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Big O notation (10 pts)

Which of the following functions are big-O of which others? (Recall that we are only interested
in functions f: N — N. Hence when we write f(n), we really mean max({[f(n)],0}).)

n?-log(n) if n is even

(a) o fi(n)= { n? if n is odd

log(n)

o n"

e n? - log(n)
° n5+sin(n)

e 481"

Here the answer suffices in the form of a diagram:

(Meaning that fi(n) = O(f2(n)), fi(n) = O(f3(n)), fa(n) = O(fa(n)) and f3(n) =
O(f1(n)) and neither fa(n) = O(f3(n)) nor f3(n) = O(f2(n)).)

(b) Explain your answers to (a) convincingly.

Complexity Classes (14 pts)
(a) Define the complexity classes PSPACE and NPSPACE.
(b) Prove the following assertion: PSPACE = NPSPACE.

(c) Prove the following assertion: If NP # coNP, then P # NP.

Hint: If you use a theorem to prove the second or third assertion, please give a brief expla-
nation of how the theorem was proven or give the name of the proof method used.
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Turing Machines (10 pts)

Consider the following Turing machine M = (K, 3,0, s) with K = {s, sq, S, Sc, Sd, Se, yes, no},
¥ =4{0,0,0,1,1,1,>,1U} and 6 defined as follows:

peK oce¥ | dupo) peK oceX | dup,o)

s > (Sa,>,—) Se 0 (84,0, )

Sa 0 (Sb707—>) Sc 1 (8d7 ,><_)

Sa 1 (Sba \7—>) Sc 0 (n0707_)

Sq 0 (5¢,0,+) Sc 1 (no,1,-)

Sq i (Se,1, ) Sd 0 (54,0, )

S 0 | (s,0,—) 8d 1| (sa,1,<)

Sb 1 (Sb7 7_>) Sd 0 (8a70a_>)

Sp L (567|—|)(_) Sd i (Sa7 \’—>)

Sp 0 (S¢,0,«) Se 0 (Ses 0, —)

Sp 1 (Sca ) <_) Se i (Sev 17 <_)

Se > (yes7 >, _)
(a) For arbitrary strings « € {0,1}*, what is M(z)? [5]
(b) Explain informally how to extend M to decide the language L = {ww | w € {0,1}"}. (5]

Reductions and NP-completeness (16 pts)

(a) Define the problems 3SAT and INDEPENDENT SET. [4]
(b) Define a reduction R from 3SAT to INDEPENDENT SET. (6]
(c) Prove that ¢ € 3SAT if and only if R(¢) € INDEPENDENT SET. [6]



