
Constraint Solving WS 2022 LVA 703305

Week 10 January 11, 2023

Homework

1. Use Nelson-Oppen to determine satisfiability of the following formula over EUF and LIA. For LIA, no
decision procedure is necessary, just specify consequences of formulas on paper. (1 P)

1 ≤ x ∧ x ≤ 2 ∧ f(1) = a ∧ f(x) = b ∧ a = b + 2 ∧ f(2) = f(1) + 3

2. Prove that the deterministic Nelson-Oppen method is sound assuming soundness of the non-deterministic
Nelson-Oppen method. To this end show that for convex theories T1 and T2 with signature Σ1 and Σ2,
where Σ1 ∩ Σ2 = {=}, and a formula ϕ = ϕ1 ∧ ϕ2, where ϕ1 (ϕ2) is a Σ1 (Σ2) formula, the following
statements hold:

(a) if the deterministic Nelson-Oppen returns unsatisfiable, then ϕ is unsatisfiable (1 P)

(b) if the deterministic Nelson-Oppen returns satisfiable, then ϕ is satisfiable (2 P)

3. Model the existence of a winning strategy for 3× 3 Tic-tac-toe in QBF. For this we encode the board as
a set of propositional variables, and construct the following formulas: (2 P)

(a) Define a formula ϕi
move(b1, b2) which is true iff b2 is a valid board after a move of player i on the

board b1, and a formula ϕwin(b) which is true iff some player has won on the board b.

(b) Encode the following statements as QBF formulas

• Player one can always win, independent of the moves played by player two.

• Player two can always win, independent of the moves played by player one.

4. If one replaces deterministic Turing machines in the definition of PSPACE by non-deterministic ones, one
obtains the class NPSPACE.

(a) Show that NP ⊆ PSPACE. Argue without using Savitch’s theorem which states that PSPACE =
NPSPACE. (2 P)

(b) Show that PSPACE = NPSPACE (again without Savitch’s theorem). (2 P)
Hint: Can you prove that QBF is NPSPACE-complete?


