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Theorem

class R of recursive functions is smallest class of total functions that contains all projection
functions, addition and multiplication, characteristic function y— of equality predicate, and is
closed under composition and minimization

B(a,i) = m(a) mod (1+ (i + 1) m2(a)) Godel’s 3 function

class PA of partial recursive functions is smallest class of partial functions that contains all
initial functions and is closed under composition, primitive recursion and unbounded
minimization:

(i) (F(,¥) = 0) = min{i | f(i,y) = 0 and f(j,y) > 0 forall j < i}

belongs to PA whenever f: N"*1 — N belongs to PA
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function f: N” — N is WHILE computable if 3 WHILE program P(X1, ..., Xn;y) such that
y = f(x1,...,Xp) after execution of P

Theorem

function ¢ is partial recursive <= ¢ is WHILE computable

index "f 1€ N of derivation of partial recursive function f is defined inductively:
» "z =(0) g7 = (i) a1 = (2,n,i)

(3,79™,"h1!,...,"hy") if f is obtained by composing g and hs, ..., hy
<4, !’g‘l7 I’h—\>

(5,797 if f is obtained by minimizing g

>

rfF
> !—f—l
TfF

if f is obtained by primitive recursion from g and h
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3 primitive recursive function u VYn > 1 d primitive recursive predicate T,
V partial recursive function ¢: N7 — N

partial recursiveness and recursiveness coincide for total functions

ey Xny YY)
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Part I: Recursive Function Theory

diophantine sets,
Fibonacci numbers,

fixed point theorem,

normal form theorem,
recursive enumerability, recursive inseparability, s—-m-n theorem,
undecidability,

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, abstraction, arithmetization, S-reduction, CL-representability, combinators,
combinatorial completeness, Church numerals, Church—Rosser theorem,

Curry—-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A-definability, normalization theorem, termination, typing,
undecidability, Z property, ...
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0+y =m(y)
(x+1)+y = s(mi(x+y,x))

108 ="2% ("™+7,(1,1),2)

S

triple(x) = (seq(x) A len(x) = 3)

B universitat
innsbruck WS 2023 Computability Theory lecture 5 2. Normal Form Theorem 824



Key Idea

» encode computation tree T = (x,y,z) asnumber "T7 = ((x,y,2),"T1,..., T,")
T T,
» dependencies between node (x,y,z) and root nodes of its children Ty, ..., T, can be

checked by primitive recursive predicate D

Definitions

» T(x) < D(x) A [len(x) > 1 <= (Vi< len(x)=2)T((x)is2) ]
> To(e,X,y) <= T) A Wha=eA ¥hz2=(X)

> u(x) = (X)1,3

(19(X1> . ~-¢Xn) = U((/jy) Tn(r¢j7xl~, ©o ‘7X”$y))
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Definition of D (cont’d)

» composition  f(xq1,...,%n) = g(h1(X1, .-, Xn)s -y hm(X1, ..., Xn))

with

composition(x) <= seq(x) A len(x) > 3 A triple((x)1) A seq((x)1,1) A (X)1,1,1 =3 A
|en((X)1,1) = Ien(x) AN (VI < Ien(x)é3) |:(X)i+27141 = (X)lﬁl,i+3 A\
(X)it2,12 = X)1,2 A (X)i+2,1,3 = (X)Ien(x)$1.2,i+1] A
(X)Ien(x).l,l = (X)1.1,2 A (X)Ien(x),1,3 - (X)1,3
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> zero ({(0),{x),0))
» successor  (((1),(x),x+1))
» projection  {(((2,n,i),{X1,...,Xn),Xi))

initial(x) <= seq(x) A len(x) = 1 A triple((x)1) A seq((x)1.1) A seq((x)1.2) A

[ zero((x)1) V successor((x)1) V projection((x)1) ]
with
zero(x) <= (x)1 = (0) Alen((x)2) =1 A (x)3 =0
successor(x) <= (x)1 = (1) Alen((x)2) =1 A (X)3 = s((x)2,1)

projection(x) <= len((x)1) =3 A (X)1,1 =2 A (X)1,2 = len((x)2) A (X)1,3 > 1A
(12 =2 (13 A (X)3 = (X)2,000
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Definition of D (cont’d)

f0,y) = g(y)  f(x+1,¥) = h(f(x,y),x.y)

=YH>7Z>7<<rg—|7 <Y1a~~~a)/n>~,z>7‘“>> <<rfjﬁ<x+17yl~,-~~~,Yn>az>7T1,T2>

» primitive recursion

(("F,{0,y1,...
with
!‘f‘\ — <41!'g"l7l‘h_\>
T = ({"F{X,y1,....¥n)s21), ) T = ({"h™{z1,%,y1, ..., ¥n)2Z), )
recursion(x) <= seq(x) A triple((x)1) A triple((X)1,1) A (X)1,1,1 = 4 A seq((x)1,2) A
[(X)121=0 = len(x) =2 A (X)1,12 = (X)2,1,1 A
(x)1,2 =(0); (X)2,12 A (X)1,3 = (X)2,1,3} A [(X)I,Z,l >0 —
len(x) =3 A (X)2,1,1 = (¥)1,1 A (X)2,1,2,0 = P((X)1,2,1) A
(Vi< len((x)1,2) =2) [(¥)1.2,i+2 = (X)2,1,2,i+2] A (X)3,1,1 = (X)1,1,3 A

(x)3,1,2 = ((X)2,1,3) ; (X)2,12 A (X)3,1,3 = (X)1,3}
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Definition of D (cont’d)

» minimization f(y1, .-, ¥n) = (LX) (9(X,y1,--.,¥n) = 0)
minimization(x) <= (homework exercise)

» D(x) <= initial(x) V composition(x) V recursion(x) V minimization(x)

3 primitive recursive function u Vn > 1 3 primitive recursive predicate T,

V partial recursive function ¢: N — N
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3. Undecidability
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3 primitive recursive function u Vn > 1 3 primitive recursive function t,
V partial recursive function ¢: N7 — N ©(x1, .5 xn) 2 u((py) (tn (T X1, ..., Xn, ) = 0))

define t, = x-,

e (X1, .., Xn) = u((ny) (ta(e;x1, ..., xn,y) = 0))

Ve>0 Vn=>1 ¢l is partial recursive
e isnoindex = . is nowhere defined

©g, ¢, 3, ... is enumeration of all n-ary partial recursive functions
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predicate P: N” — B is decidable if yp is recursive

e denotes ¢}

following problem is undecidable:

instance: natural number x
question: is ¢x(x) defined ?
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Proof (by contradiction)

1 if ox(x))
0 if wx(x)1

» function g(x) = (ui) (f(x) = 0) is partial recursive

» suppose f(x) = { is recursive

» de suchthat g = .

»ge)l — fle)=0 <= @e(e)f v
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X +y ispartial recursive = 3Je suchthat x+y = ©2(x,y)
2 +y is partial recursive = 3Je’suchthat 2+y = e (y)
claim: €’ can be computed from e and 2 by primitive recursion

¥m,n > 1 3 primitive recursive function s;': N™tl 5N VeeN

m+n

Pe (Xl7 e Xmy Y1, e :YH) = Sﬁg;p(e,xl,wxm)()’L oco sYn)

» primitive recursive function f: N — N computes index of n-ary constant function cy:

£(0) = (3,(0),(2,n,1)) flx+1) = "soc = (3,(1),f(x))
> sT(e,X1,..-,Xm) = (3,6,f(x1), ..., f(Xm),(2,n,1),...,(2,n,n))
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4. s-m-n or Parameterization Theorem
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5. Fixed Point Theorem
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Kieene’s Fixed Point Theorem Bxample
V recursive function f: N — N Je € N such that e(x) ~ @re)(X) construct partial recursive function that evaluates to its own index

» 72 is partial recursive = 3 n such that m2(x,y) = ©2(x,y)

» S—-m-n theorem =  pi(xy) = ©gx)(y) for g(x) = si(n,x)
proof | ~ fixed point theorem ~ — 3 m such that @m(x) = Py(m)(x)
if (X > X) ~ X) = @2(m,x) = 72(m,x) = m
> Y(x,y) = %px(x)(}/) ex(x)1 is partial recursive em(x) ‘Ps%(n,m)( ) = @a( ) 1( )
undefined otherwise
» define g(x) = si(T7,x)
» s-m-ntheorem — ¥(X,y) =~ pgx)(y)
» fog isrecursive = 3d such that f(g(x)) = ¢4(x)
» take e = g(d):  @e(X) = @g(a)(X) = V(d,X) = Loy (a)(X) = Pr(g(a))(X) = Pr(e)(X)
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Important Concepts

Outline
» decidable predicate » Kleene's normal form theorem » Tn
> Ve » Kleene's s—-m-n theorem > t,
2 > s > u

» Kleene’s fixed point theorem

6. Summary

homework for November 6
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https://en.wikipedia.org/wiki/Stephen_Cole_Kleene
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exercises/05.pdf

	lecture 5
	Summary of Previous Lecture
	Topics

	Normal Form Theorem
	Undecidability
	s-m-n or Parameterization Theorem
	Fixed Point Theorem
	Summary


