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Last Lecture

Last lecture: LTL
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Properties expressable in LTL

e The traffic light never is red and green.

e Under the assumption that the traffic light is orange infinitely often, it is

green infinitely often and red infinitely often.

e The sequence of lights is exactly red, red orange, green, orange, red, red

orange, ...

e Whenever the traffic light shows red, at some moment before, both red and
orange have been shown.

RT (ICS @ UIBK)

Semantics over words
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The language induced by LTL formula ¢ over AP ={a1,...,a,} is:

w
L(p) = {W € (2AP) |w = go},where = is defined as follows:

w = aj
woE o1 A
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w o E U
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Absorption and distributive laws

Absorption: FGFp = GFop
GFGy = FGyp
Distribution: ~ X(pUvy) = (X¢)U(Xy)
Fle VvY) = Fo Vv Fy
GeAy) = GpAGY
but ...... F(eAy) # FpAFy

G(evy) # Ge Vv Gy
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Distributive laws

F(anb) # Fa A Fb and G(a Vv b) # Ga vV Gb

TS#EF(an—a)and TSE=Fa A F-a
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Expansion laws
vV (e AX(eU))
Fo = ¢ V XFo

Expansion: @ Uy

e AXGgp
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©
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Fischer Ladner Closure

Let ¢ be an LTL formula over predicates ay, ..., an.

Definition
The Fischer Ladner closure c/(¢) is the list of sub-formulas of ¢ (starting
from small formulas and ending with ¢):

dly..-5dny---, P

Example

c(=bA(XaUb))=a,b,—~b,Xa,XaUb,-bA(XaUb)
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p-Expansion

Idea: expand word by new row for each formula ¢ in cl(y)
write truth-values of ¢ in i-th column for subword w(i..]

Definition
For w € (2")“ and LTL-formula ¢ with c/(¢) = ¢1, ..., om define the
-expansion as word v € (2M)“:

v[iy = 1iff wli.] = ¢;
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Example

p-expansion for ¢ = =b A (XaU b)
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Idea of LTL to NBA-Translation

e NBA guesses the p-expansion of w
e ...and checks that guesses are correct
e ...and demands that value for whole formula is 1 for whole word w

Definition (Consistency Checks)
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Consistency Checks and LTL-Models

Lemma

w [= o iff there exists an expansion v € (2™)“ of w such that
1. v satisfies the consistency checks
2. v[0.]m =1

3. whenever p; = ¢;, U}, and v[i.} =1 then
there exists i > i such that v[i’..}2 =1
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Translating LTL to GNBA

Definition (GNBA for an LTL formula ¢)

Let c/(p) = a1,...,3n, ©ntl,s-- -, ©m Where o, = @.
Define A, = (2" W {qo0},2", qo, 0, F1, ..., Fk) where

o (c1y...,cm)T €0((b1,....bm)7T,(d1,...,d)T) iff

1. ¢g=dforall j<n (expansion)
2. (by,...,bm)T (c1,...,cm)" is consistent (consistent expansion)
o (c1,---,¢cm)" €6(qo, (di,...,dn)T) iff
1. ¢g=d;forall j<n (expansion)
2. (c1,...,cm)" is consistent (consistent expansion)
3. em=1 (¢ is satisfied)
RT (ICS @ UIBK) week 8 17/19

Soundness of Translation

Theorem
For every LTL formula ¢
L(p) = L(Ay)
Proof of Lemma.
By induction on ¢ using the consistency checks. |

Proof of Theorem.
e Construction of A, directly corresponds to requirements 1 and 2 in
Lemma
e Remaining difficulty:
Show that visiting F; infinitely often is the same as requirement 3 in
Lemma for i-th U-subformula ¢; = ¢; U ¢}, u
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Exercises

Construct the NBA for the formula aUX b
e intuitively by hand

e using the construction on Slide 17

RT (ICS @ UIBK) week 8 19/19


http://informatik.uibk.ac.at/
http://www.uibk.ac.at/

	Last Lecture
	More Laws of LTL
	Translating LTL-formulas to GNBAs

