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Summary

Previous Lecture

e | CF style
® HOL provers family
® HOL logic

e HOL Kernel and Exercises

® (untyped) A-calculus
® \-calculus vs functional programming



Exercises

® Show symmetry of equality (using the HOL inference rules), namely show
A=BFB=A.

® How would you implement an LCF system that corresponds to some minimal basic
propositional logic? What would be the types? Terms? Are there theorems and
what would the rules to construct them be?

® Figure out how to run HOL Light

¢ Bonus: How would you show the S combinator (A +B - C) - (A—B) - A—C
with the basic HOL inference rules? (On paper or in a HOL system).



Guide to reading the HOL Light source

® hol.ml: load order

® 1lib.ml: ML standard library for portability
® fusion.ml: the kernel

® drule.ml: simple derived rules

® bool.ml: basic boolean constants

® tactic.ml: subgoal package

® simp.ml: rewriting
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Variable
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Syntax

to= x | (Ax.t)]|(tt)
——
Abstraction
T(V) set of all \-terms over set of variables V
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Syntax

A-Terms

to= x| (Oxt) ] (tt)

T(V) set of all \-terms over set of variables V

Conventions

(Ax.x)
(Ax.(A\y.x))
(Wx.(Ay-(Az.((x 2) (v 2)))))
(W ((Ay-(Az.(z y))) X)) ;



Syntax

to= x| (Oxt) ] (tt)

T(V) set of all \-terms over set of variables V

Conventions (omit outermost parentheses)

AX.X
AXx.(Ay.x)
AX.(Ay.(Az.((x 2) (v 2))))
M.((Ay.(Az.(z y))) x) s




Syntax

to= x| (Oxt) ] (tt)

T(V) set of all \-terms over set of variables V

Conventions (combine nested lambdas)

AX.X

AXY.X
Myz.((x 2) (v 2))
Mx.((Ayz.(z y)) x) ;



Syntax

A-Terms

to= x| (Oxt) ] (tt)

T(V) set of all \-terms over set of variables V

Conventions (application is left-associative and binds strongest)

AX.X
AXY.X
Axyz.x z (y 2)
MX.(\yz.z y) x



Intuition

A-terms

* \x.addx 1

* (Ax.add x 1) 2
if true 10
® pair2 4
fst(pair 2 4)
Axy.add x y
Ax.(Ay.add x y)
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Intuition

A-terms OCaml

® Ax.add x 1 e fun x -> x+1

* (Ax.add x 1) 2 e (fun x -> x+1) 213

e iftruel 0 ® if true then 1 else 0—1
® pair2 4 e (2,4)

e fst(pair 2 4) ° £st(2,4) —» 2

* )\xy.add x y e fun xy > x +y

Ax.(Ay.add x y)



Intuition

A-terms

Ax.add x 1
(Ax.add x 1) 2
if true 10
pair 2 4
fst(pair 2 4)
Axy.add x y
Ax.(Ay.add x y)

OCaml

fun x -> x+1

(fun x -> x+1) 2 -7 3

if true then 1 else 0 —1
(2,4)

fst(2,4) — 2

fun x y > x + y

fun x > fun y > x + y



Intuition

OCaml

A-terms

‘0, ‘add’, ‘fst’, ‘if’, ‘pair’, and ‘true’ are just abbreviations for more

Ax.add x 1
(Ax.add x 1) 2
if true 10
pair 2 4
fst(pair 2 4)
Axy.add x y
Ax.(Ay.add x y)

ITI' ljl, l§l’ IZI'

complex \-terms

fun x -> x+1

(fun x -> x+1) 213

if true then 1 else 0 —1
(2,4)

fst(2,4) — 2

fun x y > x + y

fun x > fun y > x + y
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Sub(t) is set of subterms of t

{t} t=x
Sub(t) = { {t} U Sub(u) t = Ax.u
{t}USub(u) USub(v) t=uv



Subterms

Sub(t) is set of subterms of t

{t} t=x
Sub(t) £ { {t} U Sub(u) t = \x.u
{t} USub(u) USub(v) t=uv

Sub(Axy.x)



Subterms

Sub(t) is set of subterms of t

{t} t=x
Sub(t) £ { {t} U Sub(u) t = \x.u
{t} USub(u) USub(v) t=uv

Sub(Axy.x) = {Axy.x} U Sub(\y.x)



Subterms

Sub(t) is set of subterms of t

{t} t=x
Sub(t) £ { {t} U Sub(u) t = \x.u
{t} USub(u) USub(v) t=uv

Sub(Axy.x) = {Axy.x} U Sub(\y.x)
= {Axy.x, \y.x} U Sub(x)



Subterms

Sub(t) is set of subterms of t

{t} t=x
Sub(t) £ { {t} U Sub(u) t = \x.u
{t} USub(u) USub(v) t=uv

Sub(Axy.x) = {Axy.x} U Sub(\y.x)
= {Axy.x, \y.x} U Sub(x)
= {Axy.x, \y.x, x}
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t=XMxyzxz(y2z)

Sub(t) = {t, \yzx z (y 2),
Azx z(y z),
xz(yz),xzyz,
X,z,y}




t=Xxyzxz(yz)

Sub(t) = {t,\yzx z (y 2),
Azx z(y z),
xz(yz),xzyz,
X,z,y}




Variables

variables

{t} t=x
Var(t) £ ¢ {x} UVar(u)  t=Ax.u
Var(u)UVar(v) t=uv



Free and Bound Variables

free variables

{t} t=x
Fvar(t) £ { FVar(u) \ {x} t = Ax.u
FVar(u)U FVar(v) t=uv
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Free and Bound Variables

free variables
{t} t=x

Fvar(t) £ { FVar(u) \ {x} t = Ax.u
FVar(u)U FVar(v) t=uv

bound variables
(%] t=x

BVar(t) = { {x} U BVar(u) t = Ax.u
BVar(u)U BVar(v) t=uv
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Free and Bound Variables

free variables
{t} t=x

Fvar(t) £ { FVar(u) \ {x} t = Ax.u
FVar(u)U FVar(v) t=uv

bound variables
(%] t=x

BVar(t) = { {x} U BVar(u) t = Ax.u
BVar(u)U BVar(v) t=uv

A \-term without free variables is called closed.

10



Var(t)

FVar(t)

BVar(t)

closed

AX.X
Xy
(Ax.x) x
AX.XY Z
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Var(t)

FVar(t)

BVar(t)

closed

AX.X
Xy
(Ax.x) x
AX.XY Z

{x}

11
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t| Var(t) | FVar(t) | BVar(t) | closed
AX.X {x} 1) {x} v
xy |l {xy} | {xy} ) X
(Ax.x) x {x} {x} {x} X
xxyzl|| {xyz} | {y,z} {x}

11



t| Var(t) | FVar(t) | BVar(t) | closed
AX.X {x} 1) {x} v
xy |l {xy} | {xy} ) X
(Ax.x) x {x} {x} {x} X
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11
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Computations

® rules to manipulate \-terms

® a single rule is enough

The S-rule (informal)

(Ax.s) t =3 s{x/t}
N——
substitute x by tin s

application of a function to some input

12
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Blindly replacing does not suffice

e consider Axy.x (fun x y -> xin OCaml)

® behavior: “take 2 arguments, ignore second, return first”
¢ (AxyX)vw -~ (Ay.V)w s vV

o (Myx)yz~ (Ay.y)z~zX

® clearly not intended (Problem: variable capture)

e (Myx)yz—pg(N.y)z—=py

rename bound variables where necessary

let y =3 and z = 2;;
(fun u -> (fun v -> w)) y z;; 13
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Substitutions

function from variables to terms

o V—=>TV)

in our case we only need substitutions replacing a single variable, i.e., only for one
xeV, o(x)#x

binding for x such that o(x) # x

o= {x/t}
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Substitutions

function from variables to terms
o:V—=T(V)

in our case we only need substitutions replacing a single variable, i.e., only for one
xeV, o(x)#x

binding for x such that o(x) # x

o= {x/t}

o = {x/ x.x} hence o(x) = Mx.xand o(y) =y



Substitutions (cont'd)

Definition (Application)

apply substitution o = {x/s} to term t

S t=x
y t=y,x#y
to el (UU) (VU) t=uv
AX.U t=x.u
Ay.(uo) t=Xy.ux#y,y¢Flar(s)
/\y’.((u{y/y’})g) t=A\yu,x#£y,ye fVar(s), y/ fresh

15
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(xy)o = (Ax.x y)o =
(Av.x w)o = (Aw.x w)o = 15
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Definition (Application)

apply substitution o = {x/s} to term t

S t=x
y t=y,x#y
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Substitutions (cont’d)
Definition (Application)

apply substitution o = {x/s} to term t

S t=x
y t=y,x#y
st ) (U0) (vo) Ry
AX.U t=\x.u
Ay.(uo) t=\y.u,x#y,y ¢ FVar(s)
\/\y’.((u{y/y’})a) t=M\y.u,x#y,y e FVar(s), y fresh

Example (o = {x/\v.v w})

X0 = AV.V W yo =y
(xy)o=(Av.vw)y (Mxy)o=Xxxy
(Av.x w)o = Av.(Av.v w) w (Aw.x w)o = 1



Substitutions (cont’d)
Definition (Application)

apply substitution o = {x/s} to term t

S t=x
y t=y,x#y
st ) (U0) (vo) Ry
AX.U t=\x.u
Ay.(uo) t=\y.u,x#y,y ¢ FVar(s)
\/\y’.((u{y/y’})a) t=M\y.u,x#y,y e FVar(s), y fresh

Example (o = {x/\v.v w})

X0 = AV.V W yo =y
(xy)o=(Av.vw)y (Mxy)o=Xxxy
(Avx w)o = Av.(Av.v w) w Aw.x w)o = Aw'.(Av.v w) w 1



(Ax.x) (Ax.x)
(Axy.y) (Ax.x) =g
(Axyzx z (y z)) (Ax.x) =g
(Ax.x X) (Ax.x X) =3



(AX.X) (Ax.X) =g Ax.x

(Axy.y) (Ax.x) =5

(Axyzx z (y z)) (Ax.x) =g
(Ax.x X) (Ax.x X) =3

16



(Ax.x)

(
(Axy.y) (
(Myzxz(y z)) (Ax.x

AX.X) =3 AX.X
AX.X) =3 AY.y
) =

(Ax.x x) (Ax.x x) —>5
AX.X =g

M. (A\y.y) z =3

16



(AX.X) (Ax.X) =g Ax.x
(Axy.y) (Ax.x) =g Ay.y
(Axyz.x z (y z)) (Ax.x) =g A\yz.(Ax.x) z (y 2)
(Ax.x X) (Ax.x X) =3
AX.X =g

M. (A\y.y) z =3

16



(AX.X) (Ax.X) =g Ax.x
(Axy.y) (Ax.x) =g Ay.y
(Axyz.x z (y z)) (Ax.x) =g A\yz.(Ax.x) z (y 2)
(Ax.x X) (Ax.x x) =5 (Ax.x x) (Ax.x x)
AX.X =g

M. (A\y.y) z =3
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(Ax.x)

(
(Axy.y) (
(Axyz.x z (y z)) (Ax.x) =g A\yz.(Ax.x) z (y 2)

AX.X) =3 AX.X
AX.X) =3 AY.y
)

(Ax.x X) (Ax.x x) =5 (Ax.x x) (Ax.x x)
Ax.x —g no 3-step possible
M. (A\y.y) z =3
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(Ax.x)

(
(Axy.y) (
(Axyz.x z (y z)) (Ax.x) =g A\yz.(Ax.x) z (y 2)

AX.X) =3 AX.X
AX.X) =3 AY.y
)

(Ax.x X) (Ax.x x) =5 (Ax.x x) (Ax.x x)
Ax.x —g no 3-step possible
M. (A\y.y) z =5 Ax.Z
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B-Reduction

Definition (Context)

context C € C(V)
C:=0|xC|Ct|tC

withO ¢V, xeVandte T(V)

¢ C[s] denotes replacing [0 by term s in context C
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[£-Reduction

Definition (Context)
context C € C(V)

C:=0|xC|Ct|tC
withO ¢V, xeVandte T(V)

¢ C[s] denotes replacing [0 by term s in context C

C,=0 C1[Mx.x] = Ax.x
C;=x0 C2[Ax.x] = x (Ax.x)
Cs = x.0Ox Cs3[Ax.x] = Ax.(Ax.x) x



[£-Reduction (cont’d)

Definition (5-step)

if exist context C and terms s, u, and v such that
s =C[(\x.u) v]

then
s —p  Clu{x/v}]

is a B-step with redex (Ax.u) v and contractum u{x/v}
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[£-Reduction (cont’d)

Definition (5-step)

if exist context C and terms s, u, and v such that
s =C[(\x.u) v]

then
s —p  Clu{x/v}]

is a B-step with redex (Ax.u) v and contractum u{x/v}
® s —>;§ t denotes sequences =t; =gt =g --- =gty =twithn>20
° s —>}; t is sequence with n > 0 (s S-reduces to t)
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Exercises

Beta-reduce the term (Ax.yy x) (Ax.yx (x ¥)) (Ax.yx (x y)) as many times as
possible

® |Implement a minimal A-calculus together with a beta-reduction step
Show the soundness of DEDUCT _ANTISYM_RULE from HOL Light
® Bonus exercise from this week (hint: peek into bool.ml and steal implication)
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