appear only outside of tiles and are used to
form walls.
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Straight-wire-tile

To transfer a value from one tile to the next so-called wire-tiles are used. As the
name already suggests they are the equivalent of wires in a circuit. The shortest
straight-wire-tile is shown in Figure 5.4. Imagine a line entering through the
upper black spot of the tile as shown in picture (b) which corresponds to an
input value of 1. Clearly the two labels a1 make it impossible that the line
leaves the tile through the lower left spot on the right-hand side and hence
the input value 1 is preserved by the wire-tile. The same holds if the input line
enters through the lower black spot – there is no way this line reaches the upper
spot of the output. This case is illustrated in picture (c) of Figure 5.4.

a1 a1x→ → x

(a)

a1 a11→ → 1

(b)

a1 a10→ → 0

(c)

Figure 5.4: The shortest straight-wire-tile.

The length of straight-wire-tiles can be increased by adding an even number
of white cells in-between the two cells which are labelled with a1. A straight-
wire-tile which is stretched by two cells is given in picture (a) of Figure 5.5.
Picture (b) illustrates that also for stretched wire-tiles it is not possible that
the propagated value changes. In this picture we try to switch from input 1 to
output 0. But the corresponding line separates the two a1’s from each other and
hence there is no solution for this grid. Picture (c) shows a straight-wire-tile
which is stretched by one cell – an odd number of cells. Also for this grid there
exists no solution as there is no possibility to draw a line through all three cells
in the third row. Note that there are several ways to connect the two a1’s but
none of them yields a solution. This problem appears for any straight-wire-tile
which is extended with an odd number of cells.

a1 a1x→ → x

(a)

a1 a11→ → 0

(b)

a1 a11→ → 1

(c)

Figure 5.5: Larger straight-wire-tiles.

If a straight-wire-tile with odd length is necessary the tile given in Figure 5.6
can be used. This tile may be enlarged by inserting any number of white cells
in the middle of the tile. Picture (b) shows a solution of this tile if the input is
1. The case for input 0 is similar. Picture (c) illustrates that also for straight-
wire-tiles of odd length there is no solution which allows to have input and
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output with different values. As before, if input and output values are different
the auxiliary labels in the tile can not be connected any more.

a1 a1x→ → xa2 a2

(a)

a1 a11→ → 1a2 a2

(b)

a1 a11→ → 0a2 a2

(c)

Figure 5.6: Straight-wire-tile with odd length.

Bend-wire-tile

A tile which allows small corrections of the path of a wire is the bend-wire-tile.
It forwards the signal and at the same time defers it by one cell. The bend-
wire-tile which is shown in picture (a) of Figure 5.7 moves the signal to the next
higher row in the grid. If this tile is mirrored horizontally the resulting tile is a
bend which defers the input line to the next lower row. Picture (b) shows the
solution of the tile if the input is 1. The entering line has to connect to v̄ from
above and therefore the only starting point for a line in cell (2,4) is v. Hence
the output line has value 1. Picture (c) shows a solution for the bend-wire-tile
if the input is 0. Here the way the input line connects to v̄ forces the output
line starting at v to be 0. That it is not possible to have an output which
is different from the input follows immediately as the tile has two completely
separated areas.

a2 a2

a1 v̄ v
a1

a3 a3

(a)

x→
→ x

a2 a2

a1 v̄ v
a1

a3 a3

(b)

1→
→ 1

a2 a2

a1 v̄ v
a1

a3 a3

(c)

0→
→ 0

Figure 5.7: The bend-wire-tile allows small corrections.

Corner-wire-tile

The last tile which is necessary to form wires is the corner-wire-tile. The tile
shown in Figure 5.8 allows to bend the signal for example from the left border
to the top border. Of course it can be flipped to achieve additional corners.
But no matter how the tile is flipped it is not possible to get a corner-wire-tile
which bends a line from the left side to the lower side of the tile. To get such a
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a1 a1 a2

a3 a4

a3

a4

a2

v

v̄

x→

x
↑

Figure 5.8: The corner-wire-tile.

tile the corner-wire-tile has to be mirrored vertically in the middle. Similar to
the other wire-tiles this tile is divided into two areas and the input line is not
able to enter one area from the other which guarantees that the input value is
not changed but forwarded. This separation is achieved by the cells labelled
with a3 and a4.

Figure 5.9(a) shows a solution of the corner-wire-tile where the input is 1.
This solution is not unique but as the input line entering at the upper black
spot of the input must not separate the two a3’s and the two a4’s, this line
connects to v̄ from the left side and hence the outgoing line has to leave via cell
(1,5). The very same idea is used if the input is 0. This case is illustrated in
Figure 5.9(b). Also here the shown solution is not unique.

a1 a1 a2

a3 a4

a3

a4

a2

v

v̄

1→

1
↑

(a)

a1 a1 a2

a3 a4

a3

a4

a2

v

v̄

0→

0
↑

(b)

Figure 5.9: Solutions of the corner-wire-tile.

Variable-tile

The tile which is shown in picture (a) of Figure 5.10 is the reduction of an input
node which has a variable as sort. As already mentioned there is no need to
define tiles for inputs of sort F and T as they do not appear in a 3CNF formula.
The variable tile has two output spots which form together one output and as
it is a tile which constitutes an input node there are no input spots. The line
starting at v is allowed to leave the variable-tile through either of the two black
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v1
→ x

(a)

v1

→ 0

(b)

v1

→ 1

(c)

Figure 5.10: The variable-tile.

spots. This corresponds to the fact that the value of a variable can be either 0
or 1 and is not fixed at this point. Pictures (b) and (c) illustrate how all white
cells of the tile are passed while the line leaves via the lower or the upper black
spot.

T -output-tile

Figure 5.11 shows the T -output-tile which is used to finalise every reduction of
an output node of the circuit. Assuming that this tile is connected to a wire
and surrounded by walls, the solution given in Figure 5.11(b) is unique. The
two auxiliary labels a1 in the T -output-tile guarantee that the input line which
has to be connected to v̄ is only allowed to enter the tile through the upper
black spot. This corresponds to an input value of 1 and hence the value of each
tile which is directly before the T -output-tile has to be 1 in any solution of the
grid. In terms of the original formula φ this means that there exists a variable
assignment for φ which satisfies every clause and hence all outputs of the circuit
which is constructed from G(φ) have value 1 under this assignment.

a1 a1

v̄
x→

(a)

a1 a1

v̄

1→

(b)

Figure 5.11: The T -output-tile.

¬-tile

The next step in the encoding is to define the reduction of a ¬-gate. It is
mapped to the ¬-tile which is shown in picture (a) of Figure 5.12. If the input
line which is coming from the previous tile and which has to be connected to v̄
enters the ¬-tile via the upper black dot on the left side – this corresponds to
input signal 1 – then the output line starting at v is forced to leave the ¬-tile
through the lower black spot on the right-hand side as shown in Figure 5.12(b).
This is equivalent to having an output signal of 0. If the line ending at v̄ enters
through the lower black spot the line which is leaving the tile has to take a
path via the right, upper black dot and again the signal is flipped. A complete
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a1 a1

v̄ va2 a2

a3 a3

x→ → ¬x

(a)

a1 a1

v̄ va2 a2

a3 a3

0→ → 1

(c)

a1 a1

v̄ va2 a2

a3 a3

1→ → 0

(b)

Figure 5.12: The ¬-tile.

solution for input 0 is given in Figure 5.12(c). Clearly these properties are only
true if lines are not allowed to leave the tile through any cells except the ones
which are marked with black spots. This is achieved by placing a wire tile next
to input and output and by blocking all other cells with walls. To guarantee
that the ¬-tile really works as desired it is not only necessary to verify that
it is possible to find a solution for every input signal where input and output
correspond to different values but also to show that there exists no solution
where input line and output line of a ¬-tile enter and leave with the same
value. That it is not possible to have input and output of the same value can
be seen rather quickly by trying to find a solution which meets this constraint.

∨-tile

a1

a1 a2 a2

a3

a3 v̄1 v a4 a4

a5

a6 a7 a7

a6 a5

v̄2 a8

a9 a9 a8

y →

x →
→ x ∨ y

Figure 5.13: The ∨-tile.

The representation of a ∨-gate as Arukone grid requires the more complicated
tile given in Figure 5.13. According to the two input wires of a ∨-gate we have
four black spots at the left-hand side which allow two lines from previous tiles
to enter the ∨-tile. The line entering at the upper input which is labelled with
x has to be connected to v̄1, the input line y is connected to v̄2. To simulate
the output of a ∨-gate, the output line starting at v is forced to leave the ∨-tile

61



5 Arukone

via the lower black spot at the right-hand side precisely when both input lines
are entering via their lower input spots.

a1

a1 a2 a2

a3

a3 v̄1 v a4 a4

a5

a6 a7 a7

a6 a5

v̄2 a8

a9 a9 a8

1 →

1 →
→ 1

(a)

a1

a1 a2 a2

a3

a3 v̄1 v a4 a4

a5

a6 a7 a7

a6 a5

v̄2 a8

a9 a9 a8

0 →

1 →
→ 1

(b)

Figure 5.14: Solutions of the ∨-tile where the upper input is 1.

If the upper input x is 1 then the corresponding input line enters via the
upper black spot of x. By the two cells labelled with a3 this line is not able
to pass the bottleneck at cell (4,2) and therefore connects to v̄1 from above.
Then the three remaining cells in row three can only be filled out if the output
of the tile is 1. This way the output is determined independent of the second
input and it remains to show that there exists a solution which completes the
lower part of the ∨-tile for both input values of y. Two possible but no unique
solutions are given in Figure 5.14.

Figure 5.15 shows how the output value of the ∨-tile is determined if the
upper input is 0 and the lower input value is 1. Picture (a) gives a correct
solution with output value 1. Picture (b) illustrates why it is not possible to
have an output value of 0. The first important observation in this case is that
if input x is 0 and the output is 1 then the line connecting the two a3’s must
not reach a cell beyond row 3 otherwise the upper part could not be solved.
Hence the cells which belong to the upper and the lower part are completely
defined. Moreover the line which is connected to v̄2 is uniquely determined and
the start and the endpoint of the output line are fixed. If we now try to find a
placement for the remaining lines it turns out that there is no solution within
these bounds. In Figure 5.15(b) for example it is not possible to have a line
connecting the two cells labelled with a7 such that all white cells are crossed
by a line.

Figure 5.16(a) shows a valid solution of the ∨-tile if both input signals are 0.
In picture (b) of Figure 5.16 we try to find a solution of the ∨-tile where both
inputs are 0 and the output is 1. Again the cells of the upper and the lower
part of the tile are delimited by the line which connects the two a3’s. This line
must not reach any other cell in row 4 or 5 as then the upper input line could
not be connected any more to v̄1. Further the lines in the lower part of the
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a1

a1 a2 a2

a3

a3 v̄1 v a4 a4

a5

a6 a7 a7

a6 a5

v̄2 a8

a9 a9 a8

1 →

0 →
→ 1

(a)

a1

a1 a2 a2

a3

a3 v̄1 v a4 a4

a5

a6 a7 a7

a6 a5

v̄2 a8

a9 a9 a8

1 →

0 →
→ 0

(b)

Figure 5.15: ∨-tile where input x is 0 and input y is 1.

a1

a1 a2 a2

a3

a3 v̄1 v a4 a4

a5

a6 a7 a7

a6 a5

v̄2 a8

a9 a9 a8

0 →

0 →
→ 0

(a)

a1

a1 a2 a2

a3

a3 v̄1 v a4 a4

a5

a6 a7 a7

a6 a5

v̄2 a8

a9 a9 a8

0 →

0 →
→ 1

(b)

Figure 5.16: A ∨-tile where both inputs are 0.

tile in picture (b) can not be changed in such a way that the white cells in the
middle change. But now it is not possible any more to connect the upper input
line starting at the lower black spot of the upper input to v̄1 without having at
least one white cell which is not touched by a line.

split-tile

The idea of the split-tile which is shown in Figure 5.17 and to which a split-gate
is reduced is simple. If the input line enters via the upper input spot which
corresponds to signal 1 then the two cells labelled with a2 force the input line to
be connected to v̄ via the upper adjacent cell of v̄. This in turn forces the first
output starting at v1 to leave the tile through its upper exit point. Then the
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a1 a1

a2 v̄ v1

a2

a3 a4a3a4

v2

a7 a7

a5 a5 a6

a6

x →

→ x

→ x

(a)

a1 a1

a2 v̄ v1

a2

a3 a4a3a4

v2

a7 a7

a5 a5 a6

a6

1 →

→ 0

→ 0

(b)

Figure 5.17: The split-tile.

signal is propagated to the second output line starting at v2 by the cells on the
right-hand side of the grid labelled with a4 and a6. In picture (b) of Figure 5.17
we have an input signal of 1 and at the same time try to have an output signal
of 0. Hence the line starting at v1 leaves through the lower black spot of the
first output. Then the input line has to connect to v̄ from below, otherwise
there could not be a line in cell (2,8). But now the two a2’s are separated
and we can not find a solution any more. Also if we try to have output 1 with
an input signal of 0 it follows immediately that the input line connected to v̄
forbids to connect the two cells labelled with a2.

a1 a1

a2 v̄ v1

a2

a3 a4a3a4

v2

a7 a7

a5 a5 a6

a6

1 →

→ 1

→ 1

(a)

a1 a1

a2 v̄ v1

a2

a3 a4a3a4

v2

a7 a7

a5 a5 a6

a6

0 →

→ 0

→ 0

(b)

Figure 5.18: Valid solutions for the split-tile.

Figure 5.18(a) shows a valid solution of the split-tile for an input value of
1. As already explained the entering line has to connect to v̄ from above and
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therefore the first output has to be 1. Now the line in cell (4,8) has to come
from cell (5,8) which is labelled with a4. As a consequence the line in cell
(6,8) has to start in cell (7,8) which is labelled with a6 which in turn forces
the second output to be 1 as well. The working principle is the same if the
input has value 0 as shown in Figure 5.18(b). Also in this case the output value
is determined for the upper output by the way the input line has to connect to
v̄ and then forwarded through the labels on the right-hand side to the second
output.

Walls

Figure 5.19 shows the actual construction of walls. Therefore some of the cells
which are not part of a tile are filled with labels in order to get a rectangular

x6 x6

x5 x5

x4 x4

x3 x3

x2 x2

x1 x1

x7

x7

x8

x8

x9

x9

x10

x10

x11

x11

x12

x12

x13

x13

x20

x20

x21

x21

x14

x14

x15

x15 x16 x16

x17 x17

x18

x18

x19

x19

Figure 5.19: Cells which are not part of a tile are covered with walls.

Arukone grid. In this figure all gray cells denote cells which are outside of tiles
– these are the cells where walls are placed – and all white cells are part of
tiles. Of course the construction of walls has to be done in such a way that the
working principle of all tiles is not changed. Especially we have to take care
that no formerly impossible combination of input and output lines becomes
possible. An important observation is that it is not possible that lines which

x2 x2

x1x1

Figure 5.20: Lines from inside a tile must not touch cells of the wall.

start inside the tile are ever able to reach a cell which is outside of that or
any other tile e.g. successor wire-tiles. Figure 5.20 illustrates this property of
the reduction. It shows a fragment of an Arukone grid where a line starting
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inside the white cells of a tile occupies also cells of the wall. As a consequence
the line connecting the two x2’s has to take a path around these cells which
again makes it impossible to connect the two x1’s. Obviously the cells which
are passed by the line from inside the tile are missing. Due to the construction
of walls it is always the case that not all labels of the wall can be connected if
lines from outside the wall are interfering. Hence we examine only cases where
a line starting somewhere within the walls has a path which passes also cells
inside of one or more tiles.

a1 a11→ → 0

(a)

a1 a1x→ → xa2 a2

(b)

Figure 5.21: Lines of the wall interfering with wire-tiles.

Consider for example the straight-wire-tile in Figure 5.21(a). It is possible
that the path of a line which belongs to the wall covers cells of the wire but
the line which enters the wire-tile as input is never able to switch from the
upper input to the lower output or vice versa due to the fact that then the two
cells labelled with a1 could not be connected any more. Figure 5.21(b) shows
that for straight-wire-tiles of odd length there is no solution at all if lines from
the wall interfere. Such a tile always has a unique solution. For the other two
wire-tiles – bends and corners – it is also clear that lines starting at the wall
are not able to change the output value as both tiles are separated in two areas
and therefore it is completely determined through which neighbour cell of v̄ the
input line connects to v̄. Then also the path of the outgoing line is exactly
defined.

Also for most other tiles it is clear that lines from outside are not able to
induce severe changes inside the tile. For the variable-tile we have that the
output is independent of any input and that the outgoing line may leave via
the 0 or the 1 exit of the tile. Therefore lines starting inside the wall can not
change the correlation between input and output signal. For the T -output-tile
the case is similar. As input 0 is blocked with a label, a line entering this tile
from the previous tile has no choice but to enter via the upper spot of the input.

Figure 5.22 shows a ¬-tile with two straight-wire-tiles – one for the input,
one for the output line. As this grid is only a part of a complete Arukone grid
the labels of the walls are not complete. In the concrete reduction of a formula
the ¬-tile (and every other tile which is not a straight-wire-tile) always appears
next to two straight-wire-tiles. In Figure 5.22 we try to find a solution if input
and output of the ¬-tile are 1. The lines which are already drawn inside of
the tiles are completely determined. Without lines from the outside there is no
solution for this combination of input and output values. The picture shows
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a1 a1

a2 a2

v̄1 v2a3 a3

a4 a4

a6 a6

x1

x3

x2

x4

1→ → 1

Figure 5.22: Walls do not change the outcome of the ¬-tile.

that if a line from outside enters the ¬-tile from above then the two a2’s are
separated. On the other hand, if a line from the wall enters at the lower border
of the ¬-tile then it can not have any influence on the lines in the upper half
of the ¬-tile as cell (4,5) can only be passed by a line which belongs to the
two a3’s. Also if input and output are both 0 there exist no solution due to
the same argumentation as the ¬-tile is symmetric. For these reasons it is not
possible that the outcome of the ¬-tile is influenced by a line of the wall.

a3

a3 a4 a4

a5

a5 v̄1 v a6 a6

a7

a8 a9 a9

a8 a7

v̄2 a10

a11 a11a10

a1 a1

a2 a2

a1 a1

x1

x2

x2

x3

x3

x4

x5

x6

x7

x7

x8

x8

1→

0→
→ 0

(a)

a3

a3 a4 a4

a5

a5 v̄1 v a6 a6

a7

a8 a9 a9

a8 a7

v̄2 a10

a11 a11a10

a1 a1

a2 a2

a1 a1
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x2

x2

x3

x3

x4

x5

x6

x7

x7

x8

x8

1→

0→
→ 0

(b)

Figure 5.23: Walls and the ∨-tile.

For the ∨-tile it is not immediately obvious that the walls do not disturb the
lines inside the tile. If the upper input line enters at the upper black spot then
the way this line connects to v̄1 forces the line starting at v to leave via the
upper spot and this consequence can not be influenced by any other line in-
or outside the tile. If the upper input is 0 then the two different cases for the
lower input have to be distinguished. In Figure 5.23 we try to find a solution
of the ∨-tile where input x is 0, input y is 1 and the output is 0. This should
of course not be possible. A possible entry point of a line from outside the tile
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is the lower border of the ∨-tile. If we compare the area which is covered by
the line for a9 in Figure 5.15(a) and the area for a11 (the corresponding label
in this figure) together with the line starting at the wall in Figure 5.23(a) then
it turns out that it is the same and in addition that there is no way to enlarge
this area. Hence there are no changes possible which result from lines entering
at this lower border of the ∨-tile. In picture (b) of Figure 5.23 a line from a wall
enters at the right side of the tile. Also in this case the new line does not help
to construct a solution as cell (10,6) has no line. Also if the line entering at this
side of the tile covers only two or four cells instead of six as it does in picture
(b) there are always cells which can not be covered. This way we have detected
that there is no solution for the subarea containing the two cells labelled with
a9 also with the help of additional lines from the outside and that an output
value of 0 still is not possible for inputs 1 and 0.

a3

a3 a4 a4

a5

a5 v̄1 v a6 a6

a7

a8 a9 a9

a8 a7

v̄2 a10

a11 a11a10

a1 a1

a2 a2

a1 a1

x1

x2

x2

x3

x3

x4

x5

x6

x7

x7

x8

x8

0→

0→
→ 1

Figure 5.24: Walls and the ∨-tile.

It remains to check if the walls allow to have output 1 if both input signals
of the ∨-tile are 0. Figure 5.16 already illustrated that there exists no solution
for this combination of input and output values without walls. It is for example
not possible to cover all cells in the white area between the cells labelled with
a3, a5 and a6. In order to have a solution for this part of the grid as shown in
Figure 5.24 the line connecting the two a5’s (a3’s in Figure 5.16) has to change
as given in this grid. But then cell (4,6) has no line and it is also not possible
to change the placement of lines with the help of lines from the outside in order
have a line in this cell.

The last tile we have to cover is the split-tile. As illustrated in Figure 5.17(b)
the two labels a2 divide the tile in two parts and this determines uniquely from
which side the input line connects to v̄ which in turn determines the output
value. This principle can not be disturbed by any cells from the outside as they
are not able to reach any cells at the right border which propagate the truth
value.
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c1

x1 x2 x3

(a)

x1 x2

∨

x3

¬

∨

(b)

Figure 5.25: Occurrence graph and circuit for (x1 ∨ x2 ∨ ¬x3).

Example 5.6. The formula which is reduced to Arukone is kept rather small
as the main purpose of this example is to illustrate the different steps of the
reduction. Moreover, already for such a small formula the resulting grid is quite
large. The formula in 3CNF which is transformed to an Arukone grid is the
following:

φ = (x1 ∨ x2 ∨ ¬x3)

The first step is to create the occurrence graph G(φ) for φ. The resulting
graph is shown in picture (a) of Figure 5.25 and as easily can be seen this graph
is planar. Then a planar circuit is created out of G(φ). The transformation
is straightforward, the only thing we have to take care of is that negations
of literals do not appear in G(φ) but of course have to be considered in the
circuit. Picture (b) of Figure 5.25 shows the circuit which is generated by the
transformation. For node c1 in G(φ) two ∨-gates are introduced, for each node
xi we add an input to the circuit and the value of x3 is negated before it enters
the second ∨-gate.

Then the transformation of the circuit into an Arukone grid is accomplished.
For each component of the circuit a corresponding tile is placed in a similar
position on a big Arukone grid. Figure 5.26 shows the large Arukone grid
which is created this way. As in Figure 4.16 in Section 4.6 blue boxes are used
to indicate the border of the single tiles. This grid is not unique, e.g. the corner-
wire-tiles could also be replaced by bend-wire-tiles. Every cell which is not part
of a tile is highlighted in gray. In this figure the actual implementation of walls
is not given as it is not exactly determined and the multiplicity of labels may
confuse the reader. To ensure that all white cells of the wall can be covered
with lines we have to guarantee that there is no self-contained gray area which
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v1

v2

v3

a1 a1

a2 a2

a3 a3

a4

a4 a5 a5

a6

a6 a7 a7

a8

a8 a10a10

a8 a8

a11

a12 a12a11

v̄2

v̄1 v4 a16a17 a17a16

a13 a13

v̄3 v5a14 a14

a15 a15

a18a18

a4

a4 a19a19

a20

a20 a21a21

a22

a23 a24a24

a23a22

a25

a26 a26a25

v̄7

v̄4 v8

a30 a30 a31

a32

a33

a32

a33

a31

v̄6

v5

a34

a34

a26

a26

a27

a28

a29

a28

a29

a27

v̄7 v6 a35a35

a36a36

a37a37

v8

Figure 5.26: Arukone grid which is the reduction of (x1 ∨ x2 ∨ ¬x3).

has less than four cells. This is achieved easily by using longer wires if necessary
or by increasing the cells which are reserved for walls. In this example the first
row of the grid is added for this reason. Further there is always a straight-wire-
tile between every two tiles which are not straight-wire-tiles to guarantee that
input and output line really take a correct path.

Having defined a reduction A from planar boolean circuits to Arukone next
we have to show the following statement:

Theorem 5.7. Let φ be a 3CNF formula and A(φ) the previously defined re-
duction to an Arukone grid. Then φ is satisfiable if and only if A(φ) has a
solution.

The proof is not given here as it is very tedious. To obtain the NP-completeness
of Arukone, the remaining task is to show that Arukone lies in NP by giving a
polynomial-time algorithm to verify a solution A′ for an Arukone grid A:

1. For each cell (i, j) with A(i, j) ∈ N verify that A(i, j) = A′(i, j).

2. For each white cell check if there is exactly one line in that cell.
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5.6 NP-Completeness

3. Follow each line starting at a number and verify that the numbers at both
ends are matching. If a visited cell is not stored already, memorise it.

4. Count the number of stored cells. If it is equal to the cells in the grid
then the solution is correct.
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6 Implementation

With this thesis comes a program which incorporates all presented encodings.
The program is implement in OCaml. To obtain an executable in byte code
use make, for native compilation the command make native may be used. The
user has to given an input file which defines a puzzle and to specify an encod-
ing. Then the program generates a formula and chooses a solver to compute
satisfiability of that formula. If there is a satisfying assignment the program
displays the solution of the initial puzzles. The solvers which are integrated in
the program are the same as used in the experiments: Minisat2, Minisat+,
Pueblo and Yices. For PB encodings Minisat+ is taken by default. To use
Pueblo add the option -solver pueblo. The option -file-only circumvents
the computation of a solution but simply generates a file containing the gen-
erated formula. The output file is named after the input file but the ending is
changed to .cnf, .opb or .ys according to the kind of formula it determines and
is stored in the directory of the input file.

A complete list of all options which are allowed can be obtained with the
command ./PuzzleTool -help. Each option which is used to specify an en-
coding has to be followed by a file and consists of three parts. The first letter
stands for the kind of puzzle which is given in the input file: S for Sudoku,
A for Akari and N for Arukone (or Number Link). The second part states the
logical language, i.e., SAT, PB or SMT, and the last part is either empty or is a
natural number which determines the refinement of the encoding as presented
in the thesis. For instance the option SSAT1 tells the solver that the input file
contains a Sudoku and that it has to use the first minimal SAT encoding as
given in Chapter 3. A call to the program might look as follows:

./PuzzleTool -SPB examples/sudoku/3x3 01.sin -solver pueblo

There are two different input formats in which puzzles are specified. An
example input file for Sudoku and Arukone for which the same format is used
is given in Figure 6.1. The grid is rebuild as a sequence of characters where

2 4

4 2

3
Ô⇒

0 2 4 0
0 4 0 2
0 0 0 3
0 0 0 0
%

Figure 6.1: Input format for Sudoku and Arukone.
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0 stands for a white cell, a numbered cell is represented by the corresponding
number, newlines indicate the start of a new row and the end of the puzzle is
marked with the symbol %.

2

1

2 Ô⇒

5x5
1,1,2
2,3,b
3,5,2
4,3,1
5,1,b

Figure 6.2: Input format for Akari.

For Akari a less verbose format is used. This is due to the fact that for Akari
very large puzzles where tested in the experiments. Figure 6.2 shows how an
Akari grid is represented in the input file. The first row gives the number of rows
and columns of the puzzle. Then for each non-white cell an entry consisting of
the row, the column and a number or, in case of entirely black cells, the symbol
b is added.

To communicate with the different solvers the program makes use of files.
Depending on the chosen solver encodings are generated in different standard-
ised formats and then written to a file which serves as input for the solver.
Especially in case of CNF formulas these input files may require a considerable
amount of disk space. Minisat2 expects a CNF formula in DIMACS CNF for-
mat – a detailed description is given in [7]. Both PB solvers expect a version
of the OPB format. A short overview can be found on the website of the PB
evaluation 2005 [2]. An example input for Minisat+ looks as follows:

* #variable= 5 #constraint= 3
* comments
min: +1*x1 -1*x3;
-1*x2 +3*x4 -2*x5 >= -2;
-1*x1 +4*x2 -5*x3 >= +3;
-8*x4 +4*x3 >= +6;

The format for Pueblo is slightly different: constants and variables are not
separated by * but by a blank. The SMT solver Yices has its own input
language which is explained on the Yices website [6]. Additionally the authors
provide a large number of examples.
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