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[Definitions

model M = (5,—,L) and XC S [Tl1=s [Pl ={sesS|peL(s)}
» [el ={seS|M,sF ¢} [L] =2 [AX o]l = prey([«])
» prey(X) = {seS|teX forall t with s —t} [=¢] = S — [¢] [EX¢] = pres([2])
" Presl) S s e s e tiorsome (X e Al = [e] N V] [AF o1 = L] U pre, (IAF )
[e Vel = [elulv] [EF ]l = [l U pres([EF ¢])
[ =] =(-Telulv] [AG o]l = [l N prey([AG )
[EG o]l = [w] Npres([EG )
[Alp U]l = [¥1 U ([el Nprey([Alp U ¥1D))
prey(X) = S — pre5(S — X) [Elpu ]l = [¥1u ([¥] N pres(TE[p U ]T))
_AM_ _AM_
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http://cl-informatik.uibk.ac.at/teaching/ss24/lics
http://cl-informatik.uibk.ac.at/~ami

[AF ] is least fixed point of monotone function Far(X) = [¢]] U prey(X)
[EG ] is greatest fixed point of monotone function Feg(X) = [[¢]l N pres(X) » atoms

[E[ U ¢]] is least fixed point of monotone function Fey(X) = [« ] U ([«]] N pres(X)) » logical connectives

» LTL (linear-time temporal logic) formulas are built from
p. q,r, pi, P2, --.
ST S AG A=

» temporal connectives X, F, G, U, W, R

according to following BNF grammar:

o =L[T[pl(=e)[(ere)|(eVe)l(e—¢)l

every monotone function F: P(S) — P(S) with |S| = n admits
least fixed point uF = F"(2)
greatest fixed point vF = F"(S)

» satisfaction m F ¢ of LTL formula ¢ with respect to path 7 =57 — s, — ---

defined by induction on ¢

symbolic model checking = (CTL) model checking with BDDs

Xe) [ (Fe) [ (

©) | (pUe) [ (kW) | (pRyp)

» path in model M = (S, —,L) is infinite sequence s; — s, — -

in model M is

» satisfaction M,s E ¢ of LTL formula ¢ with respect to state s € S in model M is defined

as "forallpaths r =s—--- 7 F "
AM_ AM_
l:lnnn\\s/g;a\(tﬁl $52024  Llogic lecture 11 1. Summary of Previous Lecture 5/41 l:lnnr:\s/g;a\(tgl S52024  Llogic lecture 11 1. Summary of Previous Lecture 6/41
LTL formulas ¢ and ¢ are semantically equivalent (¢ = v) if -Xp =X Ut = = (= U (mp A=) AFep
P E o —_— -Fp=G-op FlpVy) =FpVFy
-Gy =F-p G(pAY) =GpAGY
for all models M = (S, —,L) and paths = in M =(pUe) = ~pR—1 Fo=TUp
~(pRY) = ~pU~9 Gp=_1lRop
pUY = WY AFY PpWy =9PR(p V)
W1 = pUypVGey PRy =W (p AY)
TE o < 7F-p M;sEp = M,s ¥ -p MsE o = M,sE —p
AM_ AM_
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Part I: Propositional Logic

DPLL,
sorting
networks,

Part llI: Predicate Logic

Part Ill: Model Checking

adequacy, CTL*, fairness, model
checking algorithms,
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{X,U}, {X,W} and {X,R} are adequate sets of temporal connectives for LTL

Fo=TUp PRY = PpW(pAY) eUy = =(=pRy)
Gy = —-F-p pUy = =(=pR=7) Fo=TUp
YR = =(—pU—1) Fo=TUp Gy =—-F-p
Wy = Uy V Gy Gp =-F-p W = Uy VGp

{U,R}, {U,W}, {U,G}, {F,W} and {F,R} are adequate sets of temporal connectives for LTL
fragment consisting of negation-normal forms without X

W universitat
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2. Adequacy

LTL CTL
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Outli
u2. I:deequacy
CTL
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set of temporal connectives is adequate for CTL <=
at least one of {AX, EX}

it contains ¢ at least one of {EG, AF, AU}
EU

Proof ( <)

» AXp = " EX—p and EXp = - AX—p

» EFp = E[T U]

» AGp = " EF-¢p

» AlpU9] = = (E[-¢ U (=p A=)] VEG =)
» AFp = A[T U]

» EGp = - AF—p

W universitat
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0
O—O—0)
p

induction on ¢
» if ¢ isatom or ¢ = L then M,0 ¥ ¢ and M,1 ¥ ¢
» if o =T then M,0 F ¢ and M,1 F ¢
» ifo=-¢Ythen M\OF ¢ < MO0F Y — M, 1F¢Y < M,1F¢p
» if @ = 11 A1), then
MOE¢ <<= M, 0FE ¢ and M,0 FE 9,
— M,l1EF¢pand M1 F Y, = M,1EFp

W universitat
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set of temporal connectives is adequate for CTL <=

at least one of {AX, EX}
it contains ¢ at least one of {EG, AF, AU}
EU

» consider model M O
O—@—@
p

» M,0 ¥ EXp and M,1 F EXp

» for every CTL formula ¢ not containing EX and AX:

MOEp = MI1Egep

W universitat
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0
O—O—0)
p

induction on ¢

» if ¢ = AFy or ¢ = EF¢ then

M,0FE o <<= M,k forsomeic{0,1,2}
— M,iE ¢ forsomeic{l,2} <<— M, l1Eop

» if o = AGvY or ¢ = EG1 then

MO E @ <« M,ikEqforallic{0,1,2}
<~ M,iE¢ forallie{l,2} <+ M, 1E¢p
AM_
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Proof ( —, cont’d)

induction on ¢
» if o = A[1p1 U2] or ¢ = E[¢p1 U] then
MOE e < M, 0F ¢, or
M,1 E 4, and M,0 E 11 or
M,2 E 9, and M,0 E ¢ and M,1 E ¢
<~ M,1E 9, or
M,2 E 4y and M, 1 E o
—= M, 1lEFyp

AM_
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. EU
Proof ( — )
» consider model M m
p p P~ — T
(2) ) (o) @
@) \ \ ?
) 1, /\
\/p \/p
» M.i E E[pUqg] and M,i" ¥ E[puUq] forall i > 0
» for every CTL formula ¢ not containing EU there exists n, > 0 such that
M,n, Eo <= M,n,Ep
AM_
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. at least one of {EG, AF, AU}

Proof ( — )

» consider model M

---/@/@/@)\O
©
Yy
» M,iE AFp forall i > 0 and M, ¥ AFp forall i > 0

» for every CTL formula ¢ not containing EG, AF and AU there exists n, > 0 such that

/
Mng Ep = Mn,Fop
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Online Evaluation in Presence

https://lv-analyse.uibk.ac.at/evasys/public/online/index
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» model may contain behaviour which is unrealistic or guaranteed not to happen
» such behaviour is (typically) not expressible in CTL

» eliminate such behaviour by imposing fairness constraints

» path s; — s, — - is fair with respect to set C of CTL formulas if forall b € C
s; E 4 for infinitely many i (GF in LTL)

» formulas in C are called fairness constraints

» Ac (Ec) denotes A (E) restricted to paths that are fair with respect to C

W universitat -
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4. Fairness
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4. Fairness

path 1(376)% is fair with respect to {/g,Pg} but not with respect to {/}

M, 1 ¥ Agg, FPs because path 1(478)“ is fair with respect to Rz but M,i ¥ Pg for
ic{1,4,7,8}

22/41
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Outline
Ec[pU®] = E[pU () AECG T)] EcXp = EX(p AEcGT)

New Algorithm (CTL Model Checking with Fairness Constraints)

required only for EcG ¢:

@ restrict graph to states satisfying ¢

® compute non-trivial strongly connected components (SCCs) 5. Intermezzo
® remove SCC S if there exists constraint ¢ € C such that s ¥ ¢ for all states s € S

@ label all states in resulting SCCs

® compute and label all states that can reach labelled state in restricted graph computed
in step @
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E]rtl(.‘lfy with session ID Outline

Which of the following statements hold for all models M = (S,—,L) and
states s€S7?

B M,sE EpnqgF(a)
M,s ¥ E(,,G(EFp)

M,s E A F(AXq) 6. LTL Model Checking Algorithm

M,S E E{p}[ﬁPUP]
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satisfaction of LTL formulas in finite models is decidable

Two Approaches

@ translate into CTL model checking with fairness constraints

® use automata techniques

Basic Strategy

M;sE p?

» construct labelled Biichi automaton A-, for —¢p

» combine A, and M into single automaton A-, x M

» determine whether there exists accepting path in A, x M

W universitat i i
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set B C C(yp) is elementary if it is

@ consistent with respect to propositional logic: forall p1 A p2 € C(¢) and 1 € C(p)
» o1 Ay €B < @y €Band g, €B
» peB = -9 ¢B

» T eC(p) — TE€B

@ locally consistent with respect to U: forall ¢; Uy, € C(p)
» v €EB — @p1Upr €B
» pr1Ugp, €B and p, ¢ B = p1€B

® maximal: forall ¢ € C(p)

» )¢B — —YEB
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formula ¢ in LTL fragment with U and X as only temporal operators

closure C(p) of ¢ consists of all subformulas of ¢ and their negations, identifying == and

C(aU(-aAb)) ={a,~a,b,~b,maAb,~(-aAb),aU(-aAb),-(aU(-aAb))}
{a,b,maAb,aU(-aAnb)}
{a,b,aU(—aAb)}
{a,b,~(—=aAb),aU(-aAb)}
{—a,=b,~(-aAb),aU(-aAb)}

not elementary
not elementary
elementary

not elementary

{a,b,~(=aAb),=(aU(-aAb))} elementary
{a,-b,~(-aAb),~(aU(-aAb))} elementary

AM_
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» states of automaton A, are elementary subsets of C(y)
» initial states are those states containing ¢
» transition relation A of A,: (A,B) € A ifand only if
@ forall Xy € C(p) XYpeA <+ 9YeB
® forall ¢1 Uy, € C(p) p1Upry e A <<= ¢y cAorboth ;1 €A and p1Up, €B
» trace is infinite sequence of valuations of propositional atoms
» trace t is accepted if there exists path 7 in A, such that
@® = starts in initial state of A,
@ m corresponds to trace t: t; = {p € m; | pis atom} for all i
® r visits infinitely many states satisfying —(v1 U,) V 9,, for every 11 U1, € C()
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Example ©

p = Xa

» C(p) = {a,a,Xa, " Xa}

» states ©®{a,Xa} ®{a,—~Xa} O{-aXa} O{-a ~Xa}

» initial states @ @

» transitions O 6 © O {a}
o|lv v (a} 8 o
) v v {2} /
e v v I} > {a}
o v @ {a}

» trace t; = {a}{a}{a}@* isaccepted: path QOO O~ (3] > 8

is accepted: path @ @@ O~ %]
is not accepted

» trace t; = @{a}to{a}”
» trace t; = {a}oo{a}¥

_AMC
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Basic Strategy

M;s E p?

» construct labelled Buchi automaton A, for —¢

» combine A-, and M into single automaton A_,, x M

» determine whether there exists accepting path in A, x M

Theorem

M,sFp <<= A.,x M hasno accepting paths

W universitat i i
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Example &
p=aUb
L C((p) = {avﬁaabaﬁbvanaﬁ(an)}

» states O {a,b,9o} @®{-a,b,9o} O{a,—-b,¢} O{a,—b,~p} O {-a,—b, ¢}
» initial states @ @ ©
» transitions O 6 © ©6 6

oV v v v V {a,b}

oV v v v V {b}

o|\v v V {a}

(4] v 7 {a}

o|\v v v v V @

» acceptance condition: paths cycling in state @ are not accepting

» {a}¥ isrejected and {b} @ {a}® is accepted

B universitat i N N
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labelled Blchi automaton A, for ¢ = aUb model M
© 6 © 006 @ {b}
(abol@® |V v v v V O O
{-a,bpl@| Vv v Vv vV V
{a,~bp}@® |V v V
- {a,-b,~p} O v v —) =)
—{-a,-b,-p}® |V vV Vv V V {a} {a,b}

acceptance condition: paths cycling in state @ are not accepting
» product automaton A-, x M

—-00|{ ez } ez2|{ es3 }
- 00| o 03 |{ 03 }
» accepting path @0 1), 02 2, @3 L2 @3 24, ... M,0 E
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7. Further Reading

_ AM_
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Ac Ec fairness constraints
A, elementary set labelled Blchi automaton
adequacy fair path trace
closure

homework for June 6
AM_
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Huth and Ryan

» Section 3.2.5
» Section 3.4.5
» Section 3.6.2
» Section 3.6.3

Baier and Katoen

» Section 5.2 of Principles of Model Checking (MIT Press 2008)
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8. Exam
W universitat
Hhebruck SS 2024 Logic lecture 11 8. Exam 40/41


https://www.cambridge.org/core/services/aop-cambridge-core/content/view/362A23C81428830F20C49894E9ED8949/9780511810275c3_p172-255_CBO.pdf/verification_by_model_checking.pdf#page=15
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/362A23C81428830F20C49894E9ED8949/9780511810275c3_p172-255_CBO.pdf/verification_by_model_checking.pdf#page=45
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/362A23C81428830F20C49894E9ED8949/9780511810275c3_p172-255_CBO.pdf/verification_by_model_checking.pdf#page=59
https://www.cambridge.org/core/services/aop-cambridge-core/content/view/362A23C81428830F20C49894E9ED8949/9780511810275c3_p172-255_CBO.pdf/verification_by_model_checking.pdf#page=61
https://mitpress.mit.edu/9780262026499/principles-of-model-checking/
http://cl-informatik.uibk.ac.at/teaching/ss24/lics/exercises/11.pdf

First Exam on June 24

>

>

>

>

>

registration in LFU:online is required before 23:59 on June 10
strict deadline: late email requests will be ignored
deregistration is possible until 23:59 on June 20

closed book

second exam on September 20, third exam on February 26, 2025

Preparation

>

>

>

>

>

study previous exams

review homework exercises and solutions

study slides
visit Tutorium Wednesday, 16:15-17:00, SR 13
visit consultation hours AM Wednesday, 11:30 - 13:00, 3M07
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http://cl-informatik.uibk.ac.at/teaching/ss24/lics/overview.php
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