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1st EXAM – SOLUTIONS January 29, 2024

1 (a) The set A = {(anb)m | n > m > 0} is not regular. Consider the strings xi = aib for i ⩾ 1. If i > j > 0
then xi(a

ib)j−1 ∈ A and xj(a
ib)j−1 /∈ A and thus xi ̸≡A xj . Hence ≡A has infinite index and thus the

non-regularity of A follows from the Myhill–Nerode theorem.

(b) The set B = {xn | #a(x) ̸= #b(x) and n > 0} is not regular. Consider the strings xi = ai for i ⩾ 1. If i ̸= j
then xib

i /∈ B and xjb
i ∈ B and thus xi ̸≡B xj . Hence ≡B has infinite index and thus the non-regularity of

B follows from the Myhill–Nerode theorem.

2 (a) Using the construction from the lecture we obtain

φ = ∃X1.∃X2.∃X3.∃ ℓ.¬Pa(ℓ) ∧ ¬Pb(ℓ) ∧
(
∀x.¬Pa(x) ∧ ¬Pb(x) → ℓ ⩽ x

)
∧ ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ4

with

ψ1 = X1(0)

ψ2 = ∀x. x ⩽ ℓ →
(
X1(x) ∨X2(x) ∨X3(x)

)
∧ ¬

(
X1(x) ∧X2(x)

)
∧ ¬

(
X1(x) ∧X3(x)

)
∧

¬
(
X2(x) ∧X3(x)

)
ψ3 = ∀x. x < ℓ → (X1(x) ∧ Pa(x) ∧ ∃ y. y = x+ 1 ∧X2(y)) ∨

(X1(x) ∧ Pb(x) ∧ ∃ y. y = x+ 1 ∧X1(y)) ∨
(X2(x) ∧ Pa(x) ∧ ∃ y. y = x+ 1 ∧X2(y)) ∨
(X2(x) ∧ Pb(x) ∧ ∃ y. y = x+ 1 ∧X3(y)) ∨
(X3(x) ∧ Pa(x) ∧ ∃ y. y = x+ 1 ∧X2(y)) ∨
(X3(x) ∧ Pb(x) ∧ ∃ y. y = x+ 1 ∧X3(y))

ψ4 = X1(ℓ) ∨X3(ℓ)

(b) First consider the subformula ψ = y < x ∧X(y) with FV(ψ) = (x, y,X). We have

La(y < x) =
(
0
0

)∗( 0
1

)(
0
0

)∗( 1
0

)(
0
0

)∗
La(X(y)) =

[(
0
0

)
+
(
0
1

)]∗( 1
1

)[(
0
0

)
+
(
0
1

)]∗
and compute

L1 = drop−1
3 (La(y < x)) =

(
0
0
∗

)∗ (
1
0
∗

)(
0
0
∗

)∗ (
0
1
∗

)(
0
0
∗

)∗

L2 = drop−1
1 (La(X(y))) =

[( ∗
0
0

)
+
( ∗

0
1

)]∗ ( ∗
1
1

) [( ∗
0
0

)
+

( ∗
0
1

)]∗
We have La(ψ) = (L1 ∩ L2) ∩ L(A2,1). Here A2,1 is a DFA to check the admissibility condition. For
χ = ∃ y. y < x ∧X(y) we obtain La(χ) = stz(drop2(La(ψ))). Finally, La(φ) = stz(drop3(La(χ))).

3 (a) We have φ = ¬(¬aUX b) ∧ ¬G b ≡ (aR¬X b) ∧ F¬b ≡ (aRX¬b) ∧ (⊤U¬b).
(b) Starting from the negation normal form ψ of part (a) we obtain the ABA

Aψ = (C+(ψ), 2AP,∆, ψ, {aRX¬b})



with C+(ψ) = {a, b,¬b,X¬b, aRX¬b,⊤,⊤U¬b, ψ} and ∆ defined as follows:

∅ {a} {b} {a, b}
a ⊥ ⊤ ⊥ ⊤
b ⊥ ⊥ ⊤ ⊤

¬b ⊤ ⊤ ⊥ ⊥
X¬b ¬b ¬b ¬b ¬b

aRX¬b ¬b ∧ aRX¬b ¬b ¬b ∧ aRX¬b ¬b
⊤ ⊤ ⊤ ⊤ ⊤

⊤U¬b ⊤ ⊤ ⊤U¬b ⊤U¬b
ψ ¬b ∧ aRX¬b ¬b ¬b ∧ aRX¬b ∧ ⊤U¬b ¬b ∧ ⊤U¬b

(c) The trace {a}{b}ω is not accepted since

ψ

¬b

cannot be completed to an (accepting) run since the second input symbol is {b}. The trace ({a, b}∅{a, b})ω
admits the accepting run

ψ

¬b ⊤U¬b

Finally, the trace ∅ω admits the accepting run

ψ

¬b aRX¬b

¬b aRX¬b

¬b aRX¬b

¬b ...

4 1. False.

2. False.

3. True.

4. False.

5. False.

6. False.

7. True.

8. True.

9. False.

10. True.


