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rewrite rules

0− y → 0 S(x)÷ S(y) → S((x − y)÷ S(y))
x − 0 → x 0 + y → y

S(x)− S(y) → x − y S(x) + y → S(x + y)
0÷ S(y) → 0 (x − y)− z → x − (y + z)

dependency pairs

À S(x)−] S(y) → x −] y Ã S(x) +] y → x +] y
Á S(x)÷] S(y) → (x − y)÷] S(y) Ä (x − y)−] z → x −] (y + z)
Â S(x)÷] S(y) → x −] y Å (x − y)−] z → y +] z

dependency graph
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5 cycles {À}, {Á}, {Ã}, {Ä}, {À, Ä}
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Theorem

∀ non-terminating TRS R ∃ cycle C in DG(R)
∃ C-minimal rewrite sequence t1 →∗

R t2 →C t3 →∗
R t4 →C · · ·

Idea

project each dependency symbol in C to fixed argument position

π(t1) →∗
R π(t2) ? π(t3) →∗

R π(t4) ? · · ·

Observation

á π(t1) is terminating with respect to →R ( because t1 ∈ T ]
∞ )

á and also with respect to →R ∪� (recall �· →R ⊆ →R ·�)

Idea

require: ∀ l → r ∈ C π(l) � π(r) and ∃ l → r ∈ C π(l) � π(r)
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Subterm Criterion

Definition

á simple projection for cycle C in DG(R) is mapping π that
assigns to every n-ary dependency pair symbol f ] in C one of
its argument positions

á extension of π to terms in T ]: π(f ](t1, . . . , tn)) = tπ(f ])

Theorem

if ∃ simple projection π for cycle C in DG(R) such that

1 ∀ l → r ∈ C π(l) = π(r) or π(l) � π(r) π(C) ⊆ �

2 ∃ l → r ∈ C π(l) � π(r) π(C) ∩� 6= ∅
then ¬ ∃ C-minimal rewrite sequence
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rewrite rules

0− y → 0 S(x)÷ S(y) → S((x − y)÷ S(y))
x − 0 → x 0 + y → y

S(x)− S(y) → x − y S(x) + y → S(x + y)
0÷ S(y) → 0 (x − y)− z → x − (y + z)

dependency pairs

À S(x)−] S(y) → x −] y Ã S(x) +] y → x +] y
Á S(x)÷] S(y) → (x − y)÷] S(y) Ä (x − y)−] z → x −] (y + z)
Â S(x)÷] S(y) → x −] y Å (x − y)−] z → y +] z

dependency graph
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5 cycles {À}, {Á}, {Ã}, {Ä}, {À, Ä} subterm criterion applies
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Theorem

if ∃ argument filtering π and ∃ reduction pair (%,�) such that

1 π(R) ⊆ %

2 π(C) ⊆ % ∪ �
3 π(C) ∩ � 6= ∅

then ¬ ∃ C-minimal rewrite sequence

rewrite rules 0− y → 0 0 + y → y
x − 0 → x S(x) + y → S(x + y)

S(x)−S(y) → x − y (x − y)− z → x − (y + z)
0÷S(y) → 0 S(x)÷ S(y) → S((x − y)÷ S(y))

dependency pair Á S(x)÷] S(y) → (x − y)÷] S(y)

cycle {Á} AF π(−) = 1 LPO with ÷ = S ÷] = −]
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