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Tree Automata

= tree automaton is quadruple A = (F, Q, Qr, A) with

® F signature

@ Q states

® Qr € Q final states

@ A transition rules

«

flag,...,an) — B _ N
— [ epsilon transition

= |anguage accepted by A:

L(A) = {tET(]:)|E|a€Qf:t—Z—>a}

= | CT(F)is regular if L = L(.A) for some tree automaton .4
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tree automaton A

= signature a (constant) f g (unary)

= states o B final

= transition rules a — « gla) — «
fla) — B B — a

f(f(a)) € L(A):  f(f(a))
gla) ¢ L(A):  g(a)

f(fla)) — f(B) — fla) — 0

H
—  gla) — «a

L(A) = {t]|root(t)="F}
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Examples of regular tree languages

= set of all ground terms

= set of well-typed terms with respect to order-sorted signature

sorts nat < int bool

signature 0 : nat + : nat X nat — nat
S: nat — nat + : int X int — 1int
s: int — int < : int X int — bool
p: int — int

tree automaton 0 — nat +(nat,nat) — nat
s(nat) — nat +(int,int) — int
s(int) — int <(int,int) — bool
p(int) — int nat — int
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Deterministic Tree Automata
Theorem .
every regular language is accepted by deterministic
completely defined tree automaton A = (F, Q, Qf, A)
= no epsilon transitions
= no different transition rules with same left-hand sides
» VicF Vai,...,an € Q If(ay,...,an) =B €A
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Proof by Example.
a — « a — «
fla) — 8 fla) — 8
A ga) - a gla) - a
ﬁ — f(Oz) —
@ remove epsilon transitions
a — {a}
f(@) — U g(@) —
f{a}) — {o, B8} g{a}) — {a} A3
f{8}) — @ g({8}) — @
f{a, 8}) — {a, 8} g({a,B8}) — {a}

@ subset construction
@ remove inaccessible states  (optional)
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Closure Properties

Theorem

[

regular languages are effectively closed under union, intersection
and difference

union

tree automaton A; = (F, Q1, Q}, A1)
tree automaton Ay = (F, @z, Q7, Ay)

L(A1)UL(A2) = L(A) for tree automaton A = (F, Q, Qf, A) with
= Q = QUG
= Qr= QfUQf
=» A = A1 UA)

wlog Q1N @Qr =9
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intersection

tree automaton A; = (F, Q1, Q}, A1)
tree automaton Ay = (F, @2, Q7, Ay)

L(A1) N L(A2) = L(A) for tree automaton A = (F, Q, Qr, A) with

= Q = @1 xQ
= Qr = Qf x QF
= A
f([glaﬁl]a"w[anaﬁn]) — [aaﬁ] vf(0517"'705l‘l) — OéEA]_
Vf(ﬁla"'vﬁn) — BEA2
[, 8] = [&/,8] Va — o € A
[0476]_>[a76/] V6 - 6/€A2
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difference

tree automaton A; = (F, @1, Q}, A1)
tree automaton Ay = (F, @, Q7, Ay)
deterministic completely defined

L(A1)\ L(A2) = L(A) for tree automaton A = (F, @, Qr, A) with
= Q = Q1 X @
= Qr= Q} x (Q\ Q)
= A
f([ag, Bi],-- -, [an, Bn]) — [, B8] ¥V f(ag,...,an) — a€ Ay
V{(fB1,....0,) — [ €Ay
[, 8] = [&/,0] Va — o € A
[]
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Decidability

Theorem .

= membership instance: tree automaton A and term t
question: t € L(A)?

= emptiness instance: tree automaton A
question: L(A) = @7

= finiteness instance: tree automaton A
question:  L(.A) is finite?

= nclusion instance: tree automata A; and A,
question: L(A;) C L(Ap)?

are decidable problems
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