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Definitions

> (X1,...,Xn) = Pg X Pi* X --- X py’  GOdel number

> ()i = (uj < x) =(p/ ™ [ %)

» len(x) = (x)o

»seq(x) <= x>0A(Vi<x)[(x)i#0 = i<len(x)]

> Xy = pl()en(x)+|en(y) X H pg‘):r)i“ X p(lﬁi(;l)qtiﬂ
) )

i <len(x i<len

PR is closed under course-of-values recursion:
if g: N — N and h: N"t2 — N are primitive recursive then

£(0,y) = a(¥) f(x+1,¥) = h(f(x,¥),x,¥)

with f(x,y) = (f(0,¥), ..., f(x,¥)) is primitive recursive
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Definition (Ackermann function)

ack(0,y) =y+1
ack(x +1,0) = ack(x, 1)
ack(x+ 1,y + 1) = ack(x,ack(x + 1,y))

V primitive recursive function f: N” — N d constant ¢ € N such that

f(X1,...,Xn) < ack(c,max{x,...,Xn})

Ackermann function is not primitive recursive
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class R of recursive functions is smallest class of total functions that contains all initial
functions and is closed under composition, primitive recursion and (unbounded) minimization:

(i) P(i,7) = min{i| P(i,¥)} € R

forall P: N™1 — B such that xp €RR and Yy 3 x P(x,y)

3 primitive recursive predicate P: N — B such that
P(x) <= x encodes correct Ackermann computation tree
ack(x,y) =z <= It suchthat P(t) and (t)1 = (x,y,2)

ack(x,y) = ((ut) (P(t) A ()11 =X A (D12 =¥)), 5
Ackermann function is recursive
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Part I: Recursive Function Theory

bounded recursion,
diophantine sets, elementary functions, fixed point theorem,
Fibonacci numbers, Godel’s g function, Grzegorczyk hierarchy,
loop programs, normal form theorem, partial recursive functions,
recursive enumerability, recursive inseparability, s—-m-n theorem,
undecidability, while programs, ...

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, abstraction, arithmetization, S-reduction, CL-representability, combinators,
combinatorial completeness, Church numerals, Church—Rosser theorem,

Curry-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A-definability, normalization theorem, termination, typing,
undecidability, Z property, ...
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index "f 1€ N of derivation of primitive recursive function f is defined inductively:

> 27 =(0)

> 87 = (1)

» T = (2,n,i)

» Tf7 =(3,"g","hy!,..., hy") if f is obtained by composing g and hs, ..., hy

» Tf7 =(4,"g","h7) if f is obtained by primitive recursion from g and h
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simple programming language
» natural numbers are only data type
» variables x, y, z, ...
» commands
» assignment x:=0 X:i=y
» increment X++
» composition P;Q
» loop
» LOOP x DO P OD

execute P exactly n times, where n is value of x before entering loop
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program P(x;y): program Q(x;y):

y:=0; y:=0;
z:=0; z:=0;
LOOP x DO e
y:i=2z; LOOP x DO
zZ++ yi=z
oD oD

computes predecessor: y = p(x) computes sign function: y = sg(x)
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program P: multiplication (x,y;2):

Z:=X; z:=0;

LOOP y DO LOOP x DO

ZAraE LOOP y DO
oD z++
oD
computes addition: z=x+y oD
notation: P(x,y;z)
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LOOP programs terminate

function f: N” — N is LOOP computable if 3 LOOP program P(X1, ..., Xn;y) such that

y = f(X1,...,Xn)

after execution of P

Theorem

primitive recursive functions are LOOP computable

W universitat i
B niversits WS 2023  Computability Theory  lecture 3 2. Loop Programs 12/36



> zero y = z(x) y = LOOP computable functions are primitive recursive
» successor y = s(x) y:i=x; y++
> projection  y = 77(x1, .., X) yi=x; pof .|
» composition y = g(h(x1, o Xm)s -y Bn(X1, -+ - Xm)) » LOOP program P with variables xi, ..., x,
» claim: 3 primitive recursive functions fi, ..., f,: N” — N such that
Pp, (X1, ..., Xime ; cPh (X1, ..o, Xm; : Pg(ya, ..., : . ’
(X1, mi Y1) o (X1, mi¥n)i Pg(y1, ... ¥ni¥) if X1, ..., X, have values ai, ..., a, before execution of P
o ) then x; has value fj(ai,...,a,) after execution of P, forall 1 < i< n
» primitive recursion Pg(Y1,---,¥Yni2);
v:=0: » claim is proved by induction on structure of P (details left as exercise)
f(0,y) = 9(¥) LOOP x DO
f(x +1,9) = h(f(x.7).x.¥) P(Z.V. Y1, - Yol W)
z:i=w;
oD vt fo(x,y) = f5(x,y,0,0,0) for LOOP program P with input variables x; and xz,
output variable x3, and auxiliary variables x; and xs
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Outline  pefinition |
class E of elementary functions is smallest class of (total) functions f: N” — N that contains
all initial functions, +, — and is closed under composition, bounded summation and bounded
product
3. Elementary Functions
x x y, x¥ and x! are elementary functions:
2/
xxy=>Yy=> 5y
i<x i<x
x’ = []x=[]30x)
i<y i<y
x! = Hi+1 = Hs(i)
i<x i<x
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E is closed under bounded minimization

» consider f(x,y) = (ni < x) (9(i,y) = 0) with g € E
» elementary function

f/(X’Y) = Z 1_9(’)7)

i<x
counts how many values i € {0, ..., x} satisfy g(i,y) = 0
> f(x,y) = E 1-f'(i,y) is elementary
i<x
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induction on definition of elementary functions

» initial functions
z(x) = 0 < 2¥ = 21(x)
s(x) = x+1 < 2% = 2,(x)

(X1, ..., Xn) = Xj < max{xy,..., Xy} < 21(max{x1,...,xn})

» + and = Xy < x+y<2xmax{x,y} < 2;(max{x,y})

» composition f(X) = g(hi(X), ..., hm(X))

9(Y) < 2c(max{y}) hi(X) < 2¢(max{x}) forall 1 <i<m

f(X) < 2¢(max{hi(X),..., hm(X)}) < 2c(max{2q(max{x}),..., 2 (max{x})})

— zc(zmax{cl,.,.,Cm}(max{;})) - 26+max{cl,...,cm}(max{)}‘})
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elementary functions are primitive recursive

binary function 2,(y) is defined by primitive recursion

20(y) =y 2,41(y) = 220)

203) =3 2,(3)=23=8  2,(3) = 2% = 256

V elementary function f: N7 — N d constant c € N such that

f(X1,...y%n) < 2c(mMax{x1,...,Xn})
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Proof (cont’d)

induction on definition of elementary functions

X
» bounded summation  f(x,y) = »_g(i,y) with g(i,y) < 2.(max{i,y})
=0

f(x,¥) < (x+1) x 2c(max {x,y}) < 22(max{x,y}) x 2c(max{x,y}) < 2c13(max{x,y})

x¥ < 23(max{x,y})

omax{x,y}

XY <2 <27 < 2? = 23(max{x,y})
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Proof (cont’d)

induction on definition of elementary functions
X

» bounded product f(x,y) = Hg(i,?) with  g(i,y) < 2c(max{i,y})
i=0

f(x,y) < 2c(max{x,7})**! < 2.(max{x,y})2max{xy}
23(max {2 (max{x,y }),21(max {x,¥ })}) = 23(2Zmax{c,1}(Max{x,y }))
= 23+max{c71}(max{xv)7})

N

ECPR

if primitive recursive function 24(y) is elementary then 2,(y) < 2.(max{x,y}) for
some constant ¢ and thus 2.(c) < 2.(max{c,c}) = 2.(c) 4
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Definition (bounded recursion)

class C of numeric functions is closed under bounded recursion if f: N"** — N defined by
primitive recursion from g: N” — N € C and h: N"t2 — N € C and satisfying

f(x,y) <i(x.y)

for some i: N"*1 — N € C different from f belongs to C

Definitions

» eo(x,y) =x+y eix)=x>+2

v enaln) = 2 if x =0
e B ent1(eni2(x—1)) if x >0

ez(O) =2 ez(l) =6 82(3) = el(e2(2)) = 91(38) = 1446

u :Jn"n“;g{a‘(tgl WS 2023  Computability Theory  lecture 3 4. Grzegorczyk Hierarchy 23/36

Outline

4. Grzegorczyk Hierarchy
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if x=20 y if x=20
" = F(x) =
i) {em(em(x 1)) ifx>0 ¥ {f(f("l)(y)) if x > 0

ent2(x) = egﬁl(z)

induction on x
> €n12(0) = 2 = e, (2)

> ens2(X +1) = ena(eni2(x) = ena(el?1(2)) = e5i(2)
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» Ego is smallest class of functions that contains all initial functions

and is closed under composition and bounded recursion

» E,.1 is smallest class of functions that contains all initial functions, eq, e,
and is closed under composition and bounded recursion

Eo contains f(x) = x + 2

E; contains f(x) = 4x

E, contains f(x) = x*

Es contains f(x) = 22
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Vf:N" — N €E; 3Flinear function g: N” =N such that f(x,...,%n) < 9g(X1,...,Xn)

> ..
» f=¢e=Xx+Yy
» f is obtained by composing g and hy, ..., hy
f(X) = g(h1(X), ..., hm(X)) < Lg(h1(X), ..., hm(X)) gek
gﬁg(fhl()?),...%hm()?)) hi,....,hm € Ey

linear functions are closed under composition
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Vf:N"-N€eEy, 3ceN suchthat f(x1,...,X5) < max{xy,...,Xp}+¢C
» z(x) < x
» s(x) < x+1
> (X1, ..., Xn) < X; < Max{xy,..., Xy}
» f is obtained by composing g and hy, ..., hny
f(X) = g(h1(X), ..., hm(X)) < max {h1(X), ..., hm(X)} + cg g € Ep
< max {X}+ max{cp,,...,Cn, } +Cq hi,...,hm € Eo

» f is obtained by bounded recursion from g and h with bound i

f(X) <i(X) < max{xy,...,Xn}+C i € Eg
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en(x) > x Vn>1Vx>0
en(x+1) > en(x) Yn>1Vx>0
ent1(x) = en(x Yn>1Vx>0
en+1(x+k)>eﬁk)(x) Yn>1Vx>0Vk >0

inductionon n > 0
»e(x) =x*+2>x
» inductionon x > 0
» e,1(0)=2>0
» enii(Xx+1) = en(enti(x)) > enpi(x) >x = epa(x+1) >x+1
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en(x) > x Yn>1Vx>0
en(x+1) > en(x) Vn>1Vx>0
ent1(x) = en(x) Yn>1Vx >0
en+1(x+k)>ef,k)(x) Yn>1Vx>0Vk >0

inductionon n > 0
»e(x+1)=(x+1)2+2>x2+2 =ei(x)

> eny1(x+1) = en(ens1(x)) > ensa(x) by

homework exercise
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VF:NT” - NeEp,, 3keN suchthat f(xg,...,Xm) < e,(,’fgl(max{xl,...,xm})

Proof (cont’d)

» f is obtained by composing g and hy, ..., h;

f(X) = g(M(X), ..., (X)) < efdy(max{h(X),..., h(X)}) g € Enpz
< ey (efdi(max{})) = ef§i)(max {x})
hi(%) < e%) (max {x}) < el);(max{x}) hy,...,hj € Enya
¢ = max{ky,...,k;}
» f is obtained by bounded recursion from g and h with bound i
f(X) < i(X) < e, (max{x}) i € Enya
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Vf:N” -N€E,, dkeN suchthat f(xl....,x,,,)ge,(,'ﬂl(max{xl,...,xm})

> 2(x) = 0 < x = el (x)
> s(X) = x+1<x2+2 = e (x) < el (x)
b (X1, X0) = Xi < e1(x;) < ex(max {X}) < el (max{X})

» eo(X,y) = x+y <2xmax{xy} < (max{x,y})?+2 = er(max{x,y}) < e&gl(max{ny})

1
ens1(x) < el (x)

v
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Vf: N - Ne€E,;, dkeN suchthat f(xl....,xm)ge,(,?l(max{xl,...,xm})

VFf:N—=N€EE;, FJkeN suchthat f(x) < eppa(k+x)

F(x) < e (x) < enta(k +x)
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en €En1\ En

e, ¢ E, by case analysis on n
» eo(x,y) =x+y — —3JceN with x+y < max{x,y}+c
» ei(x) =x*+2 = -da,beN with x?+2 < ax+b

> €2 € Entr = ent2(eo(x, X)) € Enyo and thus

en2(x +x) < epa(k +x)

for some k € N
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5. Summary
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Theorem (Grzegorczyk Hierarchy)
® EoCELCEC -

® Es=E
© (Je,=Pr
n=0

@ Eo C E; C E; by definition

Ent2 € Epys for n > 0 because e,i1 € Eqyr3 by bounded recursion:

en1(x) < enja(x) € Enys
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Important Concepts

o 2X(y) » Eo, E1, Ez, ...
» bounded recursion

» LOOP computable
» elementary function » LOOP program

> €, €1, €2, ... » Grzegorczyk hierarchy

homework for October 23
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