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Turing Machines

A (1-string) Turing machine (TM) M is a quadruple (K, X, 4, s)
K finite set of states
Y finite alphabet (disjoint from K) contains always LI, >

d is the transition function
§: KxX — (KU{h, yes, no}) x ¥ x {+,—,—}

s is the initial state

Restriction: If 6(p,>) = (p, p, D), then p =1 and D = —

Input x of M is written next to >.
= if M reaches h, it is halting

= the output y is the string of M at halting M(x) =y
= if it reaches yes, it accepts M(x) = yes
= if it reaches no it rejects M(x) = no
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Example: TM for binary successor

= (Question
110117

=  Anwer

= (QQuestion
GM

peK oceX| ip,o)
s 0 (s,0,—)
s 1 (s,1,—)
s U (g4, <)
s > (s,> —>)
q 0 | (h1,-)
q 1 (q,O#)
q > (h7[>7_>)

: 11100
: What happens on input 11117
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Many-string Turing Machine

: What is the output of this TM on the input

Simulation
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Turing Machine

for palindromes

Many-string Turing Machine

GM
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peK oceX| §(p,o) peK oceX| dp,o)

s 0 (q0,>,—) e 0 (g,U, <)
s 1 (g1,>,—) q5 1 (no,1,—)
s > (s,>,—) q0 > (yes, >, —)
s L] (yes, LI, —) q1 0 (no,1,—)
qo 0 | (90,0,—) 0 1| (q,U,«)
qo 1 | (q0,1,—) el > | (yes, >, —)
qo U | (0.1, <) q 0 | (q,0,«)
a1 0 | (q1,0,—) q 1 | (q,1,<)
a1 1| (q1,1,—) q > | (s,>,—)
a1 L (Cﬁ? L, <)

Simulation

17




Turing Machines TMs as Algorithms Many-string Turing Machine Simulation

Configuration

= a configuration of M is
(9, w, u)
q is the state
w is the string to the left of the cursor, including the
symbol scanned by the cursor
u is the string to the right

consider M on 0010:
(s,>,0010) (go,>>010U,¢) (gq,>>010,U1) (g,>>01,UL)

= (g, w,u) M, (", w’, ") one step from (q, w, u) to (¢, w', u)
yields in one step

k
= (g, w,u) M, (", w', ") kstepsyield (¢’, w', ') from (q, w, u)
yields in k steps

*

k
= (q,w,u) — (¢, W', U') exists k. (g, w, u) M, (g, w', u)
yields
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Turing Machines as Algorithms

L C (X —{»,U})* be alanguage, M a TM with

V strings x € (X — {>,U})*: if x € L, then M(x) = yes, and if
x ¢ L, then M(x) = no

M decides L; L is called recursive (or decidable)

M be a TM with
V strings x € (X — {>,U})*: if x € L, then M(x) = yes, and if
x & L, then M does not terminate

M accepts L; L is called recursive enumerable (or
semi-decidable)

Fact If L is recursive, then it is recursive enumerable

fo(X—{>,U})" = X* M be aTM (over ¥), with
V strings x € (X — {>,U})*: M(x) = f(x)

M computes f; f is called recursive
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Many-string Turing Machine

Representation
To solve a problem by a TM, we have to fix a representation of an
instance of the problem as string.

= All reasonable representations are polynomially related
Unary coding is not reasonable

= Convention: Numbers will always be represented in binary.

Definition
A k-string Turing machine M is a quadruple (K, ¥, 4, s).
K, Y as before.
d is a function
§: K x K — (KU {h, yes, no}) x (L x {«,—, —})k
If M computes a function, the output is written on the last
string.

GM LVA 703608 (week 2) 20

Turing Machines TMs as Algorithms Many-string Turing Machine Simulation

Example: TM for palindromes (faster version)

peEK o1€X oL 5(,0,(71,0‘2)
s 0 L] (s,0,—,0,—)
s 1 L (s,1,—,1,—)
s > > (s,>, —,>, —)
s L] L] (q,U,«, U, —)
q 0 L] (q,0,—,L,—)
q 1 L (q,1,<—,|_|,—)
q > L (p,>, —, U, <)
p 0 0 (p,]_,—>,|_|,<—)
p 1 1 (p, 1, —, L, «)
p 0 1 (no,1,—, U, —)
p 1 0 (no,1,—, U, —)
p L] > (yes, U, —, >, —)
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Configuration (cont'd)

= A configuration of a k-string TMis

(g, w1, u1, ..., Wk, ug)
g is the state
w;u; is the ith string
the cursor points to the last symbol in w;

M / / / / /
= (q,wi,ug,..., Wk, ux) — (q',wy,ug,...,wg,up) one
/ / / / /
step from (q, w1, u1, ..., wk, ux) to (q', wy, uy, ..., wy, up)
- ML I [ st
(q7 Wi, Ui, ..., Wk, Uk) - (q y Wy, Ugsev oy Wy, Uk) StepPs
M I I :
= (g, wi,u1,... Wk, ux) — (g, wy,ug,...,w, up) yields

Consider the 2-string TM M for palindromes:

(s,,0010,5,¢) 2% (s,50,010,5L, €) = (g,50010, LI, 50010, L))
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Time Complexity

= |f for a k-string Turing machine M and input x we have

Mt
(s,>,x,>,€,...,,€) — (H,wy, ug, ..., Wi, Ug)

then the time required by M is t (H € {h, yes, no})

= M operates within time f(n) if, for any input string x, the
time required is at most f(|x|)

= [, € TIME(f(n))
if L is decided by a multi-string M operating in time f(n)
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Example: Palindromes

The 1-string Turing machines M for palindromes operates

in [5] stages and

= first stage: 2n + 1 steps to compare 1st and last symbol

= second stage: 2(n — 2) 4 1 steps to compare 1st and last

symbol
In total
n+1)(n+2
(2n+1)+(2n—3)+---:( )2( ):f(n)
Fact
The language L of all palindromes is in TIME(f(n))
= TIME(O(n?))
And with the 2-string Turing machine in TIME(O(n))
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Theorem

Given any k-string Turing machine M operating within time f(n),
we can construct a Turing machine M’ operating within time
O(f(n)?) and M(x) = M/(x).
Proof
Define M' = (K, X/, ¢, s) Y=Yuzu{, <}
Configuration
(q7 wi, ug, ..., Wk, Uk)
in M, becomes
(g,>, wiur Swiua < -+ - Wy Ui <1<)

w! equals w; with > replaced by >’ and last symbol o; by o;.
Initial phase.

Shift input to the right, precede with >/

Write <(>'<)%~1< after the input
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Simulation a move in M

M’ scans its string and “remembers” the k currently scanned
symbols in M; remembering is done, by introducing new states
that represent the states of M and the scanned symbols

M’ scans its string again and simulates one step of M

If one of the strings is extended in M, M’ has to move
everything after it to the right

= Replace currently scanned < by <’
= go to the right side (marked by <)
= move everything to the right

= when we reach <, replace by LI«

Fact
total length of the string of M’ is never more than k(f(|x|)+1)+1

Simulating a move at most costs
(4k(f(|x]) + 1)+ 4 steps) + (3k(f(|x]) + 1) + 3 steps) - k
In total, the (worst-case) time-complexity is

O(K*£(|x[)?) = O(f(Ix])?)
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