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» Horn clause is propositional formula
Py APy A--- AP, — Q

with n > 1 and where P;1,...,P,,Q are atoms, L or T

» Horn formula is conjunction of Horn clauses

Theorem

satisfiability of Horn formulas is efficiently decidable

deciding satisfiability for arbitrary formulas is important and difficult problem (SAT)
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http://cl-informatik.uibk.ac.at/teaching/ss24/lics
http://cl-informatik.uibk.ac.at/~ami
https://ars.uibk.ac.at/p/09929580
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https://ars.uibk.ac.at/p/09929580

formulas ¢ and 1 are equisatisfiable (¢ ~ v) if

@ is satisfiable <= 4 is satisfiable

Tseitin’s transformation transforms arbitrary formula into equisatisfiable CNF in linear time

any satisfying valuation for ¢ can be (uniquely) extended to satisfying valuation for TT ()

restriction of any satisfying valuation for TT(y) to atoms in ¢ is satisfying valuation for ¢
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2. Natural Deduction
AM_

W universitat -
innsbruck $52024  Logic  lecture 3 2. Natural Deduction it

Part I: Propositional Logic

algebraic normal forms, binary decision diagrams, DPLL,
natural deduction, Post’s adequacy theorem, resolution, sorting
networks, soundness and completeness,

Part ll: Predicate Logic

natural deduction, quantifier equivalences, resolution, semantics, Skolemization, syntax,
undecidability, unification

Part Ill: Model Checking

adequacy, branching-time temporal logic, CTL*, fairness, linear-time temporal logic, model
checking algorithms, symbolic model checking
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Natural Deduction

calculus for reasoning about propositions

» sequent
$1, P25 -+ Pn = 1/)
—_—— ~—
premises conclusion
with propositional formulas 1, @2, ..., @n, ¥
» sequent p1, 2, ..., 9 F 9 is valid if ¢ can be proved from premises @1, 2, ..., ¢n

using proof rules of natural deduction

natural deduction consists of 17 proof rules
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https://en.wikipedia.org/wiki/Natural_deduction

» and introduction

N
eANY
p,q,r = (rAg)Ap isvalid: 1 p premise
2 q premise
B r premise
4 rang Ai 3,2
5 (rAg)Ap Ai4d,l
AM_
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» double negation elimination B -—e
p
» double negation introduction : il
mnl%
p, 7= (g Ar) E ==pAr isvalid: 1 p premise
2 —=(gAr) premise
3 ——p -—il
4 qnr -—e 2
5 r Ney 4
6 -apAr  Ai3,5
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» and elimination

Ner

pAqg,r = rAgqg isvalid: 1 pAQ premise
2 r premise
3 q Ney 1
4 rnq Ai2,3

W universitat -
innsbruck S52024  Logic lecture3 2. Natural Deduction Los

» implication elimination (modus ponens)

LTI
P
p,p—q,p— (q—r)kF risvalid: 1 p premise
2 p—q premise
3 p — (g —r) premise
4 q —e2,1
5 q—r —e 3,1
6 r —eb54
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» modus tollens

=Y Y
LA MT

P

-p—q, ~q F p isvalid: 1 -p — q premise
2 -q premise
3 ——p MT 1,2
4 p -—e3
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» or introduction

©w b
i \Y i1 - \ i2
YV oV
pAgE —qVp isvalid: 1 pAQg premise
2 p Nep 1
3 “qVp Vip2
AM_
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» implication introduction assumption

-qg— p F p—q isvalid: 1 —q — —p premise
2 p assumption
B --p =i 2
4 --q MT 1,3
5 q ——e4
6 p—q —+i2-5
Buniversitit 552024 Logic lecture 3 2. Natural Deduction ﬁ/{;L

» or elimination

X
pVqgt gVp isvalid: 1 p\V g premise
P assumption
qVp Vip?2
4 q assumption
qVp Vipd
6 qVvp Vel 2-3,4-5
AM_
L] universitst S52024  Llogic  lecture3 2. Natural Deduction 16/46



theorem is formula ¢ such that sequent + ¢ is valid

pVq—qVp istheorem: 1 pVaqg assumption
2 p assumption
3 qVvp Vip 2
4 q assumption
5 qVvp Vi 4
6 qVvp Vel 2-3,4-5
7 pVvVg—qVp —il-6
AM_
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p—q,p— —qkF —p isvalid: p,p—q,p— —q F risvalid:
1 p—qg premise 1 p premise
2 p — —q premise 2 p—q  premise
3 P assumption 3 p — g premise
4 q —el, 3 4 q —e2,1
5 -q —e 2,3 5 -q —e 3,1
6 1 -e 4,5 6 1 -e4,5
7 -p -i3-6 7 r le6
T is theorem: T Ti
AM_
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Definitions

» bottom elimination

» negation elimination

» negation introduction

» top introduction
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» proof by contradiction

PBC

» law of excluded middle

LEM
PV
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p—qVr,q— —p,r—pktq—risvalid:

O© 00 N O U1 A W N -

10

p— gV r premise

qg— —p premise
-r—p premise

q assumption
-p —e 2,4

ar assumption
p —e 3,6

1L -e7,5

r PBC 6-8
q—r —i4-9
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Summary of Natural Deduction ©

introduction elimination
e v pAp pAYp
AN ‘ Al ‘ Nep
AP ® Y
%) . b . AV )
\ - Vi1 Vip —_ Ve
eV VY X
p =Y @
— - —1 — =3
=1 W
AM_
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p—qgtF —pVaqg isvalid:

1 p— g premise

2 pV-p LEM

3 p assumption

4 q —el,3

5 -pVq Vi 4

6 -p assumption

7 -pVqg Vi 6

8 -pVqg Ve23-56-7
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Summary of Natural Deduction ©

introduction elimination
Y e
- - _‘e
- 1
1
L — le
®
T — Ti
T
- ——e
2
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Summary of Natural Deduction ©

derived proof rules

p—1p =
POY Ty . PBC LEM
s e 12 PV e
proof rules MT, ——i, PBC and LEM are derivable from other (basic) proof rules
AM_
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proof rules MT, ——i, PBC and LEM are derivable from other (basic) proof rules

1 %) premise
2 -  assumption
3 1 —el,2
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proof rules MT, ——i, PBC and LEM are derivable from other (basic) proof rules

1 p — 1 premise

2 = premise

3 %) assumption

4 Y —el,3

5 L —e4,?2

6 - —i3-5
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proof rules MT, ——i, PBC and LEM are derivable from other (basic) proof rules

1 1% hypothesis
n 1
n+1 - —il-n
n+2 7 -—en+1 conclusion
AM_
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proof rules MT, ——i, PBC and LEM are derivable from other (basic) proof rules

1 —(pV ) assumption
2 ® assumption
3 pV-op Vi 2
4 1 -e3,1
5 - —i2-4
6 pV-p Vi 5
7 1 -e6,1
8 ——(pV-op) —il-7
9 eV -op —-—e 8
Buniversitit 552024 Logic lecture 3 2. Natural Deduction Q/]/:L
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3. Intermezzo
AM_
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proof rules LEM, PBC and ——e are inter-derivable (with respect to other basic proof rules)

» LEM, PBC and ——e are controversial because they are not constructive
» classical logicians use all proof rules

» intuitionistic logicians do not use LEM, PBC and ——e

formula ((p — q) — p) — p is valid

sequent  ((p — g) — p) — p is valid but proof requires LEM, PBC or ——e
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E]rtICIfy with session ID

Which of the following statements are true ?

I[N Intuitionistic logicians can prove more statements than
classical logicians.

B Every valid sequent has a proof without ——i.
[ Valid sequents can have arbitrarily long natural deduction proofs.
Bl Thesequent p —+ g+ —g — —p is valid.
A Every connective has an introduction rule as well as an elimination rule.
B universitat $52024  Logic  lecture 3 3. Intermezzo Q/{;L
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https://en.wikipedia.org/wiki/Intuitionistic_logic
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4. Soundness
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use induction on length of natural deduction proof and case analysis of last proof step

initial part of proof need not correspond to sequent with same premises

1 p—q premise p—qg,p——qFp—q
2 p — —q premise p—q,p——qkFp——-q
3 P assumption ?

4 q —el,3 ?

5 -q —e2,3 ?

6 1 —-e4,5 ?

7 -p -i3-6 p—q,p——qk —p

natural deduction is sound:

V1,02, ---,op F Yisvalid =  ©1,02,...,0n EY

only true statements can be proved

theorems are valid
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add assumptions to sequents

p—q premise p—q,p—>—-qFp—q

2 p — —q premise p—qg,p—-qgkp—-q
3 p assumption p—a,p—>—q;pkp

4 q —el,3 p—=q,p—>-q:ptkq

5 -q =+@2,3 p—aq,p——q;pk ~q
6 1 -e4,5 p—qp—-q;phk L
7 -p -i3-6 p—q,p——qkF —p

extented Sequent P1, P2, -, Pn; /lpl', 1/)2': 0RO /Um = X
~~

premises assumptions conclusion
&y >,
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1 pPAG—T premise PAG—=rEpAg—r
2 P assumption pAqQ—r;pkp

3 q assumption pPAG—Tr;p, gk q

4 pAQ Ai2,3 pAg—r;p,gkpAg
5 r —el, 4 PAQ—=Tr;p,qkr

6 q—r —i3-5 pPAGq—=ripkEqg—r

7 p—(q—r) —i2-6 pAg—rtp—(qg—r)

Soundness Proof

by induction on length of proof of
&1 Oy O

we prove
Oy, by E 1)
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Claim

b1 O, F o isvalid = &, &, E o

Induction Step (case analysis of last proof step) Ai
b =1 AN
shorter proofs ®;; ®1 - 11 and ®1; ®3 I ¢, with &3, &3 C o,

induction hypothesis: ®1, ® F ¢ and &7, ®3 F 1
V(p) =Tforall pcdy, & = V(p) =T forall p € d;, d3, 3

(1) =V(¢2) =T
= V(Wi AY) =T

<!

=

hence q)l, b, E (V]
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Claim

G P, ) isvalid = &g, E

Base Cases

» premise PYpeEDP, = b, P, F
» assumption PYED, = &, P, F
> Ti =T = &, F9
AM_
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Claim

b1 O, F o isvalid = &, &, E o

Induction Step (case analysis of last proof step) —i
Y =11 — ¢
shorter proof ®;; &3, 1 F ¥, with 3 C o,
induction hypothesis: ®1, ®3 11 F 1,
V(p) =T forall ¢ € d1, &,
two cases
V(1) =F = v(1 =) =T
V() =T = V(p)=Tforall pe®, ¢, = V() =T = V({1 =¢) =T

hence ':bl, CDZ E U
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Oy &, F o isvalid = by, &y F o

Induction Step (case analysis of last proof step) -e

P =1
shorter proofs ®;; ®1 - 1" and ®;; ®3 - =y with ¢, 2 C &,
induction hypothesis: ®;, ®3 F ¢’ and &1, ®3 £ v’

V(p) =Trorall pe &1, 9, = V(p) =T forall ¢ € d1, d3, 3
= v@)=Tand v(-¢)=T %

hence ¢,, &, F |
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Claim

b1 Oy F o isvalid = &, &, E o

Induction Step (case analysis of last proof step)

remaining (basic) proof rules
Aer Aey Vip Vip —e —-i le ——e

are similar

natural deduction is sound

W universitat
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G P, o) isvalid = &g, b, E

Induction Step (case analysis of last proof step) Ve

shorter proofs ®1; ® - 1y Vb, and ®y; ®3, 4y = b and &1; 3, 1, F ¢ with 1 &2 d3 C o,
induction hypothesis: ®1, ®3 F 41 V1, and ®1; @3, 41 F ¢ and ®q; 3,1, E o
V(ip) =T forall pe &1, ®, = v(p1Vh) =T
two cases
V) =T = @) =T
V) =T = o) =T

hence ¢,, &, E o
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Huth and Ryan

» Section 1.2
» Sections 1.4.2 and 1.4.3

Intuitionistic Logic

» Wikipedia

top introduction proof rule

order of premises in —e

[accessed January 23, 2024 ]
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and elimination

and introduction

assumption

bottom elimination

derived proof rule

double negation introduction
double negation elimination
extended sequent

implication elimination

implication introduction
intuitionistic logic

law of excluded middle
modus ponens

modus tollens

natural deduction
negation elimination
negation introduction

or elimination

homework for March 21

or introduction
premise

proof by contradiction
sequent

soundness

theorem

top introduction

validity of sequents
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https://www.cambridge.org/core/services/aop-cambridge-core/content/view/217011EA9D709ED4D1BBEC71DFE66E4F/9780511810275c1_p1-92_CBO.pdf/propositional_logic.pdf#page=5
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/217011EA9D709ED4D1BBEC71DFE66E4F/9780511810275c1_p1-92_CBO.pdf/propositional_logic.pdf#page=40
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/217011EA9D709ED4D1BBEC71DFE66E4F/9780511810275c1_p1-92_CBO.pdf/propositional_logic.pdf#page=45
https://en.wikipedia.org/wiki/Intuitionistic_logic
http://cl-informatik.uibk.ac.at/teaching/ss24/lics/exercises/03.pdf
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