
Computability Theory WS 2023 LVA 703317

Week 13 January 22, 2024

Exercises

1. Prepare for the test.⟨1⟩

2. A fixed point combinator is a closed lambda term Y such that Y F is a fixed point of F , for every lambda⟨1⟩
term F . Consider the following lambda terms:

¢ ≡ λabcdefghij k lmnopqstuvwxyzr. r(thisisafixedpointcombinator)

$ ≡ ¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢

Prove that $ is a fixed point combinator.

3. In this exercise we consider an alternative to Church numerals. Define

I ≡ λx. x T ≡ λxy. x F ≡ λxy. y [M,N ] ≡ λz. z M N ⌜n⌝ ≡

{
I if n = 0

[F, ⌜n− 1⌝ ] if n > 0

for all lambda terms M , N and n ∈ N.
(a) Construct combinators S, P and Z such that⟨2⟩

S ⌜n⌝ =β ⌜n+ 1⌝ P ⌜n⌝ =β

{
⌜0⌝ if n = 0

⌜n− 1⌝ if n > 0
Z ⌜n⌝ =β

{
T if n = 0

F if n > 0

for all n ⩾ 0.

(b) Construct combinators F and G such that⟨2⟩

F n =β ⌜n⌝ G ⌜n⌝ =β n

for all n ⩾ 0. Here n denotes the n-th Church numeral.

4. Given lambda terms F1 and F2, construct lambda terms X1 and X2 such that⟨1⟩

X1 →∗
β F1 X1 X2 X2 →∗

β F2 X1 X2


