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since last lecture: consider formulas involving quantifiers

first-order theory T admits quantifier elimination if there exists algorithm that transforms
formulas in T into T-equivalent quantifier-free formulas

e first-order theory T is decidable if

@ it admits quantifier elimination
@ satisfiability of quantifier-free formulas is decidable

® quantifier elimination algorithm is needed only for formulas 3x. ¢ with quantifier-free ¢

® remove universal quantifiers: replace each Vx. ¢ by =3dx. —p
® apply quantifier elimination algorithm starting with innermost quantifiers
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http://cl-informatik.uibk.ac.at/teaching/ss24/cs
http://cl-informatik.uibk.ac.at/~thiemann
http://cl-informatik.uibk.ac.at/members/fmitterwallner/

QBF admits quantifier elimination; algorithm: replace 3x. ¢ by ¢[x/L] V ¢[x/T]

® LRA formula dx.2x =y is equivalent to T

¢ LIA formula 3x.2x = y has no equivalent quantifier-free formula (over same signature)

® LRA admits quantifier elimination (Ferrante and Rackoff’'s method)

® augmented version of LIA admits quantifier elimination (Cooper’s method)

real arithmetic admits quantifier elimination (even non-linear)
(Tarski-Seidenberg, Collin’s cylindrical algebraic decomposition algorithm)
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Ferrante and Rackoff’s Method

input: QLRA formula 3x. p(x) with ¢ quantifier-free
output: equivalent quantifier-free formula

@ ©1(x) is NNF of ¢(x)
@ ©2(x) is result of replacing literals in ¢;(x) as follows:

s<t — s<tVs=t
-(s<t) = t<sVs=t

—(s<t) = t<s
-(s=t) = t<sVs<t

© s(x) is result of replacing atoms in ¢, (x) as follows:

t
Z<x ifc>0 ;
t<cx = (€ t:cx:>x:z

t
x< - ifc<O
c

such that x does not appear in t
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2. Ferrante and Rackoff’s Method
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® Ix.3x+1<10 A 7x—6>7

e Ix.x<3Ax>%2

® |eft infinite projection: TAL=1
right infinite projection: L A T = L

— 13
S= {37 7}
13 13

s+t s+t 13 7 + 3 7 + 3 13
—— <3N —>=2) = —<3IAN —>==1T

V < 2 2 7 2 2 7

GLES
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Ferrante and Rackoff’s Method (cont’d)

@ s(x) is formula without negations and contains three types of atoms involving x:

x <t t<x x=t

Sis set of terms t in , and atoms

idea: finitely many cases for Ix.¢3(x): x can be some element of S, between two
elements of S, smaller than all elements of S or larger than all elements of S

left infinite projection ¢_., is obtained from ¢3(x) by replacing all atoms with T
and all and atoms with L

right infinite projection ¢, is obtained from ¢3(x) by replacing all and atoms
with | and all atoms with T

s+t
P4 =Y_0c V Pt V \/803< > >
s,tes
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3. Cooper’s Method

Soundness Optimizations
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® Jyx.3x+1<y N2x—y>17

o ny4x<y%1 A x>72ﬂ

® |eft infinite projection: TAL=1
right infinite projection: L A T = L

_ fy—-1 7+y
Sf{ 3 7 2

s+t
2

s

> = 3y y<-23

St 74y

g Lo 4 5
Jy. == A Y = 3y,
y <73 2 Y=

ol A

S
Jy. L

® another quantifier elimination for y yields equivalent formula T via left infinite projection
y=1, 74y

) =y
* extract solutiony := —24 and x := 322 = -1
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Definition (Augmented Linear Integer Arithmetic)

® syntax:

pu=Pl oo | eAp | Ve | Ixp | Vx.p
t=t|t<t|1|t]2[t]3]t]
tomt4t | t—t | x| o] =2 -1]0]1]2]:-

o
i

® semantics: Z with standard interpretations

® multiplication with constants is definable:
2x stands for x4 x
—3x standsfor 0—x—x—x

® quantifier elimination is possible
dx.2x=y <= 2|y
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Cooper’s Method

input: QLIA formula 3x. p(x) with ¢ quantifier-free
output: equivalent quantifier-free formula

@ ©1(x) is NNF of ¢(x)
@ ©2(x) is result of replacing literals in ¢1(x) as follows:

s=t — S<t+1At<s+1
-(s=t) = s<tVit<s
—(s<t) = t<s+1

© os3(x) is result of collecting terms containing x such that literals have form
ax <t t < ax clax+t —(clax +t)

with a > 0
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Cooper’s Method (cont’d)

O ¢ =lcm{a|ais coefficient of x in ¢3(x)}
multiply atoms in (3(x) by constants such that ¢’ is coefficient of every x
replace every occurrence of §’x by fresh variable x’

add conjunct ¢’ | x” to obtain ¢4 (x’)

© four types of literals in @4(x’):

X <t t<x alx +t —(a|x +t)
left infinite projection ¢_(x’) is obtained from ¢4(x") by replacing all literals with T
and all literals with L (and subsequent simplification)

0 =Icm{a | a is constant of division predicate in p4(x") }

s 5
o5 =\ o-cc(i) V \/ \/ palt +))
j=1

j=1teB

B is set of terms t in literals

W universitat N
innsbruck SS2024 Constraint Solving lecture 12 3. Cooper’s Method 1522

® Ix.¢o = Ix. = 3x+2y—1<y A2x—6<z A 4|5x+1 = Ix.p1 = Ix. 2
® Ix.3 = Ix.y—1<3x A 2x<z+6 A 4|5x+1
e ¢ =Icm{3,2,5} =30
Ix.10y — 10 < 30x A 30x < 152490 A 24|30x+6
® Ix. s = IX.10y —10 <X A X' <152+90 A 24|x'+6 A 30|x
e |eft infinite projection: p_oc =L A T A 24|x'+6 A 30|x = L
§=Ilcm{24,30} =120 B = {10y — 10}

i2o { 10y — 10 < 10y — 10+, A 10y — 10 +j < 152+ 90
J

Ps =
Y| A 24|10y —10+j+6 A 30|10y — 10+
71\/0 0<j A 10y +j < 15z + 100
© 2 [ A24|10y+j—4 A 30|10y +j—10
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3. Cooper’s Method

Soundness
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Elimination of Quantifier in Cooper’s Method: From 3x.p(x) to o5

e literals in NNF @a(x): x<t t<x alx+t —(a|x+1t)
® v_(x) is pa(x) where (A) literals are replaced by T and literals by L
e § ={a| ais constant of division predicate in ¢4(x)}

® Bis set of terms t in literals

© 05 =\'_10-0(i) V Vi—1 Vieswalt +)

Soundness Proof: Ix.¢4(x) and s are Equivalent

o —: if 5 ¢s5 then = Ix.p4(x) for arbitrary environment /
o —: if |5 Ix.pa(x) then =, ¢s for arbitrary environment /

| |
I I
/ / / /
th th th, t, 0 ¢

| I I I
t‘;33 tA3 tA4 tlBs
tg, tas
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© four types of literals in @4 (x’):
x <t t<x alx' +t —(a|x +t)
right infinite projection . . (x’) is obtained from ¢4(x’) by replacing all literals with L
and all literals with T

0 =lcm{a | ais constant of division predicate in p4(x’) }
Ais set of terms t in literals

) 5
w5 = Verel=) vV Vet -))

j=1teA

Left or Right Infinite Projection?

use right infinite projection if |A| < |B| to reduce number of disjuncts
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3. Cooper’s Method

Optimizations
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Eliminating Block of Quantifiers

Ix Xn- (X1, - -y Xn)
b 5
= E|X1 Xpn—1. \/L,D,OQ(X]_,...,X,,,L]') \Y \/ \/(,94(X17...,Xn,1,t+j)
j=1 j=1teB
5
= \/ IX1 e Xn—1- P—oco(X1y - - oy Xn—1,])
j=1

j=1teB

treatj as free variable and examine only 1 + |B| formulas:

L 3X1 000 2p=1lo ‘L,D,;)C(Xh 000 ,anl,j)
® 3xy ... Xp—1.pa(X1, ..., Xp—1,t+j) foreachteB
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® Sections 7.2 and 7.3

Further Reading

® Jeanne Ferrante and Charles Rackoff
A Decision Procedure for the First Order Theory of Real Addition with Order
SIAM Journal on Computing 4(1), pp. 69-76, 1975

® David C. Cooper
Theorem Proving in Arithmetic without Multiplication

. Chapter 5 in Machine Intelligence 7, Edinburgh University Press, pp. 91-100, 1972
4. Further Reading P 9 9 y pp

® augmented linear integer arithmetic ® |eft infinite projection
® Cooper's method ® quantifier elimination
® divisibility constraint ® right infinite projection

® Ferrante and Rackoff’s method
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https://doi.org/10.1137/0204006
https://doi.org/10.1137/0204006
https://doi.org/10.1137/0204006
http://cl-informatik.uibk.ac.at/teaching/ss24/cs/material/cooper.pdf
http://cl-informatik.uibk.ac.at/teaching/ss24/cs/material/cooper.pdf
http://cl-informatik.uibk.ac.at/teaching/ss24/cs/material/cooper.pdf
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