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Outline Previous Results

Outline of the Lecture Previous Results

General Idea Behind Godel's Proof
abstract forms of Godel’s, Tarski's theorems, undecidable sentences of £

Definition
let g be a bijection such that

Tarski's Theorem for Arithmetic (E) Godel b f on E
:= Godel number of expression
the language Lg, concatenation and Godel numbering, Tarski's theorem, o P

the axiom system PE, arithmetisation of the axiom system, arithmetic
without exponentiation, incompleteness of PA, ¥ ;-relations Theorem (Abstract Godel's Theorem)

Godel’s Proof suppose L is correct and P := {g(S) | S € P} such that (~P)* is

. . . expressible in L; then 3 a true sentence of L, not provable in L
w-consistency, a basic incompleteness theorem, w-consistency lemma, % o-

complete subsystems, w-incompleteness of PA

Rosser Systems

Definition (PA)

abstract incompleteness theorems after Rosser, general separation princi-
. .- . ) /

ple, Rosser’'s undecidable sentence, Godel and Rosser sentences compared, Nio: F[0] — (Vvi(F(v1) — F[vy]) — VwviF(v1))

more on separation
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Previous Results Rosser Systems

Recall
Theorem Qq: vi <
if PA is correct, then PA is incomplete Qs vi<AvVa<v

Theorem Theorem (Rosser's Theorem)

every consistent extension of 4,25 in which all ¥1-sets are enumerable

if PA is w-consistent, then it is incomplete .
must be incomplete

Theorem (Godel's First Incompleteness Theorem) Corollary
Let S be an extension of PA. If S is consistent, then S is incomplete every consistent extension of €4, Qs which is Xg-complete must be
incomplete
how to fill the gap between w-consistency and consistency Corollary
every consistent extension of R is incomplete; hence PA is incomplete
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Abstract Incompleteness After Rosser Abstract Incompleteness After Rosser

Abstract Incompleteness After Rosser

Definition

Recall: A Dual to Godel’s Incompleteness a formula F(vy) separates a set A from a set B in system S, if
if R* is representable in & and S is consistent, then S is incomplete e ¥V ne A: F(n) is provable in §

e ¥V ne B: F(n) is refutable in S
Theorem
if some superset A of R* disjoint from P* is representable in S, then S is Lemma
incomplete; more precisely if H(v1) represents A, then the sentence H(h) suppose F(vy) separates A from B in S and S is consistent, then F(v1)
is undecidable, where h :="H(vy)™ represents some superset of A disjoint from B
Proof. Proof.
on the whiteboard u o let A’ be the set represented by F(v1)

since V. n € A: F(7) is provable in S, we have A C A’

NB: consistency is not necessary as assumption as implied by disjointness suppose n € A'N B; then F(7) is provable and refutable

of R* from P*

hence A’ and B are disjoint
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Abstract Incompleteness After Rosser Abstract Incompleteness After Rosser

Theorem Rosser Systems
if H(v1) separates R* from P* in S, then the sentence H(h) is Definiti
efinition (Rosser System
undecidable in S, where h :="H(v1)" ( / )
a system S is called Rosser if
oo ) il for any X ;-sets A and B, the set A\ B is separable from B\ A
Definition (General Separation) - Y _ \ i . \
_ for any X j-relations Ry(x1,...,x,) and Ra(x1,...,Xx,) with n > 1,
a formula F(vi,...,v,) separates a relation Ry(xi, ..., X,) from the relation
Rz(Xl, ‘e ,Xn) in S, if
o V kyi,...k, € N such that Ry(ky,..., k,) holds: F(ki,..., ky)is Ri(xt,...,xp) A=Ra(x1,...,xn)  (R1\ Ra)
provable in & _ ble £
o V ki,...ky € N such that Ry(kq, ..., ky) holds: F(ky,..., kn) is 'S separable from
refutable in S Ro(xt, .., xn) A=Ri(x1, ... xn)  (R2\ Ri)
Definition Observation
we say Ry is separable from R; if some formula exists that separates Ry suppose A and B are disjoint ¥ i-sets and S is a Rosser system, then A
from R, and B are separable in S
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Lemma (Separation Lemma)

if all formulas in Q4, Q25 are provable in S, then for any two relation
Rl(Xl,...,Xn) R2(X1,...,Xn)

that are enumerable in S, Ry \ R, and Ry \ Ry are separable

Proof.
on the whiteboard [ |

Theorem

every extension S of 4,25 which is Xo-complete is a Rosser system

Proof.

if S is Xg-complete, then all X;-relations are enumerable in S [ |
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