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Solutions 4th PS Sheet Department of Computer Science

1) • The finer relation defined as, every block of a partition is a subset of the other partition.
It is reflexive, as the subset relation is reflexive.
If it antisymmetric, because if P refines Q and Q refines P, for all blocks because of
antisymmetry of the subset relation, all blocks are the same so P = Q.
It is transitive, because the subset relation for every block is transitive.
It is not total, consider {{a, b}, {c}} and {{a}, {b, c}}.
It is not well founded, consider the chain:

{N}

{{0},N− {0}}

{{0}, {1},N− {0, 1}}

{{0}, {1}, {2},N− {0, 1, 2}}

etc.

• <grlex is irreflexive, antisymmetric, and transitive since <lex is.
For a given word of length n all words smaller than this word must be of shorter or same
length. As there are finitely many words of every length, there are finitely many words
shorter than the given word, and as such the relation is well founded.

• Being a substring is reflexive, transitive, and antisymmetric, proofs straightforward.
It is well founded: consider the lengths of the subsequent strings. If there was an infinite
descending chain, we would have an infinite descending chain of natural number lengths,
which cannot exist as N is well founded.

2) Lets denote by p(n) the position of the head in n-th step and by l(n) the character on the
tape at position 0. We prove by mathematical induction that ∀n, p(n) ≥ 0 ∧ l(n) =`.
Base case: p(0) = 0 ≥ 0. l(n) =`. Both by definition of the initial configuration.
Step case: Induction hypothesis: p(n− 1) ≥ (0) ∧ l(n− 1) =`.
If p(n − 1) = 0, then since l(n − 1) =` then by the additional constraints on the transition
function the machine had to move right and keep the left end marker, so p(n) = 1 ≥ 0 and
l(n) =`.
If otherwise p(n− 1) > 0, then p(n) could have changed only by one by the definition of the
step function, so p(n) ≥ 0, and the tape could have only changed at the position p(n − 1)
which is not zero, so c(n) = c(n− 1) which is ` by induction hypothesis.

3) Consider the well-founded relation {(x, y)|x = y div 2 ∧ y > 0} on N.

We show that f(n) ≥ n+ 1 by well founded induction on this relation.

For n = 0, f(0) = 1 ≥ 0 + 1.

For n > 0, by we have f(k) ≥ k + 1 for k = n div 2.
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f(n) = 2 ∗ f(n div 2) ≥ 2 ∗ (n div 2 + 1) ≥ n.

As a consequence, f(n) ≥ n.

4∗) Consider the function sum that sums all the numbers in a given list and the order on lists
{(L,M)|sum(L) < sum(M)}. This order is well founded and corresponds to the recursive
calls in the function definition (each call is to a smaller argument), so it allows us to prove
properties of the given function.

In particular, to show that it corresponds to length, by definition we have that length of
[ ] is 0.

For non-empty lists, assuming that the the property is true for all lists in the relation with
the given one, by definition it also holds for the current list.
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