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class R of recursive functions is smallest class of total functions that contains all projection

functions, addition and multiplication, characteristic function y— of equality predicate, and is
closed under composition and minimization

 pefinition
B(a,i) = m1(a) mod (1 + (i + 1) m(a))

Godel’s  function

class PA of partial recursive functions is smallest class of partial functions that contains all
initial functions and is closed under composition, primitive recursion and unbounded
minimization:

(i) (F(i,¥) = 0) = min{i | f(i,y) = 0and f(j,y) > 0 forall j < i}

belongs to PA whenever f: Nt — N belongs to PA
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function f: N” — N is WHILE computable if 3 WHILE program P(xy, ..., , Xn;y¥) such that

function ¢ is partial recursive <= ¢ is WHILE computable

index "f '€ N of derivation of partial recursive function f is defined inductively:

> Tz —<o> rs1 =(1) a7 =(2,n,i)

> = (3,"g","hi',...,"hy') if f is obtained by composing g and hs, ..., hy
> = (4, g1 rh"') if f is obtained by primitive recursion from g and h
> = (5,"g™") if f is obtained by minimizing g
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Kleene’s Normal Form Theorem

3 primitive recursive function u VY n > 1 3 primitive recursive predicate T,
V partial recursive function ¢: N7 — N (X1, Xn) 2 u((y) Ta(Te ™, X1, - oy Xn, Y))

Corollary

partial recursiveness and recursiveness coincide for total functions
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Part I: Recursive Function Theory

diophantine sets, fixed point theorem,
Fibonacci numbers,

recursive enumerability, recursive inseparability, s—-m-n theorem,
undecidability,

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, abstraction, arithmetization, S-reduction, CL-representability, combinators,
combinatorial completeness, Church numerals, Church-Rosser theorem,

Curry-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A—definability, normalization theorem, termination, typing,
undecidability, Z property, ...
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Part I: Recursive Function Theory

diophantine sets, fixed point theorem,
Fibonacci numbers,

normal form theorem,
recursive enumerability, recursive inseparability, s—-m-n theorem,
undecidability,

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, abstraction, arithmetization, S-reduction, CL-representability, combinators,
combinatorial completeness, Church numerals, Church-Rosser theorem,

Curry-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A—definability, normalization theorem, termination, typing,
undecidability, Z property, ...
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2. Normal Form Theorem
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0+y = mi(y)
(x+1)+y =s(m(x+y,x,y))

1+1=2
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0+y = mi(y)
(x+1)+y =s(m(x+y,x,y))

1+1=2: (+7,(1,1),2)
("+7,(0,1),1) ("som37,(1,0,1),2)
(fri™,(1),1) ("ri7,(1,0,1),1) ("s7,(1),2)
B universitdt 52023  Computability Theory ~ lecture 5 2. Normal Form Theorem 8/24

& innsbruck



0+y = mi(y)
(x+1)+y =s(m(x+y,x,y))

1+1=2: ("+7,(1,1),2)
/ \
("4+7,(0,1),1) (Tsom37,(1,0,1),2)
< F%j1<1>?1> < 7Tl 7<1a0’1>71> <FS‘I’< > >

("F,(X1,...,Xn),Z) represents f(xi,...,Xp) =2
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0+y = 7i(y)

(x+1)+y =s(m(x+y,x,y))

1+1=2: ("+7,(1,1),2)
/ \
("+7,(0,1),1) (Tsom3™,(1,0,1),2)
("ri7(1),1) ("m37,(1,0,1),1) ("s7,(1),2)
(TF7 (X1, Xn),Z) represents f(xi, ..., %) = Z

triple(x) = (seq(x) A len(x) = 3)
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Key Idea

» encode computation tree T = (x,y,z) asnumber "T7'= ((x,y,z)," T, ..., T,

AN
T

n

T
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Key Idea

» encode computation tree T = (x,y,z) asnumber "T7= ((x,y,z),"T1,..., " T,")
Ta T,
» dependencies between node (x,y,z) and root nodes of its children T;, ..., T, can be

checked by primitive recursive predicate
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Key Idea

» encode computation tree T = (x,y,z) asnumber "T7= ((x,y,z),"T1,..., " T,")

/N
Ta T,

» dependencies between node (x,y,z) and root nodes of its children T;, ..., T, can be
checked by primitive recursive predicate D

Definitions

» T(x) < D(x) A [len(x) > 1 <= (Vi< len(x)=2)T((X)is2) ]
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Key Idea

» encode computation tree T = (x,y,z) asnumber "T7= ((x,y,z),"T1,..., " T,")

/N
Ta T,

» dependencies between node (x,y,z) and root nodes of its children T;, ..., T, can be
checked by primitive recursive predicate D

Definitions

» T(x) < D(x) A [len(x) > 1 <= (Vi< len(x)=2)T((X)is2) ]

» Th(e,X,y) <= TW) A ¥)i11=€eA (¥)12 = (X)
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Key Idea

» encode computation tree T = (x,y,z) asnumber "T7= ((x,y,z),"T1,..., " T,")

/N
Ta T,

» dependencies between node (x,y,z) and root nodes of its children T;, ..., T, can be
checked by primitive recursive predicate D

Definitions

» T(x) < D(x) A [len(x) > 1 <= (Vi< len(x)=2)T((X)is2) ]

» Th(e,X,y) <= TW) A ¥)i11=€eA (¥)12 = (X)
> u(x) = (X)13
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Key Idea

» encode computation tree T = (x,y,z) asnumber "T7= ((x,y,z),"T1,..., " T,")

/N
Ta T,

» dependencies between node (x,y,z) and root nodes of its children T;, ..., T, can be
checked by primitive recursive predicate D

Definitions

» T(x) < D(x) A [len(x) > 1 <= (Vi< len(x)=2)T((X)is2) ]

» Th(e,X,y) <= TW) A ¥)i11=€eA (¥)12 = (X)

> u(x) = (X)13

@(le ac ~7Xn) = u((uy) Tn(r@—lvxlv "'7Xnvy))

u :‘:wnr:ggltalctl?t WS 2023  Computability Theory lecture 5 2. Normal Form Theorem 9/24



Definition of D (cont’d)

initial(x) <= seq(x) A len(x) = 1 A triple((x)1) A seq((x)1,1) A sed((x)1,2) A

[ zero((x)1) V successor((x)1) V projection((x)1) |
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Definition of D (cont’d)

» zero (((0),(x),0))

initial(x) <= seq(x) A len(x) = 1 A triple((x)1) A seq((x)1.1) A seq((x)1,2) A

[ zero((x)1) V successor((x)1) V projection((x)1) |
with

zero(x) <= (x)1 = (0) Alen((x)2) =1 A (x)3 =0
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> zero (((0),(x),0))
» successor  (({(1),(x),x+1))

initial(x) <= seq(x) A len(x) = 1 A triple((x)1) A seq((x)1.1) A seq((x)1,2) A

[ zero((x)1) V successor((x)1) V projection((x)1) |
with

zero(x) <= (x)1 = (0) Alen((x)2) =1 A (x)3 =0

successor(x) <= (x)1 = (1) A len((x)2) =1 A (X)3 = s((x)2.1)
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» zero (({0),(x),0))
» successor  (({(1),(x),x+1))

» projection  (((2,n,i),(X1,...,Xn),X;))

initial(x) <= seq(x) A len(x) = 1 A triple((x)1) A seq((x)1.1) A seq((x)1,2) A
[ zero((x)1) V successor((x)1) V projection((x)1) |

with
zero(x) <= (x)1 = (0) Alen((x)2) =1 A (x)3 =0
successor(x) <= (x)1 = (1) A len((x)2) =1 A (X)3 = s((x)2.1)
projection(x) <= len((x)1) =3 A (X)1,1 =2 A (X)1,2 = len((x)2) A (X)1,3 > 1 A
()12 2 ()13 A (X)3 = (X)2,001 5
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Definition of D (cont’d)

» composition f(x1,...,Xn) = g(h1(X1, ..., Xn), .-y hm(X1, ..., Xn))

<<’_fj,<X1,...,Xn>,Z>,T1,...,Tm,Tm+1>
with
!—f"l — <3 g—\ !_h—l -7’_hm~|>
= (("h1', (X1, .-y Xn),Z1)s «--) =+ Tm={{"hm" (X1, - s Xn),Zm )y --.)
("9, (Z1, -y Zm )y 2Z)y - 2)

Tm+1 - <
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Definition of D (cont’d)

» composition f(x1,...,Xn) = g(h1(X1, ..., Xn), .-y hm(X1, ..., Xn))

<<’_f_‘7 <X17 "'7Xn>vz>7T17 "'7TmaTm+1>

with
f <3 g V_h"l !_hm"l>
= (("hy", (x ....,xn>,zl>.,...> oo T = ((Thyn, (X1, .-, Xn ), Zm), - --)
Tm+1:<< {Z1, 0 Zm),Z), )

composition(x) <= seq(x) A len(x) > 3 A triple((x)1) A seq((x)1,1) A (X)1,1,1 = 3 A
len((x)1,1) = len(x) A (Vi < len(x)=3) [(X)i42,1,1 = (X)1,1,i+3 A
(X)it2,1,2 = (X)1,2 A (X)it2,1,3 = (X)Ien(x),l,Z,H—l] A
(ten(x),1,1 = ()1,1,2 A (X)ten(x),1,3 = (X)1,3
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Definition of D (cont’d)

» primitive recursion f(0,y) = 9(¥) f(x+1,y¥) = h(f(x,y),x,y)

(("FL(0,¥1, -y ¥n ), Z), ({97 (Y1, ooy ¥n )y 2Z)s o)) ((TF X+ 1, y1,...,¥n)2),T1,T2)
with
!—f_| — <47|—g—l’!—h—\>
T = {"F (Y1, -y Yn)Z1), - o) To = (("h, (z1,%, Y1, -, ¥Yn),2Z), -+ )
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Definition of D (cont’d)

» primitive recursion f(0,y) = 9(¥) f(x+1,y¥) = h(f(x,y),x,y)

(("FL(0,¥1, -y ¥n ), Z), ({97 (Y1, ooy ¥n )y 2Z)s o)) ((TF X+ 1, y1,...,¥n)2),T1,T2)

with

T = {"F (Y1, -y Yn)Z1), - o) To = (("h, (z1,%, Y1, -, ¥Yn),2Z), -+ )

recursion(x) <= seq(x) A triple((x)1) A triple((x)1,1) A (X)1,1.1 = 4 A seq((x)1,2) A
[(X)1,22 =0 = len(x) =2 A (X)1,1,2 = (X)2,1,1 A
()12 =(0); (X)2,1,2 A (X)1,3 = (X)2,1,3] A [(X)1,21 >0 =
len(x) = 3 A (X)2,1,1 = (X)1,1 A (X)2,1,2,1 = P((X)1,2,1) A
(Vi< len((X)1,2) = 2) [(¥)1,2,i+2 = (X)2,1,2,i+2 ] A (¥)3,1.1 = (¥)1,1,3 A
(x)3,12 = ((X)2,1,3) s (X)2,1,2 A (X)3,1,3 = (X)l,ﬂ
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Definition of D (cont’d)
» minimization f(ya, .-, ¥n) = (£x) (g(x,y1,...,¥n) = 0)

minimization(x) <~ --- (homework exercise)
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Definition of D (cont’d)
» minimization f(ya, .-, ¥n) = (£x) (g(x,y1,...,¥n) = 0)

minimization(x) <~ --- (homework exercise)

» D(x) <= initial(x) V composition(x) V recursion(x) V minimization(x)
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Definition of D (cont’d)

» minimization f(ya, .-, ¥n) = (£x) (g(x,y1,...,¥n) = 0)

minimization(x) <~ --- (homework exercise)

» D(x) <= initial(x) V composition(x) V recursion(x) V minimization(x)

3 primitive recursive function u Vn > 1 d primitive recursive predicate T,
Y partial recursive function ¢: N7 — N

(X1, oy xn) =2 u((ny) Th(Te X1, ..oy Xn, Y))
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Corollary

3 primitive recursive function u VY n > 1 3 primitive recursive function t,
V partial recursive function ¢: N7 — N o(x1, .- xn) 2 u((ny) (th (T X1, .., Xn,Y) = 0))

B universitat ili
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3 primitive recursive function u ¥n > 1 3 primitive recursive function t,
v partial recursive function ¢: N7 — N o(X1y ..oy xn) 2 u((py) (th (T X1, ..., Xn,y) = 0))

define t, = x-,
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3 primitive recursive function u ¥n > 1 3 primitive recursive function t,
v partial recursive function ¢: N7 — N o(X1y ..oy xn) 2 u((py) (th (T X1, ..., Xn,y) = 0))

define t, = x-,

©l(x1, ..., xn) = u((py) (ta(e,x1, ..., Xn,y) = 0))
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3 primitive recursive function u ¥n > 1 3 primitive recursive function t,
v partial recursive function ¢: N7 — N o(X1y ..oy xn) 2 u((py) (th (T X1, ..., Xn,y) = 0))

define t, = x-,

Ol (X1, .-, Xn) = u((ny) (tn(e, X1, ..., Xn,y) = 0))

Ve >0 Vn>1 ¢l is partial recursive
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3 primitive recursive function u ¥n > 1 3 primitive recursive function t,
v partial recursive function ¢: N7 — N o(X1y ..oy xn) 2 u((py) (th (T X1, ..., Xn,y) = 0))

define t, = x-,

Ol (X1, .-, Xn) = u((ny) (tn(e, X1, ..., Xn,y) = 0))

Ve >0 Vn>1 ¢l is partial recursive

e isnoindex = ¢! is nowhere defined
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3 primitive recursive function u ¥n > 1 3 primitive recursive function t,
v partial recursive function ¢: N7 — N o(X1y ..oy xn) 2 u((py) (th (T X1, ..., Xn,y) = 0))

define t, = x-,

Ol (X1, .-, Xn) = u((ny) (tn(e, X1, ..., Xn,y) = 0))

Ve >0 Vn>1 ¢l is partial recursive
e isnoindex = ¢! is nowhere defined

©g, »f, @5, ... is enumeration of all n-ary partial recursive functions
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3. Undecidability
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predicate P: N” — B is decidable if xp is recursive
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predicate P: N7 — B is decidable if xp is recursive

e denotes !
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predicate P: N7 — B is decidable if xp is recursive

e denotes !

following problem is undecidable:

instance: natural number x
question: is px(x) defined ?
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Proof (by contradiction)

1 if g (X))
0 if px(x)T

is recursive

» suppose f(x)
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Proof (by contradiction)

1 if g (X))
0 if px(x)1

» function g(x) = (u i) (f(x) = 0) is partial recursive

» suppose f(x) is recursive
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Proof (by contradiction)

1 if g (X))
0 if px(x)1

» function g(x) = (u i) (f(x) = 0) is partial recursive

» suppose f(x) is recursive

» Je suchthat g = e
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Proof (by contradiction)
{1 if ox(x))

is recursive

» suppose f(x) 0 if py(X)T

» function g(x) = (u i) (f(x) = 0) is partial recursive
» JdJe suchthat g = e
> g(e)l
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Proof (by contradiction)

1 if g (X))
0 if px(x)1

» function g(x) = (u i) (f(x) = 0) is partial recursive

is recursive

» suppose f(x)

» Je suchthat g = e
» gle)d <= f(e)=0
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Proof (by contradiction)

1 if g (X))
0 if px(x)1

» function g(x) = (u i) (f(x) = 0) is partial recursive

is recursive

» suppose f(x)

» Je suchthat g = e
> gle)) = fe)=0 < wele)t %
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Outline

4. s-m-n or Parameterization Theorem

B universitat ili -m- izati
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» x+y ispartial recursive = Je suchthat x+y = p2(x,y)

B universitat ili -m- izati
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» x+y is partial recursive = Je suchthat x+y = ©2(x,y)

» 2+y ispartial recursive = Je'suchthat 2+y = pe(y)
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» x+y is partial recursive = Je suchthat x+y = ©2(x,y)

» 2+y ispartial recursive = Je'suchthat 2+y = pe(y)
» claim: €’ can be computed from e and 2 by primitive recursion
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» x+y is partial recursive = Je suchthat x+y = ©2(x,y)
» 2+y ispartial recursive = Je'suchthat 2+y = pe(y)
» claim: €’ can be computed from e and 2 by primitive recursion

Kleene’s s-m-n or Parameterization Theorem

Vm,n > 1 3 primitive recursive function s: N™*! - N Ve e N

m-+n

<pe (Xla .. ~aXm7YIa .. 'ayn) =~ 902nm(e,x1,__,,x,,,)()’1a oo ayn)
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X +y is partial recursive = Je suchthat x+y = ©2(x,y)
2+y is partial recursive = 3Je’suchthat 2+y = pe(y)
claim: e’ can be computed from e and 2 by primitive recursion

Vm,n > 1 3 primitive recursive function s”: N™*! - N Ve e N

m-+n

Pe (X17 s Xmy Y1, '~'7y”) = Qgrs”n’”(e,xl,..qu)(yl? ---,}/n)

» primitive recursive function f: N — N computes index of n-ary constant function cy
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X +y is partial recursive = Je suchthat x+y = ©2(x,y)
2+y is partial recursive = 3Je’suchthat 2+y = pe(y)
claim: e’ can be computed from e and 2 by primitive recursion

Vm,n > 1 3 primitive recursive function s”: N™*! - N Ve e N

m-+n

Pe (X17 s Xmy Y1, '~'7yn) = Qgrs”n’”(e,xl,..qu)(yl? "'7yn)

» primitive recursive function f: N —+ N computes index of n-ary constant function cy:

f(0) = (3,(0),(2,n,1)) f(x+1) ="soc, = (3,(1),f(x))

u ﬂw”r:;’gra'ctat WS 2023  Computability Theory lecture 5 4. s-m-n or Parameterization Theorem 19/24



X +y is partial recursive = Je suchthat x+y = ©2(x,y)
2+y is partial recursive = 3Je’suchthat 2+y = pe(y)
claim: e’ can be computed from e and 2 by primitive recursion

Vm,n > 1 3 primitive recursive function s”: N™*! - N Ve e N

m-+n

Pe (X17 s Xmy Y1, '~'7yn) = Qgrs”n’”(e,xl,..qu)(yl? "'7yn)

» primitive recursive function f: N —+ N computes index of n-ary constant function cy:

f(0) = (3,(0),(2,n,1)) f(x+1) ="soc, = (3,(1),f(x))

» sT(e,X1,...,Xm) = (3,6,f(x1), ..., f(Xm),(2,n,1),...,(2,n,n))
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Outline

5. Fixed Point Theorem
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Kleene’s Fixed Point Theorem

V recursive function f: N — N Je € N suchthat @e(x) ~ @re)(X)

B universitat ili + .
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V recursive function f: N = N Je € N such that pe(x) >~ @) (x)

. b(x.y) = oY) i ox(x))
o undefined otherwise
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V recursive function f: N — N Je € N such that pe(x) ~ @f(e)(X)

. (x,y) = {%X(x)(Y) if ox(x))

) . is partial recursive
undefined otherwise

B universitat i - .
innsbruck WS 2023 Computability Theory lecture 5 5. Fixed Point Theorem 2124



V recursive function f: N — N Je € N such that pe(x) ~ @f(e)(X)

. (x,y) = {%X(x)(Y) if ox(x))

) . is partial recursive
undefined otherwise

» define g(x) = si("¢y7,x)

B universitat i - .
innsbruck WS 2023 Computability Theory lecture 5 5. Fixed Point Theorem 2124



V recursive function f: N = N Je € N such that pe(x) >~ @) (x)

. b(x.y) = oY) i ox(x))
o undefined otherwise

is partial recursive

» define g(x) = si("y7,x)

» s—-m-ntheorem — (x,y) ~ <Pg(X)(y)
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V recursive function f: N = N Je € N such that pe(x) >~ @) (x)

. b(x.y) = oY) i ox(x))
o undefined otherwise

is partial recursive

» define g(x) = si("¢y7,x)
» s—-m-ntheorem — (x,y) ~ <Pg(X)(y)

» fog isrecursive — 3d suchthat f(g(x)) = p4(x)
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V recursive function f: N = N Je € N such that pe(x) >~ @) (x)

F)(X,}/) _ {LPWX(X)(y) if QOX(X)i

) . is partial recursive
undefined otherwise

» define g(x) = si("y7,x)
» s-m-ntheorem = ¥(X,¥) >~ Qg0 ()
» fog isrecursive — 3d suchthat f(g(x)) = p4(x)

» take e = g(d)
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undefined otherwise

» define g(x) = si("y7,x)
» s-m-ntheorem = ¥(X,¥) >~ Qg0 ()
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V recursive function f: N = N Je € N such that pe(x) >~ @) (x)

F)(X,}/) _ {LPWX(X)(y) if QOX(X)i

) . is partial recursive
undefined otherwise

» define g(x) = si("y7,x)
» s-m-ntheorem = ¥(X,¥) >~ Qg0 ()
» fog isrecursive — 3d suchthat f(g(x)) = p4(x)

» take e = g(d): we(X) = @q(a)(X) =~ ¥(d,x)
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V recursive function f: N = N Je € N such that pe(x) >~ @) (x)

F)(X,}/) _ {LPWX(X)(y) if QOX(X)i

) . is partial recursive
undefined otherwise

» define g(x) = si("y7,x)
» s-m-ntheorem = ¥(X,¥) >~ Qg0 ()
» fog isrecursive — 3d suchthat f(g(x)) = p4(x)

» take e = g(d): we(x) = gpg(d)(x) ~ )(d,x) ~ ’»%d(d)(x)
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V recursive function f: N = N Je € N such that pe(x) >~ @) (x)

F)(X,}/) _ {LPWX(X)(y) if QOX(X)i

) . is partial recursive
undefined otherwise

» define g(x) = si("y7,x)
» s-m-ntheorem = ¥(X,¥) >~ Qg0 ()
» fog isrecursive — 3d suchthat f(g(x)) = p4(x)

» take e = g(d) Lpe(X) = gpg(d)(x) ~ 1/)(d,X) ~ go¢d(d)(X) = ‘Pf(g(d))(X)
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V recursive function f: N = N Je € N such that pe(x) >~ @) (x)

F)(X,}/) _ {LPWX(X)(y) if QOX(X)i

) . is partial recursive
undefined otherwise

» define g(x) = si("y7,x)
» s-m-ntheorem = ¥(X,¥) >~ Qg0 ()
» fog isrecursive — 3d suchthat f(g(x)) = p4(x)

» take e = g(d) Lpe(X) = gpg(d)(x) ~ 1/)(d,X) ~ go¢d(d)(X) = ‘Pf(g(d))(X) = L,Qf(e)(X)
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construct partial recursive function that evaluates to its own index
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construct partial recursive function that evaluates to its own index

» m# is partial recursive = 3 n such that 72(x,y) = ©2(x,y)

» s—m-n theorem =  p2(x,y) = Pgm)(y) for g(x) = s1(n, x)
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construct partial recursive function that evaluates to its own index

» m# is partial recursive = 3 n such that 72(x,y) = ©2(x,y)

» S—m-n theorem =  p2(x,y) = Pgm)(y) for g(x) = s1(n, x)

» fixed point theorem = 3 m such that pm(x) ~ @g(m)(x)
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construct partial recursive function that evaluates to its own index

> 2

is partial recursive = 3 n such that 72(x,y) = @2(x,y)
» s—m-n theorem = QA(X,¥) = @) (¥) for g(x) = s}(n,x)
» fixed point theorem = 3 m such that pm(x) ~ @g(m)(x)

> pm(x) ~ ‘Ps%(n,m)(x)
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construct partial recursive function that evaluates to its own index

» 72 is partial recursive = 3 n such that 72(x,y) = p2(x,y)

» s—-m-n theorem = QA(X,¥) = @) (¥) for g(x) = s}(n,x)
» fixed point theorem = 3 m such that pm(x) ~ @g(m)(x)

> em(X) = Psi(n,m)(X) = @r(m, x)
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construct partial recursive function that evaluates to its own index

» 72 is partial recursive = 3 n such that 72(x,y) = p2(x,y)

» s—-m-n theorem = QA(X,¥) = @) (¥) for g(x) = s}(n,x)
» fixed point theorem = 3 m such that pm(x) ~ @g(m)(x)

> om(X) = Psi(n,m)(X) = @i(m,x) = 7E(m,x) =m
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Important Concepts

» decidable predicate » Kleene’s normal form theorem » T,
> Ve » Kleene’'s s—m-n theorem > t,
> ‘Pg > Snm > U

» Kleene’s fixed point theorem
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Important Concepts

» decidable predicate » Kleene’s normal form theorem » T,
> Ve » Kleene’s s—-m-n theorem » t,
> 903 > snm > u

» Kleene’s fixed point theorem

homework for November 6
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