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Dependency Pairs

Dependency Pairs

Observation

∀ non-terminating TRS ∃ minimal︸ ︷︷ ︸
all proper subterms are terminating

non-terminating term

á T∞ is set of all minimal non-terminating terms

Lemma

∀t ∈ T∞ ∃(l → r) ∈ R ∃σ ∃non-variable subterm u of r

t
>ε−→∗

R lσ
ε−→R rσ � uσ ∈ T∞

Corollary

every term in T∞ has defined root symbol
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Lemma

∀t ∈ T∞ ∃(l → r) ∈ R ∃σ ∃non-variable subterm u of r with u 6 l

t
>ε−→∗

R lσ
ε−→R rσ � uσ ∈ T∞

Definition
tentative

S = {l → u | l → r ∈ R, u � r with defined root(u), u 6 l}

Lemma

∀t ∈ T∞ ∃(l → u) ∈ S ∃σ t
>ε−→∗

R lσ
ε−→S uσ ∈ T∞

get rid of position constraints by marking root symbols of terms in
rewrite rules of S
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TRS R over signature F
á F ] = F ∪ {f ] | f is defined symbol of R}
á if t = f (t1, . . . , tn) with f defined then t] = f ](t1, . . . , tn)

á T ]
∞ = {t] | t ∈ T∞}

DP(R) = { l ] → u]︸ ︷︷ ︸
dependency pair

| (l → r) ∈ R, u � r with defined root(u), u 6 l}

Lemma

∀ s ∈ T∞ ∃ t, u ∈ T∞ s] →∗
R t] →DP(R) u]

Corollary

∀ s ∈ T ]
∞ ∃ t, u ∈ T ]

∞ s →∗
R t →DP(R) u
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Dependency Pairs

rewrite rules

0− y → 0

x − 0 → x

S(x)− S(y) → x − y

0÷ S(y) → 0

S(x)÷ S(y) → S((x − y)÷ S(y))

dependency pairs
S(x)−] S(y) → x −] y

S(x)÷] S(y) → (x − y)÷] S(y)

S(x)÷] S(y) → x −] y

Theorem

∀ non-terminating TRS R ∃ infinite rewrite sequence

t1 →∗
R t2 →DP(R) t3 →∗

R t4 →DP(R) t5 . . .

with ti ∈ T ]
∞ for all i
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Definition

reduction pair (%,�) consists of preorder % and well-founded order �
such that

1 % is closed under contexts and substitutions

2 � is closed under substitutions

3 % · � ·% ⊆ �

Theorem

TRS R is terminating if ∃ reduction pair (%,�) such that

1 l % r ∀ (l → r) ∈ R
2 l � r ∀ (l → r) ∈ DP(R)
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á weakly monotone F-algebra WMA (A,�) is non-empty
algebra A = (A, {fA}f ∈F ) together with proper order � on A
such that every fA is weakly monotone in all coordinates

á binary relations �A, �A on terms:

s �A t ⇐⇒ [α]A(s) � [α]A(t) for all assignments α
s �A t ⇐⇒ [α]A(s) � [α]A(t)

Lemma

∀ well-founded WMA (A,�) (�A,�A) is reduction pair

A domain N order >

0A = 0 SA(n) = n + 1

−A(n,m) = ÷A(n,m) = −]
A(n,m) = ÷]

A(n,m) = n
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constraints R

0− y �A 0

x − 0 �A x

S(x)− S(y) �A x − y

0÷ S(y) �A 0

S(x)÷ S(y) �A S((x − y)÷ S(y))

constraints DP(R)
S(x)−] S(y) �A x −] y

S(x)÷] S(y) �A (x − y)÷] S(y)

S(x)÷] S(y) �A x −] y

A domain N order >

0A = 0 SA(n) = n + 1

−A(n,m) = ÷A(n,m) = −]
A(n,m) = ÷]

A(n,m) = n

á reduction pair (�A,�A)
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