
Solutions - Second Exam Logic, LVA 703501 Institute of Computer

Science

March 11, 2011 University of Innsbruck

1. a) One assignment that satis�es formula A is given by v(p) = T,
v(q) = F.

b) First we need to transform ¬B into the following clause form:

p q ¬r ¬p ∨ ¬q ∨ r

The following resolution proof shows that formula B is valid:

¬p ∨ ¬q ∨ r p
¬q ∨ r q

r ¬r
2

2. a) À ∀x (Dragon(x)∧∃y((Mother(x, y)∨Father(x, y))∧Happy(y))→
Happy(x)).

Á ∀x (Dragon(x)∧∃y (Ancestor(x, y)∧Spitfire(y))→ Spitfire(x)).
Â ∀x∀y (Dragon(x)∧(Mother(x, y)∨Father(x, y))→ Ancestor(x, y)
Ã ∀x∀y∀z (Ancestor(x, y) ∧ Ancestor(y, z)→ Ancestor(x, z))
Ä ∃x (Dragon(x) ∧ colour(x) = blue ∧ ¬Spitfire(x)).

b) We de�ne a suitable structure A = (A, a) where A = {b, r, d} and
the mapping a is de�ned as follows:

• a(blue) := b, a(red) := r.

• a(colour) := f : A 7→ b, that is all domain elements are blue.

• a(Dragon) = a(Happy) := {d}, a(Mother) = a(Father) =
a(Ancestor) := {(d, d)}, and the interpretation of all other

predicates is empty. That is the only dragon in our domain

is its own ancestor.

Then A |= F holds for each of the �ve sentences above and thus

the formalisation is satis�able.

3. a) The de�nition is correct, the only di�erence to De�nition 3.8 in

the lecture notes, is the renaming of the variable b by x.

NB: Note that in the application of the de�nition it has to be

ensured that only formulas according to De�nion 3.3 in the lecture

notes are considered.

b) The de�nition missing cases for the logical symbols ∨, → and ∀.



c) One possiblity is to extend the de�nition according to De�ni-

tion 3.8 with the above replacement of x for b. Another is to

restrict the �rst-order language (withour equality) in principle

and add all other logical symbols as syntactic sugar.

4. a) The SNF of formula C has the form

∀y∀u(P(a) ∨ ¬Q(y, f(y)) ∨ R(u, g(y, u)) ,

where a, f, g are new Skolem constants or functions, respectively.

b) The SNF of formula D has the form

∀x∀z∀w((¬P(x) ∨ ¬P(z) ∨ R(x,w)) ∧ (¬P(x) ∨ ¬Q(x, f(x)) ∨ R(x,w))) ,

where f is a new Skolem function.

c) First we negate E and transform the result to obtain for example

the following corresponding SNF:

∀x (a = b ∧ Q(a, c) ∧ ¬Q(b, x)) ,

where c is a new Skolem constant. Hence we obtain the corre-

sponding set of clauses: C = {a = b,Q(a, c),¬Q(b, x)}. A possible

paramodulation proof is given below, where σ denotes the most

general uni�er.

a = b Q(a, c)
Q(b, c) ¬Q(b, x)

2 σ = {x 7→ c} .

5.



statement yes no

Consider propositional logic. Then A1, . . . , An |= B, asserts that
v(B) = T, whenever there exists i ∈ {1, . . . , n} such that v(Ai) =
T, for any assignment v.

X

Natural deduction for propositional logic is sound and complete. X
Let A, B be �rst-order structures such that A ∼= B and let ` be
an environment. Then for every formula F we have (A, `) |= F
i� (B, `) |= F .

X

If formula G is obtained from formula F on replacing a subformu-

las A by an equivalent formula B then F and G are equivalent.

X

For any formula F there exists a formula G such that G does

neither contain individual or function constants nor equality and

F ≈ G.

X

The set S of all consistent set of formulas has the satisfaction

properties.

X

Let G be a countable set of formulas, if G is consistent, then G
has only uncountable models.

X

For graphs, reachability is expressible as existential, �rst-order

formula.

X

There exists no satis�able set of �rst-order sentences G, such that

there exists no Herbrand model of G.
X

For any �rst-order sentence F there exists a set of clauses C =
{C1, . . . , Cm} such that F ≈ ∀x1 . . . ∀xn(C1 ∧ · · · ∧ Cm).

X


