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Differentials:
f: R — R, for example f(x) = x*:

Df: R — L(R,R), here Dix)(u) = 2x-u= 887 fx) - u.
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Differentials:
f: R — R, for example f(x) = x*:

Df: R — L(R,R), here Dix)(u) = 2x-u= 887 fx) - u.

> A-terms are functions, can we get linear approximations for
them?
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What are resources?
t o= x| Axt | ()T T == 1| TT | ¢
Example
(Ax(x) xx) abc
— 2 (a) bc+2 (b) ac+2 (c) ab
Instantiating with a = Axx, b= Axx, and ¢ = Ax(x) x ..
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— 4 Axx
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1. Resource calculus.
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Syntax of Resource \-terms 6/18

Definition
Resource calculus:
x| Mt | (0T 1| 7T | ¢
t = T =
0| t+t 0| T+T

» Bags are quotiented by associativity, commutativity,
neutrality:

t -ty
» Quotient by (bi-)linearity of all constructions:

Ax0 = 0 )\X(t1+t2) = At + Axty
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0
t = (x) xx 8—Xt-u = (u) xx + (x) ux + (x) xu
Definition
We use 97 [1- u to denote linear substitution of z by v in a term:
z
9w = 0 L
55X Y = 5y 2 U = U
0 0
57 ()\xs) U= )\xa—zs u
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0
t = (x) xx a—tu = (u) xx + (x) ux + (x) xu
X
Definition
We use 97 [1- u to denote linear substitution of z by v in a term:
z
I N
55X Y = 5y 2 U = U

0 0
6—2()«5) ‘u = )\xa—zsu

0 0 0
8—Z(<r)R)-u: <82r-u>R+<r>R-u
or in bags:

0 0 0 0
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Property

Operators — and — commute, Schwarz/Clairaut property:

ox dy
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Operators — and —

Ox

5 commute, Schwarz/Clairaut property:
y

2 gtu V_i_gt QV'U
Oy \ Ox dy ox

In the usual case when x & vand y & u:

g Qtu -y = 2 gtv - u
dy \ Ox -~ Ox \ 0y
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Redexes are sub-terms of the form (Axs) R.
Definition

Reduction is defined using linear substitution:

(Axs) rR — <)\x(§)xs-r> R

(Axs)1 — s[0/4]
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Definition

Reduction is defined using linear substitution:

(Axs) rR — <Ax§xs-r> R

(Axs)1 — s[0/4]

v
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Schwarz property ensures confluence.
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Normalization holds as long as sums are finite.
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Redexes are sub-terms of the form (Axs) R.
Definition
Reduction is defined using linear substitution:
(Axs) rR — )\xgs ryR
Ox
(Axs)1 — s[0/4]

v

A single redex can be reduced in several ways.

» A sum is reduced by reducing any term it contains.

v

Schwarz property ensures confluence.

v

Normalization holds as long as sums are finite.

v

[ERO8] Uniformity and the taylor expansion of ordinary
A-terms.
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Decomposition is defined inductively on standard A-terms:

(0" = x
(Axs)® = Axs*
—+o00o
(s = 3 (r)s

Example.
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Decomposition is defined inductively on standard A-terms:

()" = x
(Axs)* = Axs*
+o00 1
(s = Y —()s
n=0

Example.



11/18

2. Differential M-calculus.
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The differential of a function f: A — B has type:

Df: A— L(A,B)

This suggests that we could add the following construct to the

standard \-calculus:
Df-u:A— B

We obtain Differential A-calculus ([Vau07]):
x | Mt | ()t | Dt-u

t o=
0| t+t

Warning: application is only left-linear.
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The differential of a function f: A — B has type:

Df:A—A—B

This suggests that we could add the following construct to the

standard \-calculus:
Df-u:A— B

We obtain Differential A-calculus ([Vau07]):
x | Mt | ()t | Dt-u

t o=
0| t+t

Warning: application is only left-linear.
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(AyDy-x) A\z(2) z

D(\z(z) z) - x

Az(x)z+ Az(Dz-x) z
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Nice analogy between:

+oo
(s ~ ;);(D”t (5....9)0
and:
~+00 1
fx) =) HM(O)X"
n=0
or: oo .
fix) = Han(X, ...,x)(0)



15/18

3. Promoted resources.
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Definition
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Definition

t:::x‘/\Xt‘<t>T T:::l‘TT‘t‘t!

0| t+t 0| T+T

> (s) t becomes (s) t'.
» (D(D(Df- u)- v)- w)t becomes (f) uvwt

Here promotion is not linear:
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Linear substitution is extended to promoted resources:

gt!- — gt' t!
0z v 0z 4

A new reduction rule:

X

(Axs)1 -2 s[04 (Axs) rR - <)\X§S'I‘>R

(Axs) rR -5 (Axs) R + <)\x(,;9 s-r> rR

X
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We introduced:
» A notion of (non-duplicable and non-erasable) resource.
» A reduction based on linear substitution.

» A notion of “vector space” over terms to control
non-determinism.

» Analogies with differential analysis (in math).

What we have not talked about:
» Differential Linear Logic.

» Links with Process algebras.

Open perspectives:
» Links with Implicit Complexity?
» Links with Quantum computation?

» Find a better syntax!
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