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Definition of PH via ATMs

Definition Y ,-machine
a 2 ,-machine is an ATM for which the computation path is dividable in
separate sections on any input and

any section consists only of A- or V-configurations
at most k sections
the first consist of V-configurations

a [1-machine is defined by swapping V and A

>0, Moy are defined to be deterministic TMs

Definition ¥ N
¥} := {L(M) | M is polytime bounded ¥ ,-machines}

M}, :={L(M) | M is polytime bounded ,-machines}
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Summary of Last Lecture: The Polynomial-Time Hierarchy

Exercises

More on the Polynomial-Time Hierarchy
The Arithmetical Hierarchy
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Definition

e an oracle machine is a TM M5B with an extra write-only tape, the
oracle tape

e MEB additionally has oracle query state and specific oracle answer
states “yes” and “no”

e MPB writes y on oracle tape, oracle answers “yes” if y € B and “no”
otherwise

Definition
let B be a language and C a complexity class

PE .= {L(M) | M is a deterministic, polytime bounded or-
acle machine with oracle B}

NPZ := {L(M) | M is a nondeterministic, polytime bounded
oracle machine with oracle B}
U P

NPC = | ] NP
BeC BeC

PC .=
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Theorem
consider
PNP

NP c NPNP ¢ NPN
i.e., NPy := NP and NP, 1 := NPNPx then Vk > 1: NP, = X}

define 3'x ¢(x) 1< Ix|y| < t A p(x) and Vix o(x) = Vx|y| < t — o(x)

Theorem
a language L is in X} iff there is a deterministic polytime computable
(k + 1)-ary predicate R and a constant ¢ such that

A — {X | E||X|Cy1\v/|x|cy2E||X|Cy3 . Q'ch)/kR(X,J/l, .. ’yk)
(Qe{3,v})
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Theorem
Vk > 1: NP, = Zi
Proof
the proof proceeds by induction on k; the base case is easy:
NP; = NP = Z?
employing the induction hypothesis, it remains to show NPZk = 22+1

NP D ¥,
e 3 ¥4i1-machine M running in time n¢, A € L(M)

we need to show A € NP
e wlog assume all configurations of M are representable as string in A"

D :={«a | o is an A-configuration of M, |a| = n®, and « leads to
acceptance via a [1, computation in time at most n“ }

M accepts x iff 3 computation leading via V-states into some o € D
A is accepted by an NTM with oracle ~D € £

e
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NP¥: C 55,
e 3 NTM n°-time bounded with oracle B € £}, A= L(M)
e construct X4 1-machine N:

on input x, N simulates M

every time M wants to ask oracle on y, N remembers y and spawns
processes to guess answer

if M rejects, N rejects
if M accepts, correctness of guesses need to be verified

e this part of N is a ¥1-machine

e each leaf of N's computation tree collects
positive guesses yi,..., Vm
negative guesses z1,..., 2z

€ B?

e we extend N by guessing strings wy, ..., Wy,

used in the first section of the > x-TM deciding y;€B
e the subsequent A-state forks m + ¢ processes

each process either checking y;€B or zj¢B
e these processes are [1y_1 and [y respectively
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| The Arithmetical Hierarchy | The Arithmetical Hierarchy ]
Definition Theorem
e aset A is recursive enumerable in B if A= L(M5) e aset Aisin X0 iff 3 a decidable (n+ 1)-ary predicate R such that
for some oracle TM MB A={x|31%s ... QyaR(X, ¥1, -, ¥n)
o Ais recursive in B if A= L(MB) and M® is a total oracle TM
e A<sB,ifA ive in B Turi ducibilit (Qe3,7)
STE, DA TeCUrsive In uring requcibility e aset Aisin MY iff 3 a decidable (n + 1)-ary predicate R such that
Definition Arithmetical Hierarchy A={x|ydys...QuaR(x, 1, ¥n)
we fix a binary alphabet ¥ = {0,1} (Qe{3,Vv}
0._ 0 ._ B 0
Z(l) ;= {r.e. sets} ZSH = {L(/\/IB) | B e Zg} ) Definition
A7 = {recursive sets} A, :={L(M")| B € ¥, M" total} e let AC ¥* B CTI*, define A<,,B if 3 total recursive function
ﬂg;:{NL‘LeZS} o:YX* - I* such that V x € ©*
xeEAso(x)eB
Example _ 0 e aset Ais r.e-hard if every r.e. set <,-reduces to A
HP = {M#x | 3t M halts on x in t steps} € 2 e if Aisr.e. and r.e-hard, then A is r.e.-complete
MP = {M#x | 3t M accepts x in t steps} € ¥J e let C be a class of sets, we say A is <,,-complete for C
if AeC and A is <,,-hard
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Example
e HP is <,,-complete for Z(l)
o MP is <,,-complete for Zfl)
e FIN = {M | L(M) is finite} is <,,-complete for ¥9
Lemma
FIN is <,-complete for Zg
Proof
on blackboard
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