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Syntax

-
first-order language

fixed part connectives as for propositional logic
quantifiers v for all
3 there exists
auxiliary symbols ")",’(", and "’
variables Vi, Vo,...

informally: x,y,z, ...

variable part relation symbols R
function symbols F

constant symbols C

L(R,F,C) describes the first-order language deter-
mined by R, F,C

notation

Syntax

terms, T

atomic formulas

formulas, Frm

any variable isin T
any constant is in T
ti,...,.t,e T O

Of(ty,...,th) €T
R(t1,...,tn)
T, L

any atomic formula is in Frm
AeFrm 0 —-A € Frm
A,BeFrm O (Ao B) € Frm
A€ Frm O (Vx)A € Frm

A€ Frm 0O (3x)A € Frm

inductive definition of terms & formulas

f € F, n-ary

R € R, n-ary
t1,...,th €T

o binary

X a variable

Syntax

Example
formulas

(V) (Vy)( < (x,y) = (F2)( < (x, 2) A < (z2,¥)))
(Vx)(Vy)[x <y — (Fz)(x <zAz<y)]
Vx,y x<y—3z(x<zAz<y)

NB: we employ structural induction on terms (and formulas) and
structural recursion on terms (and formulas) as proof-principles

Example _
free-variable occurrences, fvar(X)

[J if A atomic, then fvar(A) is the set of variables occurring in A
O fvar(—A) := fvar(A)

O fvar((Ao B)) := fvar(A) U fvar(B)

O fvar((Vx)A) = fvar((3x)A) := fvar(A) — {x}




-
substitutions

[J a substitution o is a mapping 0: V — T from the set of

variables to the set of terms T

] extend o to terms:

co=c ceC
f(tr,...,th)o :==f(tio,..., tho) feF

example: set o: x — f(x,y),y — h(a),z — g(c, h(x))

J(k(x),y)o = j(k(x)o,yo) = j(k(xa),yo) = j(k(f(x,y)), h(a))

[l o, 7 substitutions; the composition o7 of ¢ and 7 is defined as

x(oT) = (xo)T

[0 the domain of o is {x | xo # x}
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Substitutions

Substitutions

Lemma

[0 for any term t: t(o7) = (to)T by structural induction

[J composition is associative (i.e. (0102)03 = 01(0203))

[0 if the domain of o is {x1,...,xp} and x10 = t1,...,X,0 = tp,
then we write {x; + t1,...,x, — t,} to denote o
set o1 = {x1 — t1,...,Xn — tn},
o2 = {y1+ S1,..., Yk — Sk}; then the composition o107, can be
written as
{X]_ — 1102, ..., Xp — thoo,21 > 2102, ...,Zm > Zmaz}

{z1,.. yzZm}y={v1, -, Yk} — {x1, .-, Xn}
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Substitutions

-
substitutions on formulas

let o be a substitution

{ya if y # x
Yoy =

X otherwise

[0 define oy:

O P(ti,...,ty)o = P(tio, ..., th0) P € R, P n-ary
To=T lo:=1
(—A)o := —(Ao)
(Ao B)o := (Ao o Bo) o binary
((Vx)A)o := (Vx)(Aoy)
((3x)A)o = (Ix)(Aox)

Substitutions

o={x+—ayr— b}

(VxR(x,y) — JyR(x, y))o = (VxR(x, y))o — (FyR(x,y))o

= Yx(R(x,y)ox) = 3y(R(x, y)ay)
= VxR(x, b) — JyR(a, y)

Definition L .
substitution o is free for a formula:

LI if A atomic, o is free for A

O o is free for A O o is free for —A

[ o is free for A and B O o is free for (Ao B)
0

ox is free for A and if y € fvar(A), y # x, then yo does not
contain x [ o is free for (3x)A and free for (Vx)A

Th
Suppose o is free for A and 7 is free for Ao, then

(Ao)T = A(oT)




Substitutions

Proof . .
- by structural induction on A

[0 Base: let A= P(ty,...,t,), hence

(P(t1> ceey tn)O)T = P((tla')T, .. .,(1.',,0‘)7‘) =
= P(t]_(O'T), cee tn(O'T)) = P(O’T)

[0 Step: we only consider A = (Vx)A;
assumptions oy is free for Ay
Tx is free for Ajox  as ((Vx)A1)o = (Vx)A10x

(A10x)7x = A1(0x7x) by IH
Al(axTx) = Al(UT)X €asy

(("x)A1)0)T = ((Vx)(A10x))T = (VX)((A10x)7x) =
= (W)(Ar(ox7d)) = (V) (Ar(07)x) = ((VX)A1)(o7) [

Semantics

Definition _ _
domain, models & assignments

model a model of L(R,F,C) is a pair M = (D, 1), s.t.
D +# () a set, called domain of M
| a mapping, called interpretation associating
[] to every ¢ € C, some debD
[] to every f € F, some function fl!'D" =D
[ to every P € R, some relation P' C D"

assignment an assignment in M is a mapping A: V — D; we
write vA instead of A(V)

value each term t € L is associated a value t"A

0 for ce C: A=

0 for veV: vhA = VA

0 for f € F: [f(t1,...,tn)]"A = f'(ti’A,.--, rliA)
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Semantics

Example: Modelling ‘mutual exclusion’

define a first-order language L(R,F, C) for 'mutual exclusion’

relation symbols R binary

Ci,N;, T; unary for i € [1,2]
function symbols  none
constant symbols ko, k1, ..., k7
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Semantics

represent the protocol by a first-order model M = (D, I)
domain: D = {sp, s1,...,57}

interpretation |I:
[ 1 interprets the symbol R by the relation R' where

{(50751)7(50,52),(51753)7(51,54),(52754)7 (52755)7(53756)7
(54756)7 (54757), (55,57)7 (56752), (57,51)7 (53,50), (55,50)} =R
[J 1interprets C; by C] where s3,s5 € C] and s5,s7 € C)

[J 1 interprets N; by N! where so, 5,55 € N and sp, 51,53 € N}

[ 1interprets T; by T! where s1,s4,57 € T{ and sp, 54,5 € T}

(I finally I associates a state s; with each ¢;: c,! =5

assignment A: arbitrary
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Semantics

- truth value for formulas

[1 an assignment B in a model M is an x-variant of an
assignment A if the values differ only for x

O let M = (D, 1) be a model, A an assignment in M; define the
truth-value [X]"A of a formula X

O

O O O d

[P(t1, ..., to)]"A =tiff (", ... th*) e P!

THA .— ¢t

1WA=f

AN 1= ~(A)

[(Ao B)|"A := (AVA o BMWA)

[(Vx)A]"A = t iff AYB = t for every B, B x-variant of A
[(3x)A]"A = t iff A'B =t for some B, B x-variant of A
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Definiti
validity & satisfiability

0 X is true in M, if X"A =t for all assignments A
[1 X is valid, if X is true in all models for the language

[0 as set S of formulas is satisfiable in M, if there is some A
such that XA =t forall X e S
[0 S is satisfiable, if satisfiable in some M

|
let M be the model of the 'mutual exclusion’

protocol; we show that Vx—(Ci(x) A Co(x)) in true in M
[x=(Gi(x) A GO =t
iff [~(C1(x) A Co(x))]"B = t for any x-variant B of A
iff —([C1(x)]"B A [Ga(x)]"B) =t for any x-variant B of A
iff ~(x® € C] AxB € C}) =t for any x-variant B of A
iff (s€ C{AscC)=tforanyseD
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Semantics

Semantics

Summary

[J syntax of first-order logic

] substitutions

[1 semantics of first-order logic
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