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Let ¢ denote the given formula a < ((p — ¢) A (—p — r)). We have

© = (maV-pVgqg) A (aVpV-r) A (aV —=pV-q) A (maVpVr)
This equivalence can be verified by comparing truth tables:
a p g r|¢|(maVpVg) (aVpV-r) (aV-pV-og) (naVpVr)
T T T T|T T T T T
T T T F|T T T T T
T T F TI|F F T T T
T T F FI|F F T T T
T F T T|T T T T T
T F T F|F T T T F
T F F T|T T T T T
T F F F|F T T T F
F T T T|F T T F T
F T T F|F T T F T
F T F T|T T T T T
F T F F|T T T T T
F F T T|F T F T T
F F T F|T T T T T
F F F T|F T F T T
F F F F|T T T T T

We use propositional atoms x,. with a € {1,...,9} denoting a state

4: Oberosterreich
5: Salzburg

6: Steiermark

1: Burgenland
2: Karnten

3: Niederosterreich

7: Tirol
8: Vorarlberg
9: Wien

and ¢ € {1,2,3} denoting a color. If v(x,.) = T then state a will receive color c¢. There are two types

of constraints.

(1) Every state receives a unique color:

(xal V Zgo V xaB) A (ﬁwal V ﬁ-'If‘aQ) A (ﬁxal V j37113) A (“xaQ V “xa?))

for alla € {1,...,9}.



(2) Neighbouring states must receive different colors:
(mZa1 V 72p1) A (MTaz V Tp2) A (TZa3 V 2Tp3)

for all (a,b) € {(1,3), (1,6),(2,5), (2,6), (2,7), (3,4), (3,6), (3,9), (4,5), (4,6), (5,6), (5,7), (7,8) }.

Taking the conjunction of all these constraints results in a CNF formula that is satisfiable if and only
if the map of Austria is 3-colorable.

We use the mapping

a?ijl—>(i—1)><3+j

to associate a unique number in {1,...,27} with every propositional atom x;;. The CNF of part (a)
then gives rise to the DIMACS format given here. Using Z3 on this input produces

s SATISFIABLE
v1-2-34-5-6-7-89 10 -11 -12 -13 -14 15 -16 17 -18 -19 20 -21 22 -23 -24 25
-26 -27 0

which translates to the following coloring;:
Burgenland — 1 Oberosterreich — 1 Tirol — 2

Karnten — 1 Salzburg — 3 Vorarlberg — 1
Niederosterreich — 3 Steiermark — 2 Wien — 1


http://cl-informatik.uibk.ac.at/teaching/ss24/lics/exercises/austria.cnf
https://github.com/Z3Prover/z3

