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(a) answer + explanation

The following DPLL derivation results in a satisfying assignment of ¢:
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answer + explanation

We label subformulas of ¢ as follows:
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Using Tseitin’s transformation we obtain

which results in the equisatisfiable CNF

ay Vaz) A (a1 V—ag) A(—ar V-ag Vay)
as Vaz) A (mag V —as)

—az Vp) A (a3 Vq) A(az V-pVg)
ag V —as) A (agVor) A (mag Vas V)
as V q) A (=as V =q)
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answer + explanation

i. Yes, x is a Horn formula consisting of six Horn clauses. The marking algorithm starts by
listing the atoms occuring in x:

q s t r

First we mark T. Then we mark ¢ because of the clause T — ¢. Next we mark s and r
because of the clauses ¢ — s and ¢ — r. Next we mark ¢ because of the clause s Ar — t and
finally we mark 1| because of the clause s At — L. Since L is marked, x is unsatisfiable.

ii. An equivalent CNF is easily obtained from yx:
X = (gVs)A(msVat)A(QA(msVarVE)A(mgVr)A(—rVs)

Since not every clause has complementary literals, y is not valid.




answer + computation

Resolution produces the following clauses:

I {~P@), Q)}

2. {~Qa))

3. {P(), Rz,y)}

4. {S(x), ~R(a,b)}

5. {=S(a)}

6. {-P(a)} resolve 1, 2
7. {-R(a,b)} resolve 4, 5
8. {P(b), R(u,v)}  rename 3

9. {Q(), R(u,v)}  resolve 1, 8
10. {P(b), S(x)} resolve 4, 8
11. {P(), S(=)} rename 10
12. {Q(), S(=)} resolve 1, 11
13. {P(b)} resolve 5, 10
14. {Q®)} resolve 5, 12

{z—a}
{z—a}
{z—u,y— v}
{z— b}
{urb,v—b}
{z+— 2z}
{z—b}
{z—a}
{z—a}

As there are no further resolvents (modulo renaming), the formula is satisfiable.




answer + explanation

The terms are unifiable:

g(f(z, f(b,a)),g(z, f(b,y))) = g(f(9(y,b), 2),9(g(a,b), 2))
d{

f(x, f(b,a)) = f(g(y,b), 2), g(z, f(b,y)) = g(g(a,b), 2)
d

x = g(y,b), f(ba) =z, g(z, f(b,y)) = g(g(a,b),2)
vl {z— gy}
f(b,a) = z, g(g(y,b), f(b,y)) = g(g(a,b), 2)
vll{z»—)f(b,a)}
g(g(y,b), f(b,y)) = g(g(a,b), f(b,a))

d{
g(y,b) = g(a,b), f(byy) = f(b,a)
d |
y~a,b=b, f(by)~ f(ba)
vi {y—a}
brb, f(b,a) = f(b,a)
el
f(bya) = f(b,a)
e
o

The resulting mgu is

{z =g, 0) Hz = f(b,a) {y = a} = {z+— g(a,b), y = a, z+— f(ba)}

answer + explanation
We first eliminate the implication:

Vo 3y Ve z(R(z,y,2) = Jw S(y, 2, w))
= VxdyVz (—\R(J?,y, z) V3w S(y, z, w))

Next, we bring all quantifiers to the front to obtain a prenex normal form:
= VrdyVzIw (—|R(w,y, z)V S(y, z, w))

We obtain an equisatisfiable Skolem normal form by replacing the existentially quantified variables
by Skolem functions, y by f(x) and w by g(z, 2):

~ VaVz (-R(z, f(z),2) V S(f(x), 2, h(z, 2)))




answer

The sequent p, 7 — —=p, =" r A s = t, =t - —s is valid:

1 P premise

2 r— P premise

3 -rAs—t premise

4 -t premise

5 S assumption

6 - -—il

7 -r MT 2,6

8 “rASs AN T,5

9 t —e 3,8
10 L -e 9,4
11 -s -i5-10

answer

The sequent Vo (x = aVax =0b), Vo (x =a — P(z)), Ve (z =b— Q(z)) F Va (P(z)V Q(x)) is
valid:

1 Ve (r=aVax=>b) premise

2 Va (x =a— P(z)) premise

3 Vo (r =b— Q(x)) premise

4 ro To=aVxzyg=>b Vel

5 To=a assumption

6 zo = a — P(xzg) Ve 2

7 P(iE()) —e 6, 5

8 P(l‘o) V Q(CL‘()) Vip 7

9 xo="> assumption
10 .730:()—>Q(330) Ve 3
11 Q(z0) —e 10,9
13 P(z0) V Q(z0) Ved,5-8,9-12
14 Ve (P(x)VQ(z)) Vid-13




answer

The sequent Vz (x = aV e =0b),Vo(x =a — P(z)),Ve(x =b— Q(z)) + Va P(x) VVx Q(x) is
not valid. Take the model M with the universe A = {0,1} and the following interpretations:

a =0 VM =1 PM = {0} QM = {1}

We have M E Ve (r =aVz=b), M EVz(z=a— P(z)) and M E Vz(z =b — Q(x)) but
M EVz (P(z) VVz Q(z)). Hence by soundness of natural deduction the sequent is not valid.




answer + explanation
From the table

| »|a|EFp|AXq|AEFpUAXY |

1| v v
2 V|V
3|V v v v v
4 V|V v

we conclude that the CTL formula ¢ = EF A[EF p U AX ¢] holds in states 3 and 4.

answer + explanation

For ¢ = ¢ AF(GpV Gq) we have M, s F ¢ if and only if s = 2: If a path starts in 2, it is either
2% or it is of the form 2" 1“ for some n > 0. Hence, M,2 E 1. On the other hand, M,1 ¥ o
and M, 3 ¥ 1 because g does not hold in the respective states. Finally, the path (4 3)* establishes
M4 E ).

There are many other solutions. For instance, ¥ = ¢W (Gp).




answer + explanation
Consider the following model M:
—
O—C)
p q

From M, 1F p and M, 2 F q we obtain M,1F Eg, ;3 GT. However, M,1¥ E;,,,1 G T as no path
satisfies the fairness constraint p A q.
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Austria is 3-colorable.

The formulas p A =q and p A q are equisatifiable.

The proof rule =—e is a derived rule of natural deduction.

The clause { P(z)} is a resolvent of {—~P(x)} and { P(z), P(y) }.

If a binary function f is monotone and f(1,1) = 0 then f(z,y) = 0.

The set {R, U, X} is an adequate set of temporal connectives for LTL.

Deciding the satisfiability of propositional Horn formulas is NP-complete.

The problem whether an arbitrary propositional formula is valid is decidable.

The sequent YV Iy P(z,y), Vo Vy (P(z,y) = Q(z,y)) F Iy Ve Q(z,y) is valid.

Every reduced OBDD for an n-ary boolean function has at most 2"+! — 1 nodes.



