M universitat
iInnsbruck

Logik SS 2024 LVA 703026 + 703027

Week 7 May 2, 2024

Selected Solutions

The sequent - Vz Vy (P(x,y) — —Vz (P(x,z) — —P(z,y)) is not valid. For instance, consider the
model M consisting of the set {a,b} with interpretation P = {(a,b)} together with /() = a and
l(y) = b. We have M F; P(z,y) but not M F; =Vz (P(z,z) — —P(z,y)). The latter can be
seen as follows. If I(z) = a then M F; P(z,z) — —P(z,y) since M ¥; P(z,z). If I(z) = b then
M E; =P(z,y) and thus also M E; P(z,z) = —P(z,y). Hence M ¥; —Vz (P(z,2) — = P(z,y)).

The following derivation shows that the given terms are not unifiable:

P(x, f(y,a)) = P(y, )
d
Yy, f(y,a) =z
v {z -y}
fly,a) =y
{3
1

m The given atoms are unifiable:

R(h(z,y,9(a,2))) = R(h(9(y,y),9(2, 2),9(a,a)))

dl
h(z,y,9(a, 2) = h(g(y,y),9(2,2),9(a,a))
d{
r=g(y,y), y~g(zz2),9(az) = glaa)
d
r=g(y,y), y=g(z,2),a~a z=~a
e
r~g(y,y), y~g(z,2), 2=a

vU«{z»—)a}

z~g(y,y), y = g(a a)
v{ {y—g(aa)}
T~ g(g(a,a),g(a,a))
vl {z~ g(g(a,a),9(a,0))}
O

The resulting mgu is {z — g(g(a, a), g(a,a)), y — g(a,a), z — a}.



We first rename the variable x in the second argument of the disjunction and then transform the resulting
formula into an equivalent prenex normal form:

—(Vo 3y P(f(z,y),y) = Vz Q( )) VVa' R(a', )
= —JaVyVz (P(f(z, ) = Q(2)) VVa' R(2',2")
= Vo Iy Iz ~(P(f(z, ) = Q(2)) VVa' R(2',a")
= VadyIzVa' (ﬁ( ),y) — Q(2)) V R(z',2"))

Next, we transform the quantifier-free part of the prenex normal form into CNF:

= Vz 3y Iz Va' (=(-P(f(z,y), )\/Q( )) V R(a',2"))
Vo 3y 3zVa' ((P(f(z,y),y) A—Q(2)) V R(z',z"))
= Vo Iy 32V’ ((P(f(z,y),y) \/R((E 2")) A (=Q(2) V R(z',2")))

We obtain an equisatisfiable Skolem normal form by replacing the existentially quantified variables y and
z by fresh Skolem functions g(z) and h(z):

~ Vaa' ((P(f(z,9(2)),9(2)) V R(2',a")) A (-Q(h(z)) V R(z',2")))



