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Summary

Previous Lecture

® | ambda calculus

® Type checking

® Type Inference
® Beta reduction and cut elimination
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Core ML

Definition (Expressions)

ex=x|ee|lxe| c |letx=eine|ifetheneelsee

Boolean: true, false, <, >, ...
Arithmetic: x, +, -, —, 0,1, ...
Tuples: pair, fst, snd

Lists: nil, cons, hd, ti



What is Type Checking?

Given some environment (assigning types to primitives) together with a core ML
expression and a type, check whether the expression really has that type with respect
to the environment.
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type variable

Convention

® type variables «, ag, a1, ..., B, Bo, - ..

e function type constructor ‘—' is right associative
® base data type constructors: int, bool (instead of int(), bool())
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Definition (Types)

Ti= a |To71|9(1,...,7T)
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Convention

® type variables «, ag, a1, ..., 3, Bo, - ..
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Preliminaries

Definition (Types)

a |T—=71|9(1y...,7)

\]
I

Convention

® type variables «, ag, a1, ..., 3, Bo, - ..

e function type constructor ‘—' is right associative
® base data type constructors: int, bool (instead of int(), bool())

int — bool, (int — list(int)) — bool, list(ag) — int, ... 4
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e:17 €E “eis of type T in E”
(Typing) judgment:
EFe:T “it can be proved that expression e has

type T in environment E”
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Preliminaries (cont’'d)

(Typing) environment £: maps (variables and) primitives to types

e:7 €E “eis of type T in E”
(Typing) judgment:
EFe:T “it can be proved that expression e has

type T in environment E”

e environment P = {+ : int — int — int, nil : list(«), true : bool, ...}

® judgement P true : bool
® judgement P ¥ true : int

Convention

E,e : 7 abbreviates EU{e: 7}




The Type Checking System C

E|—61:T2—>7'1 El—eziTz

—————— (ref) (app)
E,eZTl—eZT EFeie:n P
E.x:mbe:mn EFei:n Ex:mmbFer:n
(abs) . (let)
E-Xxe:m — 1 Etletx=ejine;

Er-ei:bool Eley:7 Ebes:T
Etife; thenes elsees: 7

(ite)



® environment E = {true : bool, + : int — int — int}
® judgment E  (Ax.x) true : bool

E,x : bool - x : bool (abs)
aps
E F \x.x : bool — bool E F true : bool
E - (Ax.x) true : bool

(app)



® environment E = {true : bool, + : int — int — int}
® judgment E Flx.x + x : int — int

Exercise |




What is Type Inference?

® Given some environment

® together with a core ML expression

® and a type,

® infer a unifier (type substitution)

® —if possible—

® such that the most general type of the expression is obtained.



Preliminaries

Type variables:

TVar(7)

def

{a}
TVar(m1) U TVar(m2)

Ulgign TVar(m)

if 7=«
ifT:T1—>7'2

if r=9(m,...,m)
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Preliminaries

Type variables:

{a} ifr=a
TVar(r) £ TVar(r)UTVar(rz) ifr=m—mn
UlSiSn TVar(Ti) if = g(T]_, ce ,Tn)

Type substitution: ¢ is mapping from type variables to types
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Preliminaries

Type variables:

{a} if T =«
TVvar(t) € { TVar(n)UTVar(rn) ifr=mn —n

UlSiSn TVar(T) if r=9(m,...,m)
Type substitution: ¢ is mapping from type variables to types
Application:

o(a) if7=a

70 £ 10— 10 ifr=m —mn
9(mo,...,mo) ifr=9(m,...,m)

Ec={e:10|e:TcE}

Composition: c102 £ 0300, i.6., a — o2(01())
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T=a— (a1 = az)
o ={a/int — int, ay /list(az)}

o2 = {az/aa,ax/a,afar}

TVar(r) = {a, 00, a3}
7o = (int — int) — (list(az) — a3)
TVar(ro) = {az,a3}
ooy = {a/int — int, a1 /list(a), a3/, az /a}

11



Unification Problems

e unification problem is (finite) sequence of equations

e [] denotes empty sequence
® type substitution o is unifier of unification problem if

® process of computing a unifier is called unification
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Unification Problems

® unification problem is (finite) sequence of equations

e [] denotes empty sequence
® type substitution o is unifier of unification problem if

® process of computing a unifier is called unification



The Unification System U/

E1;g(m,-- ) 2 9(r1,- -, Th)i E2

Ei,71 = =T — 75 Er

(d2)
Ev,mi =71~ 75 E>

Ei;a~T1,E; o ¢ TVar(r)
(Ex: E2){a/T}

(v1)

Ei; 7~ a;E; o ¢ TVar(r)
(E1; E2){a/T}

(v2)

Ei,7~T1,E>

t
Eqi; E> ()
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Unification Problem (cont’'d)

E :>((7r) = if rule r from U/ applied to equations E yields E’




Unification Problem (cont’'d)

E :>((7r) = if rule r from U/ applied to equations E yields E’

if By =) B, =02 200 O then By has unifier oy -+ op_y
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Unification Problem (cont’'d)

E ;»Ef’ = if rule r from U/ applied to equations E yields E’

if Eq :»5,’;) E, :gj) . :((,rn”jf) O then E; has unifier o1 -+ op_1

list(bool) ~ list(a) =>{91) bool ~ «

(v2)
:>{\Z/bool} O



Unification Problem (cont’'d)

E :>((7r) = if rule r from U/ applied to equations E yields E’

Theorem

ifEy =0 B, =2 510 O then Ey has unifier oy - - -1

list(bool) = list(a) ={d1) bool ~ «
(v2)
:>{\2/bool} O

e unification always terminates
® the order of applying inference rules has no (dramatic) effect



Type Inference Problems

® £ e: agis type inference problem
® ogs.t., Eo e : apo (if exists) is solution (otherwise: e not typable)
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Type Inference Problems

® £ e: agis type inference problem
® ogs.t., Eo e : ago (if exists) is solution (otherwise: e not typable)
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The Type Inference System 7

E,e:¢0>e:7-1( ) E>eier:T

con

TO R T E>ei:a—>T,E>er:a
E>M\xe:T E>letx=ejine: 7

(abs)
Ex:agb>e:ayTta; — E>e:aEx:a>ey: T

Ep>if e; thenes elsees: 7
Er>e;:boolExey:T;E>e3: T

(ite)

(app)

(let)
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Recipe - Type Inference

core ML expression e and typing environment E




Recipe - Type Inference

core ML expression e and typing environment E

El start with E> e : aq (fresh type variable aq)

F use 7 to transform E > e : ap into unification problem u
(if at any point no rule applicable Not Typable)

El if possible solve u (obtaining unifier o) otherwise Not Typable
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Recipe - Type Inference

core ML expression e and typing environment E

El start with E> e : aq (fresh type variable aq)

F use 7 to transform E > e : ap into unification problem u
(if at any point no rule applicable Not Typable)

El if possible solve u (obtaining unifier o) otherwise Not Typable

the most general type of e w.r.t. E is ago



find most general type of let id = Ax.x inid 1 w.r.t. P

Exercise u
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Exercise

® Choose a typable A\-term with two § redexes. Find its type.
® What impact on the type derivation do the two beta reduction have? Does it matter
which one is performed first?
Do there exist (closed) terms of the types:
*°A—-B—=B
* (((A=F)—=F)—=F)—=(A—=F)
°* (A—>F)—F)—A
® |f you wanted a type of pairs (for example A x B), how would you extend the type
checking rules for these? Would type checking work?

(BONUS) Add type checking to your minimal lambda-calculus interpreter

19
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