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Task Allocation in Distributed Systems

• Set of Tasks
– Independent
– Dependent

• Set of Machines
– Homogenous (Identical)
– Heterogeneous (Uniformly Related)

• Task Allocation (Scheduling) Policiy
– Static 
– Dynamic

• Objective Function
– Makespan (maximum completion time)
– Sum of Execution Time
– Throughput
– Cost and etc.
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Motivation for Using Game Theory

• Existence of Different Agents

• Different Requirements for Agents

• Selfish Manner of Agents (in many cases)

• Decentralized Scheduling
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Study of Job Allocation Game

• Existence of Nash Equilibria

• Complexity of Computing Nash Equilibria

• Efficiency of the Equilibria
– Price of anarchy (coordination ratio)
– Price of stability
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Selfish Load Balancing

• Game
– Scheduling in Static Mode

• Players
– Independent Tasks

• Selfish Approach
– Tasks selfishly select the machine with the smallest load

• Objective Function (Social Cost)
– Minimizing the Makespan
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Selfish Load Balancing Strategies

• Pure Strategies

• Mixed Strategies
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Pure Strategy Selfish Load Balancing (1)

• Set of Tasks

• Set of Machines

• Assignment 
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Pure Strategy Selfish Load Balancing (2)

• Load of Machine j in Assignment A

• Cost of Agent i Under Assignment A

• Social Cost of Assignment A
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Pure Nash Equilibrium
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An Example of Pure Strategy
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A Proposition in Selfish Load Balancing
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Mixed Strategy Selfish Load Balancing (1)

• Probability of Assigning Task i to Machine j

• Strategy Profile

• An Auxiliary Variable
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Mixed Strategy Selfish Load Balancing (2)

• Expected Load of Machine j

• Cost of Machine j from Point of View of Task i

• Social Cost of Strategy Profile P
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Mixed Nash Equilibrium
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An Example of Mixed Strategy

• Strategy Profile

• Expected Load of Machines

• Cost of Machines from Point of View of Tasks

• Social Cost of Strategy Profile P
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The Main Results

• Mixed equilibria can be worse than the worst 
pure equilibria.

• Uncoordinated, selfish behavior can lead to 
suboptimal assignments.
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Price of Anarchy in Selfish Load Balancing
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Importance of Studying PoA

• To quantify the increase of the social cost due 
to selfish behavior. 

• Pure or Mixed Equilibria? 
– Pure Equilibria: In repeatedly improvement steps 
by agents

– Mixed Equilibria: In one shot load balancing game 

22



Investigation of Nash Equilibrium in 
Variant Scenarios

1. Pure Equilibria for Identical Machines

2. Pure Equilibria for Uniformly Related Machines

3. Mixed Equilibria on Identical Machines

4. Mixed Equilibria on Uniformly Related Machines
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Range of PoA

Proof
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Generalizing the Numerical Example
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Convergence Time of Best Responses

Satisfied Agent
If agent cannot reduce its cost by unilaterally moving its task to another machine.

Max‐ weight best response policy
Activates the agents one after the other

Always activates an agent with maximum weight among the unsatisfied agents

An activated agent moves its task to the machine with minimum load
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Range of PoA
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An Algorithm for Computing Pure 
Equilibria
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LPT (Largest Processing Time) 
Inserting the tasks in a non‐increasing order of weights

Assigning each task to a machine that minimizes the cost of the task at its insertion time.
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Range of PoA
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Summary

• Price of Anarchy for pure strategy on identical machine is maximum 2.

• In the other case it is a slightly growing sub logarithmic function in the
number of machines.

• Computing the equilibrium in identical machine from any initial sequence
convergences fast.

• Complexity of computing the equilibrium in the case of uniformly related
machine it is not known.

• LPT algorithm in uniformly related machine can compute a Nash equilibria
efficiently.
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Some New Roadmaps

• Making the more realistic models, more realistic cost
functions or other ways to define the social cost.

• Building a distributed system that does not suffer from
selfish behavior but might even exploit the selfishness of
the agents.

• Finding other way but improvement steps that quickly
converge to a Nash equilibrium or approximate Nash
equilibrium.
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Thank you for your attention.
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