
University of Innsbruck Institute of Computer Science
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Functional Programming

1 (a) explanation
s (s 10)→ s (10 * 10)

→ s 100

→ 100 * 100

→ 10000

(b) explanation
s (s 10)→ (s 10) * (s 10)

→ (10 * 10) * (s 10)

→ 100 * (s 10)

→ 100 * (10 * 10)

→ 100 * 100

→ 10000

2 (a) base case
Let t = E. The base case concludes by the derivation

mirror (mirror t) = mirror (mirror E) (since t = E)
= mirror E (by definition of mirror)
= E (by definition of mirror)
= t.

(b) step case
Let t = N (t1, t2). By IH it holds that

mirror (mirror t1) = t1

mirror (mirror t2) = t2.

The step case concludes by the derivation

mirror (mirror t) = mirror (mirror (N (t1, t2))) (t = N (t1, t2))
= mirror (N (mirror t2, mirror t1)) (def. of mirror)
= N (mirror (mirror t1), mirror (mirror t2)) (def. of mirror)
= N (t1, t2) (by IH)
= t.



3 (a) implementation
let f x =
let rec f x acc =
if x / 2 = 0 then acc else f (x / 2) (acc + 1)
in f x 0
;;

(b) implementation
let g x =
let rec g x =
if x < 2 then (1, 1) else
let (g1, g2) = g (x - 1) in (g2, g2 + 2 * g1)

in snd (g x)
;;

4 (a) explanation
(λx.y x) (λy.(λy.y) z) →β (λx.y x) (λy.z)

→β y (λy.z)

(b) explanation
FVar = {y, z}

(c) explanation
BVar = {x, y}

(d) explanation
Sub = {y, x, y x, λx.y x, λy.y, z, (λy.y) z, λy.(λy.y) z, (λx.y x) (λy.(λy.y) z)}



5 (a) explanation
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(b) explanation

α3 → list(α3) → list(α3) ≈ α2 → α1 → α4; bool ≈ α2; list(α0) ≈ α1; list(α0) ≈ α4

⇒(d2)
ι

α3 ≈ α2; list(α3) → list(α3) ≈ α1 → α4; bool ≈ α2; list(α0) ≈ α1; list(α0) ≈ α4

⇒(v1)
{α3 7→α2}

list(α2) → list(α2) ≈ α1 → α4; bool ≈ α2; list(α0) ≈ α1; list(α0) ≈ α4

⇒(d2)
ι

list(α2) ≈ α1; list(α2) ≈ α4; bool ≈ α2; list(α0) ≈ α1; list(α0) ≈ α4

⇒(v2)
{α1 7→list(α2)}

list(α2) ≈ α4; bool ≈ α2; list(α0) ≈ list(α2); list(α0) ≈ α4

⇒(v2)
{α4 7→list(α2)}

bool ≈ α2; list(α0) ≈ list(α2); list(α0) ≈ list(α2)

⇒(v2)
{α2 7→bool}

list(α0) ≈ list(bool); list(α0) ≈ list(bool)

⇒(d1)
ι

α0 ≈ bool; list(α0) ≈ list(bool)

⇒(v1)
{α0 7→bool}

list(bool) ≈ list(bool)

⇒(t)
ι

�

The solution is

{α3 7→ α2}{α1 7→ list(α2)}{α4 7→ list(α2)}{α2 7→ bool}{α0 7→ bool}

which is equivalent to

{α0 7→ bool, α1 7→ list(bool), α2 7→ bool, α3 7→ bool, α4 7→ list(bool)}.


