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Selected Solutions
For easy reference, we label the nodes of B, and Bj:

Gs [0] [1] Gs

We obtain the intermediate OBDD

(G, Hi)

(Ge,Hs) (Gs,He) (Ge,Hs) (Gs,Hs) (Gs,Hs) (Gs,Hs)

Applying the reduce algorithm produces the desired reduced OBDD B, p:

DR

For instance, let M consist of the set {a,b} with fM(x,y) = a for all z,y € {a,b} and PM = {(a,a,a)},
and let the environment [ satisfy I(z) = a. We have M F; ¢ because fM(x,y) = fM(y,y) = a for all
z,y € {a,b} and (a,a,l(z)) € PM.



Let M’ be the same model as M and let the environment I’ satisfy I’(z) = b. We do not have M’ E; ¢

because (a,a,l'(z)) =

(a,a,b) ¢ PM

The set {Va (Jy P(x,y) — —~P(x,x)), Iz Vy P(y,x), Vax ~P(x,z)} is inconsistent. We show this by
proving the validity of the sequent Va (3y P(x,y) — —P(z,z)), JaVy P(y,x) F Yz —P(x, z):

—_

© 00 N O U W N

Vo (Jy P(z,y) — —P(z,z)) premise
JdzVy Py, x) premise

o Jy P(xo,y) = —P(xo,z0) Vel

z1 Yy Py, 1) assumption
P(zg,21) Ved
Jy P(z0,y) 3i5
—P(x0, o) —e 3,6
—\P(Io,l‘o) de 2,477
Va —P(x,x) Vi3-8

We obtain Vo (3y P(z,y) — —P(z,x)), 3z Vy P(y,xz) F VYo -P(z,z) by the soundness of natural
deduction. Hence, any model M with M E Vx (3y P(z,y) — —P(z,z)) and M E 3z Vy P(y,x)

satisfies M E Vo —P(z,x) and therefore M ¥ =V —P(x,x).

The sequent Vz P(f(x),xz) + JyVa P(y,z) is not valid. Take the model M with the universe

A ={0,1} and the interpretations
PM ={(0,0),(1,1)}

We have M E Va P(f(x), ), since both (0,0) € PM and (1,1) €

M) =a

PM. However, for y = 0 we

have x = 1 such that (0,1) ¢ PM, and for y = 1 we have x = 0 with (1,0) ¢ PM. Therefore

Va P(f(x),

The sequent dx Jy (P(x,y) V Py,
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= e e e e
DU W NN = O

x) ¥ JyVa Px,y).

x)),~dx P(z,z) b Jz Jy

—(z = y) is valid:

dz 3y (P(z,y) V premise
—-Jdz P(x,x) premise
xo 3y (P(zo,y)V P(y,zp))  assumption
yo P(zo,y0) V P(yo,z0) assumption
Zo = Yo assumption
P(yo,y0) V P(yo, o) =e 5,4
’ P (0, yo) assumption ‘
’ P (0, yo) assumption ‘
P(y0,%0) Ve 6,7-7,8-8
dx P(z,x) 3i9
1 —-e 10,2
(7o = yo) -i5-11
Jy ~(zo =y) 3i 12
Jz 3y ~(z =y) 3i13
3z 3y ~(z =y) Je 3,414
dz Iy ~(z =y) Jel,3-15



