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Week 10 - Types Summary of Week 9

Combinator Parsing

e decompose linear sequence (text) into structure (type)

e type (’a,’t)Parser.tis ’t list -> (’a * ’t list)option
e primitive parser accepts/rejects single token

e parser combinators compose parsers, e.g., (>>=), (>>), (<|>), many
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Combinator Parsing

e decompose linear sequence (text) into structure (type)

e type (’a,’t)Parser.tis ’t list -> (’a * ’t list)option

e primitive parser accepts/rejects single token

e parser combinators compose parsers, e.g., (>>=), (>>), (<|>), many
——

bind
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Combinator Parsing

e decompose linear sequence (text) into structure (type)

e type (’a,’t)Parser.tis ’t list -> (’a * ’t list)option
e primitive parser accepts/rejects single token
e parser combinators compose parsers, e.g., (>>=), (>>), (<|>), many
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Week 10 - Types Summary of Week 9

Combinator Parsing

e decompose linear sequence (text) into structure (type)

e type (’a,’t)Parser.tis ’t list -> (’a * ’t list)option

e primitive parser accepts/rejects single token

e parser combinators compose parsers, e.g., (>>=), (>>), (<|>), many
——

choice

HZ (ICSQUIBK) (AP 4/26
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This Week
OCaml introduction, lists, strings, trees l

lambda-calculus, evaluation strategies, induction,
reasoning about functional programs

efficiency, tail-recursion, combinator-parsing, dynamic programming

type checking, type inference

Advanced Topics

lazy evaluation, infinite data structures, monads, ...

HZ (ICSOUIBK) FP 6/26
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Week 10 - Types Core ML

Definition (Expressions)

ex=x|ee|lx.e| c |let x=cein e]if e then e else e
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Definition (Expressions)

A-Calculus

——
ex=x|ee|lx.e| c |let x=-ein e]if e then e else e
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Definition (Expressions)

ex=x|ee|lx.e|_c |let x=-ein e]if e then e else e

primitives/constants
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Week 10 - Types Core ML

Definition (Expressions)

ex=x|ee|lx.e| c |let x=cein e]if e then e else e

let binding
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Week 10 - Types Core ML

Definition (Expressions)

ex=x|ee|Ax.e| c |letx=-eine]if ethen e else e

|

conditional
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Week 10 - Types Core ML

Definition (Expressions)

ex=x|ee|lx.e| c |let x=cein e]if e then e else e

Primitives
Boolean: true, false, <, >, ...
Arithmetic: x, +, —, —, 0, 1, ...
Tuples: pair, fst, snd

Lists: nil, cons, hd, tl

HZ (ICS@UIBK) (AP 8/26
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Week 10 - Types Type Checking

What is Type Checking?

Given some environment (assigning types to primitives) together with a
core ML expression and a type, check whether the expression really has
that type with respect to the environment.

HZ (ICS@UIBK) (AP 10/26



Week 10 - Types Type Checking

Preliminaries

Definition (Types)

Ti=_a |To71|g(r,...,T)

type variable

e type variables a, ag, a1, ..., 8, Bo, ...

e function type constructor ‘—' is right associative

e base data type constructors: int, bool (instead of int(), bool())

HZ (ICS@UIBK) (AP 11/26



Week 10 - Types Type Checking

Preliminaries

Definition (Types)

function type constructor

TI= |m|g(7,...,7)

V.
Convention

e type variables o, ag, a1, ..., 3, Bo, ...

e function type constructor ‘—' is right associative

e base data type constructors: int, bool (instead of int(), bool())
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Week 10 - Types Type Checking

Preliminaries

Definition (Types)

Ti= o |To71|g(r,...,7T)
—_———

data type constructor

V.
Convention

e type variables o, ag, a1, ..., 3, Bo, ...

e function type constructor ‘—' is right associative

e base data type constructors: int, bool (instead of int(), bool())
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Week 10 - Types Type Checking

Preliminaries

Definition (Types)

Ti= o |To71|g(r,...,7T)

Convention
e type variables o, ag, a1, ..., 3, Bo, ...

e function type constructor ‘—' is right associative

e base data type constructors: int, bool (instead of int(), bool())

int — bool, (int — list(int)) — bool, list(cg) — int, ...

HZ (ICS@UIBK) (AP 11/26



Week 10 - Types Type Checking

Preliminaries (cont'd)

(Typing) environment E: maps (variables and) primitives to types
(e:T) € E “e is of type T in E"
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Preliminaries (cont'd)

(Typing) environment E: maps (variables and) primitives to types
e:T €E “e is of type T in E"
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Week 10 - Types Type Checking

Preliminaries (cont'd)

(Typing) environment E: maps (variables and) primitives to types
e:T €E “e is of type T in E"
(Typing) judgment:
Ere:r “it can be proved that expression e has
type T in environment E"”
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Week 10 - Types Type Checking

Preliminaries (cont'd)

(Typing) environment E: maps (variables and) primitives to types
e:T €E “e is of type T in E"
(Typing) judgment:
Ere:r “it can be proved that expression e has
type T in environment E"”

e environment P = {+ : int — int — int, nil : list(c), true : bool, ...}

e judgement P - true : bool
e judgement P ¥ true : int
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Week 10 - Types Type Checking

Preliminaries (cont'd)

(Typing) environment E: maps (variables and) primitives to types
e:T €E “e is of type T in E"
(Typing) judgment:
Ere:r “it can be proved that expression e has
type T in environment E"”

e environment P = {+ : int — int — int, nil : list(c), true : bool, ...}

e judgement P - true : bool
e judgement P ¥ true : int

E,e: T abbreviates EU{e: 7} l

HZ (ICSQUIBK) (AP 12/26




Week 10 - Types Type Checking

The Type Checking System C

E|—61:T2—>7'1 E|—6227'2
Ee:tlke:r EFee:n

(app)

Exx:mbFe:m X ErFe:mnm Ex:mibe:m
EFdxe:mom o

let
EFletx=¢ine:m (tet)

Ete :bool Ele:7 Ebe:T
EFif e then e else e3: 7

(ite)

HZ (ICS@UIBK) (AP 13/26



Week 10 - Types Type Checking

e environment E = {true : bool, + : int — int — int}
e judgment E = (Ax.x) true : bool

E,x : bool F x : bool

ET wx : bool = bool ™ E I true : bool
E I (A\x.x) true : bool

(app)

HZ (ICS@UIBK) =3 14/26



Week 10 - Types Type Checking

Example

e environment E = {true : bool, + : int — int — int}
e judgment E - Ax.x + x :int — int

Blackboard [

HZ (ICS@UIBK) FP 15/26
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Week 10 - Types Type Inference

What is Type Inference?

Given some environment together with a core ML expression and a type,
infer a unifier (type substitution)—if possible—such that the most
general type of the expression is obtained.

HZ (ICS@UIBK) (AP 17/26



Week 10 - Types Type Inference

Preliminaries

Type variables:

{a} if 7=«
TVar(r1) o TVar(r) UTVar(rp) ifr=11—m
U].SI.SH TVar(T,') |f7' :g(T]_,... ,Tn)
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Week 10 - Types Type Inference

Preliminaries

Type variables:

{a} if 7=«
TVar(r1) o TVar(r) UTVar(rp) ifr=11—m
U].SI.SH TVar(T,') |f7' :g(T]_,... ,Tn)

Type substitution: ¢ is mapping from type variables to types
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Week 10 - Types Type Inference

Preliminaries

Type variables:

{a} if 7=«
TVar(r) = TVar(r) UTVar(rp) ifr=11—m
Ui<i<n TVar(7i) if 7 =g(m1,...,7n)
Type substitution: ¢ is mapping from type variables to types
Application:
o(a) if 7=«
70 = { 110 = To0 ifT=m — m
g(ro,...,mo) ifT=g(m,...,7n)

EocZ{e:10|e:T€E}
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Week 10 - Types Type Inference

Preliminaries

Type variables:

{a} if 7=«
TVar(r) = TVar(r) UTVar(rp) ifr=11—m
Ui<i<n TVar(7i) if 7 =g(m1,...,7n)
Type substitution: ¢ is mapping from type variables to types
Application:
o(a) if 7=«
70 = { 110 = To0 ifT=m — m
g(ro,...,mo) ifT=g(m,...,7n)

EocZ{e:10|e:T€E}

Composition: o107 E o0y, ie., as oa(o1(@))
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Week 10 - Types Type Inference

T=a— (a1 = a3)
o = {a/int — int, a1 /list(az)}

o ={az/as, an/a,afar}

TVar(1) = {e, 01,3}
7o = (int — int) — (list(ap) — a3)
TVar(ro) = {az, as}
ooy = {a/int — int, oy /list(«), a3 /o, az/a}

HZ (ICS@UIBK) (AP 19/26



Week 10 - Types Type Inference

Unification Problems

e unification problem is (finite) sequence of equations

/ /
TR T1:--3,Tp =X Tp

e [ denotes empty sequence

e type substitution o is unifier of unification problem if

/ /
TIO = T10;...;Tp0 = TpO

e process of computing a unifier is called unification

HZ (ICS@UIBK) (AP 20/26
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Week 10 - Types Type Inference

Unification Problems

e unification problem is (finite) sequence of equations

/ /
TR T1:--3,Tp =X Tp

e [ denotes empty sequence

e type substitution o is unifier of unification problem if

/ /
TIO = T10;...;Tp0 = TpO

e process of computing a unifier is called unification
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Week 10 - Types Type Inference

The Unification System U

. ~ ! /Y.
Elvg(Tlv---aTn) Ng(Tla'~->7-n)'E2
7 7 (d1)
Ev,m~1;...;mar T, B2

Ei;mi = o1 — 75 B2

(d2)

Ei;mi= {72 ~ 73 B

Ei,a~T1 E o¢TVar(r)
(Ex; B2){a/T}

(v1)

E,Tr=a; B2 ag TVar(r)
(Ex; B2){a/T}

V2

E1;T%T;E2
Eq; B>

HZ (ICS@UIBK) (AP 21/26
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Week 10 - Types Type Inference

Unification Problem (cont'd)

E :>£,r) E’ if rule r from U applied to equations E yields E’
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Week 10 - Types Type Inference

Unification Problem (cont'd)

E :>£,r) E’ if rule r from U applied to equations E yields E’

(rn—

if Ey :Eff) E #Sfj) =>(,n_11) O then E; has unifier o1 --0p_1
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Week 10 - Types Type Inference

Unification Problem (cont'd)

E :>£,r) E’ if rule r from U applied to equations E yields E’

(rn—

if Ey :Eff) E #Sfj) =>(,n_11) O then E; has unifier o1 --0p_1

Example
list(bool) ~ list(ar) =" bool ~ «
(v2)
:>{of/bool} 0

HZ (ICS@UIBK) (AP 22/26



Week 10 - Types Type Inference

Unification Problem (cont'd)

Notation

E :>§,r) E’ if rule r from U applied to equations E yields E’

Theorem

| A

if E; :S,rll) E #Sf;) :>£,r,;’_‘11) O then E; has unifier o1 --0p_1

| A\

Example
list(bool) ~ list(ar) =" bool ~ «
(v2)
:>{of/bool} 0

REMEIS

| A\

e unification always terminates

e the order of applying inference rules has no (dramatic) effect

\

HZ (ICS@UIBK) FP 22/
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Week 10 - Types Type Inference

Type Inference Problems

e E>e: qqis type inference problem

e os.t., Eot e:ago (if exists) is solution (otherwise: e not typable)
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Week 10 - Types Type Inference

Type Inference Problems

e E>e: agis type inference problem

e os.t, Eot e:ago (if exists) is solution (otherwise: e not typable)

HZ (ICS@UIBK) (AP 23/26



Week 10 - Types Type Inference

The Type Inference System 7

E,e:mg>e:m Exee:T
TOR T (con) E>e1:a—>T;E>e2:a(app)
Ep> Mx.e:T Eplet x=eine:T
(abs) (let)

Ex:ai>e:ayT~a; = an Ere o Ex:ab>e T

Er>if ; then e else e3 : 7
Ere :bool;E>e T E>e3: T

(ite)

HZ (ICS@UIBK) (AP 24/26



Week 10 - Types Type Inference

Recipe - Type Inference
core ML expression e and typing environment E I
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Week 10 - Types Type Inference

Recipe - Type Inference
core ML expression e and typing environment E I

Algorithm

1. start with E > e : ag (fresh type variable ayp)

2. use Z to transform E > e : ag into unification problem u
(if at any point no rule applicable Not Typable)

3. if possible solve u (obtaining unifier o) otherwise Not Typable

HZ (ICS@UIBK) (AP 25/26



Week 10 - Types Type Inference

Recipe - Type Inference
core ML expression e and typing environment E l

Algorithm

1. start with E > e : ag (fresh type variable ayp)

2. use Z to transform E > e : ag into unification problem u
(if at any point no rule applicable Not Typable)

3. if possible solve u (obtaining unifier o) otherwise Not Typable

the most general type of e w.r.t. E is ago

HZ (ICS@UIBK) (AP 25/26



Week 10 - Types Type Inference

find most general type of let id = Ax.x in id 1 w.r.t. P

Blackboard [] I

HZ (ICSQUIBK) FP 26/26
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