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Solutions

1. Consider the \-term t = (A\f z y.f (Ax y pp x y)  y)) (Ag.q (Au v.u)).

(5] (a) Compute the sets Var(t), BVar(t), and FVar(t).
Solution. Var(t) = BVar(t) = {f,p,q,u,v,z,y} and FVar(t) = @.
(5] (b) Draw the syntax tree of A\q.q (Au v.u).
Solution. Aq
\
N\
q Au
Ao
s
[15] (c) Reduce t to normal form, using the leftmost innermost reduction strategy.
Solution.

M zyf(AMyppzy) zy)) (Mg (Muvau))

=g\ fzyf(Qyuppzy)y) (A.q (Auv.u))

—g(A\fzy.f Appzy) (A.qg (Muwv.u))

—p A7 y.(Ag.q¢ (\uv.u)) (Ap-p = y)

—pg Az y.(Ap-p x y) (Au v.u)
(Auv.u) o
(M.z) y

—g Az y.(Au v.u)
—g Az y.(Av.z) y
—g AT y.T

2. Consider the OCaml functions

let rec rev_append xs ys = match xs with
[ [ -> ys
| x::xs -> rev_append xs (x::ys)

let rec (@) xs ys = match xs with
| ] -> ys
| x::xs => x::(xs @ ys)

let rec rev = function [] -> []
| x::xs -> rev xs @ [x]

Use induction over zs, to prove that rev_append zs ys = rev zs @ ys. Remember that [x] is just
an abbreviation for z : : []. Additionally you may freely use the equation:

s @ (ys@zs) = (zs @ ys) @ zs (1)

(5] (a) Give the base case of your induction proof.
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Solution.

Base Case (zs = [1). By applying the definitions of rev_append, rev, and @ we prove the
base case as follows: rev_append [] ys = ys = [] Qys = rev [] @ys.

[20] (b) Give the induction hypothesis and the step case of your induction proof.

Solution.
Step Case (zs = z :: zs). The IH is rev_append zs ys = rev zs @ ys for arbitrary ys.

rev_append (z :: 25) ys = rev_append 25 (2 :: ys)

=rev 250 (z :: ys) by IH
=rev 25 @ ([2] @ys)
= (rev zs@Q [2])@ys by (1)

=rev(z :: 25)Qys

3. Consider the OCaml functions

let rec countO = function
| [] -> 0
| x::xs => if x = 0 then 1 + countO xs
else countO xs

let rec countl = function
| (1 -> 0
| x::xs > if x = 1 then 1 + countl xs
else countl xs

[12] (a) Use tupling to implement a function count that combines the effects of count0 and count1i.

Solution.

let rec count = function
[ [] -> (0,0)
| x::xs —>
let (z,0) = count xs in

if x = 0 then (z+1,0) else
if x = 1 then (z,o0+1)
else (z,0)
[13] (b) Give a tail-recursive implementation of the function count from (a).
Solution.

let count’ xs =
let rec aux (z,o0) = function
| [ -> (z,0)

| x::xs -> if x = 0 then aux (z+1,0) xs else
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if x = 1 then aux (z,o+1) xs
else aux (z,0) xs
in
aux (0,0) xs

4. Consider the CoreML expression e = (Az.x@x) together with the environment £ = {@ : list(ag) —
list(cg) — list(ap)}-

[10] (a) Use type checking to prove that e has the type 7 = list(ag) — list(av).
Solution.
; . . . (ref) ; . (ref)
E'F @ :list(ag) — list(ag) — list(ag) E'tx : list(ap) (3pp) (ref)
a re
E'F (@) z : list(ag) — list(cw) PPPTEF 1 list(ao) o
E'=E z :list(ag) F 2z @x : list(ap) P
(abs)
Ere:r

[15] (b) First transform E > e : list(int) — list(int) into a unification problem and then apply unifi-

cation to infer whether e really has the type list(int) — list(int).

Solution.
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E > e : list(int) — list(int) list(cg) — list(cvg) — list(c) = ag — ag — ag;
:>(abs) a1 ~ Oy,
EF'=FEz:a1>20x: as; a1 A ag;
list(int) — list(int) ~ a3 — as list(int) — list(int) ~ o1 — o
d2)+
= (app) ={*)
E'> (@) z:as— ayE' >x:as; list(cvg) =~ au;
list(int) — list(int) ~ a1 — as list(cvo) ~ a3;
= (app) list(cp) & awo;
E'be:ay—a3—aB'>ariagE >a:ag; A1~ 0
list(int) — list(int) ~ a1 — a2 a1 ~ as;
+ list(int) =~ a;
:>(con) II_S (I_n ) o
list(ag) — list(ap) — list(avg) ~ g — g — ua; |st(|n(t) )N a2
v2)+
a1~ Quy; {aq/list(int), aa /list(cvg ), g /list(ayg), g /list(cg) }
a1 A as; list(int) ~ list(cv);
list(int) — list(int) &~ a1 — aq list(int) ~ list(c);
list(int) = list(cy)
:>Ed1)+

int & ag;int &= ag;int &~ g

(v2)
~{ag/int}
int = int;int ~ int

:>Et)+

O



