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Pumping Lemma I

Recognisability

(Elnzl

Vtel with depth(t) > n

L is regular = t=G[G[]]

3G, G, t' with
G#0

\VI'ZO C1[C2[---C2[tl]---]]€L

Proof Sketch ' !

n: number of states of any tree automaton that accepts L ]

Corollary

If L(A) # @ then 3t € L(A), depth(t) < number of states in A
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Pumping Lemma

= membership

Decidability Ground Tree Transducers Recognisability

Decidability

instance:  tree automaton A and term t
question: t € L(A)?

= emptiness <= —3dte L(A): depth(t) < |Q|
instance:  tree automaton A
question: L(A) = 27

= finiteness <— —~3dtel(A):|Q| < depth(t) < 2|Q)|
instance:  tree automaton A
question:  L(.A) is finite?

= inclusion
instance:
question:

tree automata A; and A,
L(A1) C L(A2)?

are decidable problems

Pumping Lemma Decidability

Words and Terms

Ground Tree Transducers Recognisability

yield(L) = {yield(t) |t € L}

{
. 3 ift=a
yield(t) = {yie|d(t1)”'yie|d(tn) if t =f(t1,....tn)

V context-free word grammar G
set of parse trees of G is regular tree language

V regular tree language L
yield(L) is context-free word language
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Ground Tree Transducers
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Ground Tree Transducers

= ground tree transducer is pair G = (A, B) of tree automata
./4 - (F; QA7_7 AA)

Pumping Lemma Ground Tree Transducers

{br is recognisable for finite left-linear right-ground R

Proof by Example'

Decidability

Recognisability

0+y — S(0)
B = (-7:7037_7AB) S(X)+)/HS(O+O)
R
0 x y — 0
. S(x) xy — 0+0
= relation accepted by G:
tr = R(G) G = (A, B)
R(G)={(s.t) | s — =t} — % 0 « 0
Ay Ap
S(x) — 0+0 «— 040
4+ x — O+ — 1 1 « S(0)
= R CT(F)xT(F)is recognisable if R = R(G) for some Xk x S(x) £+ — 2 2 « S(0+0)
ground tree transducer G 0 0x + — 3 3 «— 0
S(x) — S(x) S(¥x)xx — 4 4 — 0+0 O
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Properties of Recognisable Relations

= (effectively) closed under

inverse
composition
transitive closure

= inclusion

instance:  ground tree transducers G1, G»
question:  L(G1) C L(G2)?
is decidable

=V recognisable R C T (F) x T(F) V regular L C T(F)
R[L]={t|3selL:(s,t)eR}

is regular

Pumping Lemma Ground Tree Transducers

recognisable relations are closed under inverse

ground tree transducer G = (F, Q, A, Ap)
R(G) ! is accepted by (F, Q,Ag, An)

V ground tree transducer G = (F, Q, Aa, Ag)
set of transition rules

Decidability

A Ag

A (A B) = {a—>ﬁ

EItGT(]:):ouALtLﬁ}

is computable

Recognisability
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recognisable relations are closed under composition

ground tree transducer G; = (F, Q1, Aa,, Ap,)
ground tree transducer Gy = (F, Q2, Aa,, Apg,)
wlog QiN@Q=0

R(G1)- R(G2) is accepted by G = (F, Q, Aa, Ap) with
= Q=0QUQ
= Ap=Ax UAg UA(Br, As)
= Ap = Ap, UAp, UA(A2,B1)

recognisable relations are closed under transitive closure

ground tree transducer G = (F, Q, Aa, Ap)

define G; = (.'F, Q, AA,-; AB,-) with

Ap = Ap Ap

= i1 AA,. U AE(B;, A,‘)
ABl = Apg B

B,‘+1 AB, U AG( i l)
R(G)* is accepted by G, for n with G, = Gpy1

Recognisability Recognisability
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Recognisability

V recognisable R C T(F) x T(F) V regular L C T(F)
R[L]={teT(F)|3dseL:sRt}is regular

Lemma

V recognisable R C 7 (F) x T(F)

e(R)={(s®t)ls |sRt}

with binary ® ¢ F and TRS § consisting of all rules

Recognisability

R = R(G) for ground tree transducer G = (F, Q, Aa, A
(G) for g ) ( a ) f(x1, o xn) @F(V1,-- s ¥n) — FAQ@ Y1,y X0 @ V)
L = L(C) for tree automaton C = (F, Q', Qr, A¢)
wlog QN Q' =@ is regular
(7.900..8)
A= AgUAcUA(AC)
. Ri C R = ¢(R1) € ¢(R2)
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