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©l(X1, ..., Xn) = u((py) (th(e,x1, ..., Xxn,y) = 0))

vl o, 7, ... is computable enumeration of all n-ary partial recursive functions

predicate P: N7 — B is decidable if xp is recursive

following problem is undecidable:

instance: natural number x
question: is px(x) defined ?
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Kleene’s s-m-n or Parameterization Theorem

Vm,n > 1 3 primitive recursive function s”: N™*! - N Ve eN

m+n

Pe (X17 s Xmy Y1, - '7yn) = ng(e,xl,,,,’xm)(}’b OO Jyn)

Kleene’s Fixed Point Theorem

V recursive function f: N — N Je € N suchthat @e(x) =~ vre)(x)
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Part I: Recursive Function Theory

diophantine sets,
Fibonacci numbers,

recursive enumerability, recursive inseparability,

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, abstraction, arithmetization, S-reduction, CL-representability, combinators,
combinatorial completeness, Church numerals, Church-Rosser theorem,

Curry-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A—definability, normalization theorem, termination, typing,
undecidability, Z property, ...
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Part I: Recursive Function Theory

diophantine sets,
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Outline

2. Recursive and Recursive Enumerable Sets
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. . s _— . 1 ifxeA ) .
» set A C N is recursive if its characteristic function XA(X) = ) is recursive
0 otherwise
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. . s _— . 1 ifxeA ) .
» set A C N is recursive if its characteristic function XA(X) = ) is recursive
0 otherwise

» disjoint sets A, B C N are recursively separable if 3 recursive function f: N — {0,1}
such that
xXeEA = f(x)=0 xXeEB = f(x)=1
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Definitions

. . _— . 1 ifxeA . .
» set A C N is recursive if its characteristic function XA(X) = ) is recursive
0 otherwise
» disjoint sets A, B C N are recursively separable if 3 recursive function f: N — {0,1}
such that
xXeEA = f(x)=0 xXeEB = f(x)=1
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Lemma

if A and B are recursively inseparable then A and B are not recursive
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Lemma

if A and B are recursively inseparable then A and B are not recursive

Theorem

sets A = {x | px(x) = 0} and B = {x | px(x) = 1} are recursively inseparable
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if A and B are recursively inseparable then A and B are not recursive

sets A = {x | px(x) = 0} and B = {x | ¢x(x) = 1} are recursively inseparable

» suppose 3 recursive function f: N — {0,1} separating A and B
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if A and B are recursively inseparable then A and B are not recursive

sets A = {x | px(x) = 0} and B = {x | ¢x(x) = 1} are recursively inseparable

» suppose 3 recursive function f: N — {0,1} separating A and B

» g(x) = 1-=f(x) is recursive
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if A and B are recursively inseparable then A and B are not recursive

sets A = {x | px(x) = 0} and B = {x | ¢x(x) = 1} are recursively inseparable

» suppose 3 recursive function f: N — {0,1} separating A and B

» g(x) = 1-=f(x) is recursive
» Je suchthat g = ¢e
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if A and B are recursively inseparable then A and B are not recursive

sets A = {x | px(x) = 0} and B = {x | ¢x(x) = 1} are recursively inseparable

» suppose 3 recursive function f: N — {0,1} separating A and B

» g(x) = 1-=f(x) is recursive
» Je suchthat g = ¢e
fle) =0
fle) =1
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if A and B are recursively inseparable then A and B are not recursive

sets A = {x | px(x) = 0} and B = {x | ¢x(x) = 1} are recursively inseparable

» suppose 3 recursive function f: N — {0,1} separating A and B

» g(x) = 1-=f(x) is recursive
» Je suchthat g = ¢e

fle) =0 ve(€)

= 1
fle)=1 = we(e)=0
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if A and B are recursively inseparable then A and B are not recursive

sets A = {x | px(x) = 0} and B = {x | ¢x(x) = 1} are recursively inseparable

» suppose 3 recursive function f: N — {0,1} separating A and B

» g(x) = 1-=f(x) is recursive
» Je suchthat g = ¢e

— eeB

fle) =0 ve(€)

= 1
fle)=1 = pele)=0 = ecA
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if A and B are recursively inseparable then A and B are not recursive

sets A = {x | px(x) = 0} and B = {x | ¢x(x) = 1} are recursively inseparable

» suppose 3 recursive function f: N — {0,1} separating A and B

» g(x) = 1-=f(x) is recursive
» Je suchthat g = ¢e

Il
o B

fle) =0 ve(€)

= = eeB = f(e)
fley=1 = pele)

1
0 = ecA = f(e)
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if A and B are recursively inseparable then A and B are not recursive

sets A = {x | px(x) = 0} and B = {x | ¢x(x) = 1} are recursively inseparable

» suppose 3 recursive function f: N — {0,1} separating A and B

» g(x) = 1-=f(x) is recursive
» Je suchthat g = ¢e

Il
o B
>

fle) =0 ve(€)

= = eeB = f(e)
fley=1 = pele)

1
0 = ecA = f(e)
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set A C N is index set if

dEANpPpe~2pgy —> e€ecA

forall d,e € N
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set A C N is index set if

dEANpPpe~2pgy —> e€ecA

forall d,e € N

@ and N are (trivial) index sets
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set A C N is index set if

dEANpPpe~2pgy —> e€ecA

forall d,e € N

@ and N are (trivial) index sets
{e | we is recursive function} is index set
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set A C N is index set if

dEANpPpe~2pgy —> e€ecA

forall d,e € N

@ and N are (trivial) index sets
{e | we is recursive function} is index set
{(0), (1Y} U{(2,n,i) |1 < i< n} isnoindex set
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set A C N is index set if

dEANpPpe~2pgy —> e€ecA

forall d,e € N

@ and N are (trivial) index sets
{e | we is recursive function} is index set
{(0), (1Y} U{(2,n,i) |1 < i< n} isnoindex set

non-trivial index sets are not recursive
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non-trivial index sets are not recursive

» let A be non-trivial index set
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non-trivial index sets are not recursive

» let A be non-trivial index set andlet d € A and e ¢ A
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non-trivial index sets are not recursive

» let A be non-trivial index set andlet d € A and e ¢ A

» suppose A is recursive
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non-trivial index sets are not recursive

» let A be non-trivial index set andlet d € A and e ¢ A

» suppose A is recursive

e ifxeA | ,
» function f defined by f(x) = r !f x ¢ A is recursive
if x
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non-trivial index sets are not recursive

» let A be non-trivial index set andlet d € A and e ¢ A
» suppose A is recursive

» function f defined by f(x) = Z :: i ;2 is recursive
» fixed point theorem = da suchthat ¢, ~ ¢r(y)
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non-trivial index sets are not recursive

» let A be non-trivial index set andlet d € A and e ¢ A
» suppose A is recursive
» function f defined by f(x) = Z :: i ;2 is recursive
» fixed point theorem = da suchthat ¢, ~ ¢r(y)
achA
agA
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non-trivial index sets are not recursive

» let A be non-trivial index set andlet d € A and e ¢ A

» suppose A is recursive

if A
» function f defined by f(x) = {e e

d ifx¢A

is recursive

» fixed point theorem = da suchthat ¢, ~ ¢r(y)

acA = f(a)eA
a¢A = f(a)¢A
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non-trivial index sets are not recursive

» let A be non-trivial index set andlet d € A and e ¢ A

» suppose A is recursive

if A
» function f defined by f(x) = {e e

d ifx¢A

is recursive

» fixed point theorem = da suchthat ¢, ~ ¢r(y)

acA — fla)eA — ecA
a¢A — fla)¢A — d¢A
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non-trivial index sets are not recursive

» let A be non-trivial index set andlet d € A and e ¢ A

» suppose A is recursive

if A
» function f defined by f(x) = {e e

d ifx¢A

is recursive

» fixed point theorem = da suchthat ¢, ~ ¢r(y)

acA — fla)eA — ecA
a¢A — fla)¢A — d¢A
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set A C N is recursively enumerable if A = @ or A is range of unary recursive function
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set A C N is recursively enumerable if A = @ or A is range of unary recursive function

other terminology: semi-decidable computably enumerable
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set A C N is recursively enumerable if A = @ or A is range of unary recursive function

other terminology: semi-decidable computably enumerable

set A is recursive if and only if A and N\ A are recursively enumerable
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set A C N is recursively enumerable if A = @ or A is range of unary recursive function

other terminology: semi-decidable computably enumerable

set A is recursive if and only if A and N\ A are recursively enumerable

following statements are equivalent for any set A C N:
A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» A = @ or A isrange of unary recursive function
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» A = O or A is range of unary recursive function
» & is domain of unary partial recursive function f(x) = (xy) (x+1 = 0)
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» A = O or A is range of unary recursive function f
» & is domain of unary partial recursive function f(x) = (xy) (x+1 = 0)
» define unary function g(x) = (ny) (f(y) = x)
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» A = @ or A is range of unary recursive function f

v

@ is domain of unary partial recursive function f(x) = (xy) (x+1 = 0)
define unary function g(x) = (ny) (f(y) = x)
g is partial recursive

v

v
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» A = @ or A is range of unary recursive function f

v

@ is domain of unary partial recursive function f(x) = (xy) (x+1 = 0)
define unary function g(x) = (ny) (f(y) = x)
g is partial recursive

v

v

v

domain of g is A
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is domain of unary partial recursive function e
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is domain of unary partial recursive function e
» define unary function f(x) = x + z(pe(X))
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is domain of unary partial recursive function e
» define unary function f(x) = x + z(pe(X))
» f is partial recursive
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

v

suppose A is domain of unary partial recursive function e

v

define unary function f(x) = x + z(pe(x))

v

f is partial recursive
ve(X)] = f(x)|

v
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

v

suppose A is domain of unary partial recursive function e

v

define unary function f(x) = x + z(pe(x))

v

f is partial recursive

v

pe(X)) <= f(x) = f(x)=x
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

v

suppose A is domain of unary partial recursive function e

v

define unary function f(x) = x + z(pe(x))

v

f is partial recursive

v

pe(X)) <= f(x) = f(x)=x

v

range of f is A
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is range of unary partial recursive function .
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is range of unary partial recursive function .
» if A= o then A is recursively enumerable
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is range of unary partial recursive function .
» if A= @ then A is recursively enumerable suppose A # @ andlet a € A
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is range of unary partial recursive function .
» if A= @ then A is recursively enumerable suppose A # @ andlet a € A

we(x) if (3y < s)Ti(e,x,y)

» define f(x,s) = a otherwise

and g(x) = f(mi(x), m2(x))
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is range of unary partial recursive function .
» if A= @ then A is recursively enumerable suppose A # @ andlet a € A

we(x) if (3y < s)Ti(e,x,y)

» define f(x,s) = a otherwise

and g(x) = f(mi(x), m2(x))

» f and g are recursive
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

v

suppose A is range of unary partial recursive function .
» if A= @ then A is recursively enumerable suppose A # @ andlet a € A

we(x) if (3y < s)Ti(e,x,y)

define f(x,s) = and X)) =7if X), (X
g (x$) a otherwise 9(x) (m2(x), m2(x))
» f and g are recursive

» claim: rangeof gis A
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

v

suppose A is range of unary partial recursive function .

» if A= @ then A is recursively enumerable suppose A # @ andlet a € A

we(x) if (3y < s)Ti(e,x,y)

define f(x,s) = and X)) =7if X), (X
g (x$) a otherwise 9(x) (m2(x), m2(x))
» f and g are recursive

» claim: rangeof gis A

» ZEA = Zz = pe(x) for some x

L] ﬂwr::;’gifa'ct'?t WS 2023 Computability Theory lecture 6 2. Recursive and Recursive Enumerable Sets 14/31



A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

v

suppose A is range of unary partial recursive function .
» if A= @ then A is recursively enumerable suppose A # @ andlet a € A

define f(x,s) = { Pe®) 1T (3y <s)Tu(e.xy)

- and x) = f(71(x), m2(x
a otherwise 9(x) (m1(x), m2(x))

» f and g are recursive

» claim: rangeof gis A

» ZEA = Z = pe(x) forsome x — Ti(e,x,y) for some y
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is range of unary partial recursive function .
» if A= @ then A is recursively enumerable suppose A # @ andlet a € A

we(x) if (3y < s)Ti(e,x,y)

» define f(x,s) = a otherwise

and g(x) = f(mi(x), m2(x))

» f and g are recursive

» claim: rangeof gis A

» ZEA = Z = pe(x) forsome x — Ti(e,x,y) for some y
» f(x,s) =z forany s >y
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A is recursively enumerable
A is range of unary partial recursive function

A is domain of unary partial recursive function

Proof

» suppose A is range of unary partial recursive function .

» if A= @ then A is recursively enumerable suppose A # @ andlet a € A
» define f(x,s) = {je(X) :tk(jryw;:) Ta(e,x.y) and g(x) = f(mi(x), m2(x))
» f and g are recursive

» claim: rangeof gis A

» ZEA = Z = pe(x) forsome x — Ti(e,x,y) for some y

» f(x,s) =z forany s >y = g(n(x,s)) =z forany s>y
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Lemma

every non-empty recursively enumerable set A C N is range of primitive recursive function
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every non-empty recursively enumerable set A C N is range of primitive recursive function

» A is range of unary recursive function f
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every non-empty recursively enumerable set A C N is range of primitive recursive function

» A is range of unary recursive function f

» let e beindex of f and let a be arbitrary element of A
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every non-empty recursively enumerable set A C N is range of primitive recursive function

» A is range of unary recursive function f

» let e beindex of f and let a be arbitrary element of A
» function

u(()1) if Ta(e, (x)o, (X)1)

a otherwise

is primitive recursive
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every non-empty recursively enumerable set A C N is range of primitive recursive function

» A is range of unary recursive function f

» let e beindex of f and let a be arbitrary element of A
» function

u(()1) if Ta(e, (x)o, (X)1)

a otherwise

is primitive recursive

» rangeof g is A
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3. Diophantine Sets
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set A C N is diophantine if 3 polynomial P(x,y1,...,Yn) with integer coefficients such that

xXeA = 3.y]-"'El.yn'l:)(xvyla"'7yn):O
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https://en.wikipedia.org/wiki/Composite_number

set A C N is diophantine if 3 polynomial P(x,y1,...,Yn) with integer coefficients such that

xXeA = 3.y]-"'El.yn'l:)(xv.yla"'7yn):O

{x | x iseven}
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https://en.wikipedia.org/wiki/Composite_number

set A C N is diophantine if 3 polynomial P(x,y1,...,Yn) with integer coefficients such that

xXeA = 3.y]-"'El.yn'l:)(xv.yla"'7yn):O

{x | x is even} P(x,y) = x — 2y
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https://en.wikipedia.org/wiki/Composite_number

set A C N is diophantine if 3 polynomial P(x,y1,...,Yn) with integer coefficients such that

xXeA = 3.y]-"'El.yn'l:)(xv.yla"'7yn):O

{x | x is even} P(x,y) = x — 2y
{x* | x e N}
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https://en.wikipedia.org/wiki/Composite_number

set A C N is diophantine if 3 polynomial P(x,y1,...,Yn) with integer coefficients such that

xXeA = 3.y]-"'El.yn'l:)(xv.yla"'7yn):O

{x | x is even} P(x,y) = x — 2y
[ | x €N} P(x,y) = x—y?
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https://en.wikipedia.org/wiki/Composite_number

set A C N is diophantine if 3 polynomial P(x,y1,...,Yn) with integer coefficients such that

X€EA = 3.yl"'El.yn'l:)(xv.yla"'7yl7):O

{x | x is even} P(x,y) = x — 2y
{x*|xeN} P(x,y) = x—y?
P(x,y,z) = x—(y+2)(z+2)
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https://en.wikipedia.org/wiki/Composite_number

set A C N is diophantine if 3 polynomial P(x,y1,...,Yn) with integer coefficients such that

X€EA = 3.yl"'El.yn'l:)(xv.yla"'7yl7):O

{x | x is even} P(x,y) = x — 2y
{x* | xeN} P(x,y) = x—y?
{x > 1| x is composite } P(x,y,z) = x—(y +2)(z+2)
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Lemma

diophantine sets are recursively enumerable
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem

diophantine sets are recursively enumerable

» arbitrary diophantine set A
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem

diophantine sets are recursively enumerable

» arbitrary diophantineset A = {x|3y1 --- Iyn P(X,¥1,...,¥n) = 0}
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem

diophantine sets are recursively enumerable

» arbitrary diophantineset A = {x|3y1 --- Iyn P(X,¥1,...,¥n) = 0}
> function o(x) = (ny) (PX, (W1, -+, (¥)n)* = 0)
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem

diophantine sets are recursively enumerable

» arbitrary diophantineset A = {x|3y; --- Iyn P(X,y1,...,¥n) = 0}

» function ¢(x) = (uy) (P(x,(¥)1,---,(¥)n)? = 0) is partial recursive
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem

diophantine sets are recursively enumerable

» arbitrary diophantineset A = {x|3y1 --- Iyn P(X,¥1,...,¥n) = 0}

» function ¢(x) = (uy) (P(x,(¥)1,---,(¥)n)? = 0) is partial recursive
» XEA == o(x)]
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem

diophantine sets are recursively enumerable

» arbitrary diophantine set A = {x|3y1 --- Iyn P(X,¥1,...,¥n) = 0}
» function o(x) = (ny) (P(x,(¥)1,---,(¥)n)? = 0) is partial recursive
» XEA = px)|

Theorem (Matiyasevich 1970)

recursively enumerable sets are diophantine
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem

diophantine sets are recursively enumerable

» arbitrary diophantine set A = {x|3y1 --- Iyn P(X,¥1,...,¥n) = 0}
» function o(x) = (ny) (P(x,(¥)1,---, (¥)n)? = 0) is partial recursive
» XEA = px)|

Theorem (Matiyasevich 1970)

recursively enumerable sets are diophantine

Corollary (MRDP Theorem)

Hilbert’s 10th problem is unsolvable
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem

A is recursively enumerable < A = {P(x31,...,Xp) | X1,...,Xp €N and P(xy,...,Xx,) = 0}
for some polynomial P(x1, ..., x,) with integer coefficients
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A is recursively enumerable <= A = {P(x1,...,Xn) | X1,...,Xn € N and P(xq, ...

for some polynomial P(x1, ..., x,) with integer coefficients

aXn) > 0}
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A is recursively enumerable <= A = {P(x1,...,Xn) | X1,...,Xn € N and P(x1,...,X,) > 0}
for some polynomial P(x1, ..., x,) with integer coefficients

<— X€EA <= dx3 ---3Ixy; P(Xx1,...,%X)—x=0

—> d polynomial Q(x,y1, ..., Yn) with integer coefficients such that

XxX€EA << 3Ty;---3yn QX y1,...,¥n) =0
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A is recursively enumerable <= A = {P(x1,...,Xn) | X1,...,Xn € N and P(x1,...,X,) > 0}
for some polynomial P(x1, ..., x,) with integer coefficients

<— X€EA <= dx3 ---3Ixy; P(Xx1,...,%X)—x=0

—> d polynomial Q(x,y1, ..., Yn) with integer coefficients such that
XxX€EA << 3Ty;---3yn QX y1,...,¥n) =0

define P(X,y1,...,¥n) = X — (x + 1) (Q(x,¥1,---,¥n))?
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A is recursively enumerable <= A = {P(x1,...,Xn) | X1,...,Xn € N and P(x1,...,X,) > 0}
for some polynomial P(x1, ..., x,) with integer coefficients

<— X€EA <= dx3 ---3Ixy; P(Xx1,...,%X)—x=0

—> d polynomial Q(x,y1, ..., Yn) with integer coefficients such that
XxX€EA << 3Ty;---3yn QX y1,...,¥n) =0
define P(X,y1,...,¥n) = X — (x + 1) (Q(x,¥1,---,¥n))?

{P(X,¥1,---,¥n) | X,¥1,...,¥n €N and P(X,y1,...,¥n) = 0}
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A is recursively enumerable <= A = {P(x1,...,Xn) | X1,...,Xn € N and P(x1,...,X,) > 0}
for some polynomial P(x1, ..., x,) with integer coefficients

<— X€EA <= dx3 ---3Ixy; P(Xx1,...,%X)—x=0

—> d polynomial Q(x,y1, ..., Yn) with integer coefficients such that
XxX€EA << 3Ty;---3yn QX y1,...,¥n) =0
define P(X,y1,...,¥n) = X — (x + 1) (Q(x,¥1,---,¥n))?

{P(X,¥1,---,¥n) | X,¥1,...,¥n €N and P(X,y1,...,¥n) = 0}
:{P(X7Y1a-~~a)/n) |X7y1/"'7yn € N and O(Xayla"'ayl’?) = 0}
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A is recursively enumerable <= A = {P(x1,...,Xn) | X1,...,Xn € N and P(x1,...,X,) > 0}
for some polynomial P(x1, ..., x,) with integer coefficients

<— X€EA <= dx3 ---3Ixy; P(Xx1,...,%X)—x=0
—> d polynomial Q(x,y1, ..., Yn) with integer coefficients such that
XxX€EA << 3Ty;---3yn QX y1,...,¥n) =0
define P(X,y1,...,¥n) = X — (x + 1) (Q(x,¥1,---,¥n))?

{POX, Y1, ¥n) | X,¥1,--,¥n €N and P(X,y1,...,¥n) = 0}
:{P(X7Y1a-~~a)/n) |X7y1/~---,yn € N and O(Xayla“--,yn) = 0}
= {x|x,y1,...,¥n €N and Q(x,y1,...,¥n) = 0}
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A is recursively enumerable <= A = {P(x1,...,Xn) | X1,...,Xn € N and P(x1,...,X,) > 0}
for some polynomial P(x1, ..., x,) with integer coefficients

<— X€EA <= dx3 ---3Ixy; P(Xx1,...,%X)—x=0
—> d polynomial Q(x,y1, ..., Yn) with integer coefficients such that
XxX€EA << 3Ty;---3yn QX y1,...,¥n) =0
define P(X,y1,...,¥n) = X — (x + 1) (Q(x,¥1,---,¥n))?

{P(X7y17"'7yn)|X7y17"'7yﬂ€Nand P(vala"~7yﬂ)>
:{P(X7y1a"'1yl’7)|X7y1/"'7yn€Nand O(Xayla"",yl’?)
={x|x,y1,...,¥n €N and Q(x,y1,...,¥n) =0} = A

0}
0
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polynomial P(a, b,

(k+2)< wz+h+j—q) - ((gk+2g+k+1)(h+j)+h—z)2

= (
—@n+p+g+z—e)P— (& -1)y? +1-x%)°

— (16(k+ 13 k+2)(n+1)>+1—)° —(n+1+v—y)
— (16r%y*(@ —1)+1—u?)° — (e (e+2)(a+ 12+ 1 —0%)?
(((a+u2(u a))2 = 1)(n+4dy)? +1 — (x + cu)?)’

— (@ -1)P+1-m?)? —(ai+k+1—1—i)?
(p+l(a—n—1)+b(2an+2a—n —2n—-2)-m)’

— (z+pl(a—p)+t(2ap — p —1)—pm)

—(g+y@a-p —1)—|—S(Zap+26—p2—2p—2)—x)2>
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https://www.jstor.org/stable/10.2307/2318339

Example (Jones, Sato, Wada, Wiens 1976)

polynomial P(a,b, ..., 2):

(k+2)< —(wz+h+j-q)* - ((gk+29+k+1)(h+j)+h—z)2
—@n+p+g+z—e)P— (& -1)y? +1-x%)°
— (16(k +1) (k+2)(n+1)2+1 )2 = (n+1+v—y)?
— (16r? —1)+1-u?)° —((e+2)(a+ 1) +1—0%)
((a+u2(u a))2 = 1)(n+4dy)? +1 — (x + cu)?)’
— (@ -1)P+1-m?)’ —(@i+k+1—1—i)?
—(p +I(a—n—1)+b(2an+2a—n —2n—-2)-m)’
— (z+pl(a—p)+t(2ap — p —1)—pm)

—(q+y(a—p—1)+5(2ap+26—p2—2p—2)—X)2>

generates all prime numbers
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Outline

4. Fibonacci Numbers
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra
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https://www.fq.math.ca/Scanned/13-1/jones.pdf

Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

P(x,y) = 2x +2y3x? + y?x3 — 2yx* — x> — y*x generates set of Fibonacci numbers
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https://www.fq.math.ca/Scanned/13-1/jones.pdf

Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

P(x,y) = 2x +2y3x? + y?x3 — 2yx* — x> — y*x generates set of Fibonacci numbers

demo
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https://www.fq.math.ca/Scanned/13-1/jones.pdf

Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F21 —Fiq1 Fi—F} = (-1)" foralli> 0

1]
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F21 —Fiq1 Fi—F} = (-1)" foralli> 0

I

induction on i
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

induction on i

» i =20
PI:]_
» i >1
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Definition (Fibonacci numbers)

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

Fn+2:Fn+Fn+1

induction on |
= F&,—FiFi—-F}=1-0-0

> | =

0
1
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

induction on i

»i=0 = FA,—FuFi—F

PI:]_
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

induction on i

2=1-0-0=1=(-1)°
»i=1 = F,-Fuf-F=1-1-1
»i>1

»i=0 = FA,—FuFi—F
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

induction on |
»i=0 = Fi2+1_Fi+1Fi_Fi2:1—0—0:1:(—1)0
= — Fi2+1*Fi+1Fi*F,-2:1*1711—1:(—1)1

» i >1
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

induction on i
»i=0 = F,-FuFf-F=1-0-0=1=(-1)°

»i=1 = F,-FuFf-F=1-1-1=-1=(-1)!
»i>1 = Fiy—Finfi—F =Fia+F)? —(Fia+F)F—F
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Definition (Fibonacci numbers)

Fo=0 Fi=1 Friz = Fn+ Fri

F2

2, —Fiy1Fi—F? = (-1)" foralli>0

induction on i
»i=0 = FA,—FnFi-FF=1-0-0= 1:(—1)0

»i=1 = FA,—-Fnfi—-FF=1-1-1
»i>1 = F2,—FuiFi—F? = (Fi1+F)° - ( 1+F )F—FZ— —F? - F2, +FiFiq

/-\
\/

u ﬂw”r:;’gra'ctat WS 2023  Computability Theory lecture 6 4. Fibonacci Numbers 23/31



Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

induction on /

»i=0 = F,—FuaFf-F=1-0-0=1=(-1)°

»i=1 = F,-2+1*Fi+1Fi*F,-2:1*1*1:71:(—1)1

»i>1 = Fy—FaaFi—F =Fia+F)’ —(Fa+F)Fi—F = —F +F 1 +FFi
= —(FF —FiFfii1—F,)
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

induction on i

»i=0 = F,—FuaFf-F=1-0-0=1=(-1)°

»i=1 — F, FoF- F=1-1 1= _1=(1)

»i>1 = Fry—FaFi—F = (F_1+F)?—(F_1+F)F—F} = —F} +F , +FiFi_1
= —(FF —FiFii—Fy) = —(-1)"

1
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Definition (Fibonacci numbers)

Fo =0 FR=1 Fnio = Fn+Fra

F? . —Fiy1 Fi—F? = (=1)/ foralli> 0

induction on i

»i=0 = FA,—FuFi-FF=1-0-0=1=(-1)°

»i=1 = FL,-Fpfi-FF=1-1-1=-1=(-1)

»i>1 = Fry—FaFi—F = (F_1+F)?—(F_1+F)F—F} = —F} +F , +FiFi_1
= —(FF—FF1—Fy) = —(-1)" = (-1)’

1
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Vv -yx—-x*=1Ax,y>0 = x=F; andy = Fy;;; forsome i >0
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y?—yx—x*=1AXxy>0 = Xx=F;andy=F forsomei>0

induction on x
» x =0

» x>0
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y2—yx—x*=1AXxy>0 = Xx=F;andy=F forsomei>0

induction on x
» x =20 = y = 1

» x>0
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y?—yx—x*=1AXxy>0 = Xx=F;andy=F forsomei>0

induction on x
»x=0 — y=1 = i=0

» x>0
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y?—yx—x*=1AXxy>0 = Xx=F;andy=F forsomei>0

induction on x
»x=0 — y=1 = i=0

» x>0 — yx+x2>y
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y2—yx—x*=1AXxy>0 = Xx=F;andy=F forsomei>0

induction on x
»x=0 — y=1 = i=0

x>0 = yx+xX*>y = 1=y —(yx+x)<y’-y
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y?—yx—x*=1AXxy>0 = Xx=F;andy=F forsomei>0

induction on x
»x=0 — y=1 = i=0

2

> x>0 = yx+xX’>y = 1=y -(yx+xX) <y -y = y=>2

B universitat i < £
innsbruck WS 2023 Computability Theory lecture 6 4. Fibonacci Numbers 24/31



Y—yx—x*=1AXxy=>0

— Xx=Fz and y = Fyj4; forsome i > 0

induction on x

»x=0 = y=1 = i=0

(x+1)2 = x*+2x+1

l=y’—(yx+x*)<y’-y = y>=>2
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Y—yx—x*=1AXxy=>0

— Xx=Fz and y = Fyj4; forsome i > 0

induction on x

»x=0 = y=1 = i=0

» x>0 = yx+x*>y =

1=y (yx+x3)<y’—-y = y=2
(X+1)2:X2+2X+1<x2+yx+1
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YP—yx—x*=1AXxy>0

— Xx=Fz and y = Fyj4; forsome i > 0

induction on x

»x=0 = y=1 = i=0

» x>0 = yx+x*>y =

1=y xt) <yioy = y32
(X+1)2:X2+2X+1<X2+yx+1:y2
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Y—yx—x*=1AXxy=>0

— Xx=Fz and y = Fyj4; forsome i > 0

induction on x

»x=0 = y=1 = i=0

» x>0 = yx+x*>y =

l=y’—(yx+x*)<y’-y = y>=>2

(X+12 =x2+2x+1 <X +yx+1=y2 — y>x
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y2—yx—x>=1Ax,y=>0

— X =Fy;and y = F;4; forsome i > 0

induction on x

»x=0 — y=1 = i=0

» x>0 = yx+x2>y = 1l=y?-—(yx+x3)<y’-y = y>=2
(x+1)2=x24+2x+1< X2 +yx+1=y? = y>x

y? =yx+x2+1
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y—yx—x*=1Axy>0 —

X =F,;and y = F,j+; forsome i > 0

induction on x

»x=0 — y=1
» x>0

— i=0

= yx+x2>y = 1=y>—(yx+x3)<y?>-y

X2 +yx+1=y?

== y=2
(x+1)? =x2+2x+1<

= y>x

V2=yx+x>+1<yx+x2+x=yx+(x+1)x
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y—yx—x*=1Axy>0 —

X =F,;and y = F,j+; forsome i > 0

induction on x

»x=0 — y=1
» x>0

— i=0

= yx+x2>y = 1=y>—(yx+x3)<y?>-y

X2 +yx+1=y?

== y=2
(x+1)? =x2+2x+1<

= y>x

V2=yx+x>+1<yx+x2+x=yx+(x+1)x

<yx+yx =2yx
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y—yx—x*=1Axy>0 —

X =F,;and y = F,;;; forsome i > 0

induction on x

»x=0 — y=1
» x>0

— i=0

= yx+x2>y = 1=y>—(yx+x3)<y?>-y

X2 +yx+1=y?

== y=2
(x+1)? =x2+2x+1<

= y>x

V2=yx+x>+1<yx+x2+x=yx+(x+1)x

<yx+yx=2yx — y<2x
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Yi—yx—-x2=1Axy>0 =—

X = Fy; and y = Fp;,1 for some i > 0

induction on x
»x=0 = y=1 = i=0

» x>0 = yx+x*>y =

1=y —(yx+x3) <yl—y — y>2
(x+1P2? =x24+2x+1<XP+yx+1=y? = y>x
V2=yx+x2+1<yx+x2+x=yx+(x+1)x < yx+yx = 2yx

= y < 2X
leta=2x—yand b =y —x
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Yi—yx—-x2=1Axy>0 =—

X = Fy; and y = Fp;,1 for some i > 0

induction on x
»x=0 = y=1 = i=0

» x>0 = yx+x*>y =

l=y’—(yx+x*)<y’-y = y>=>2

(X+12 =x242x+1< X2 +yx+1=y? — y>x

V2=yx+x>+1<yx+x? +x=yx+ (x+1)x < yx+yx =2yx

= y < 2X
|eta:2xfyandb:yfx —_— 0

<a<x

| | umver5|tat
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Yi—yx—-x2=1Axy>0 =—

X = Fy; and y = Fp;,1 for some i > 0

induction on x
»x=0 = y=1 = i=0

» x>0 = yx+x*>y =

l=y’—(yx+x*)<y’-y = y>=>2

(x+12 =x+2x+1< X2 +yx+1=y> = y>x
V2=yx+x2+1<yx+x2+x=yx+(x+1)x < yx+yx = 2yx

= y < 2X
|eta:2xfyandb:yfx —_— 0

<a<xand 0<b

| | umver5|tat
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y2—yx—x*=1Ax,y>0 = x=F andy = Fy;;; forsomei> 0

induction on x

»x=0 — y=1 = i=0

» x>0 = yx+x2>y = 1l=y?-—(yx+x3)<y’-y = y>=2
(x+1P2? =x24+2x+1<XP+yx+1=y? = y>x
V2=yx+x2+1<yx+x2+x=yx+(x+1)x < yx+yx = 2yx
leta=2x—yand b=y—x — O0<a<xandO0<b
b*—ba—a*=(y—x)* - (y —x)(2x —y) = (2x —y)?

= y < 2x
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yV2—yx—x*=1AXx,y>0 = x=Fandy = F,;;; forsomei >0

induction on x

»x=0 — y=1 = i=0

» x>0 = yx+x2>y = 1l=y?-—(yx+x3)<y’-y = y>=2
(x+1P2 =x2+2x+1< X2 +yx+1=y> = y>x
V2=yx+x2+1<yx+x2+x=yx+(x+1)x < yx+yx = 2yx
leta=2x—yand b=y—x — O0<a<xandO0<b
b>—ba-a’=(y-x0’-(y-x)2x—y)—(2x—y)’ =y? ~yx—x* =1

= y < 2x
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y2—yx—x*=1Ax,y>0 = x=F andy = Fy;;; forsomei> 0

induction on x
»x=0 — y=1 = i=0

» x>0 = yx+x2>y = 1l=y?-—(yx+x3)<y’-y = y>=2

(x+1)2=x24+2x+1<xX2+yx+1=y? = y>x

V2=yx+ x> +1<yx+x°+x=yx+(x+1)x <yx+yx =2yx =— y<2x
leta=2x—yand b=y—x — O0<a<xandO0<b
b>—ba-a’=(y-x0’-(y-x)2x—y)—(2x—y)’ =y? ~yx—x* =1

a = F,; and b = F,;;; forsome i > 0 by induction hypothesis
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y2—yx—x*=1Ax,y>0 = x=F andy = Fy;;; forsomei> 0

induction on x

»x=0 — y=1 = i=0

» x>0 = yx+x2>y = 1l=y?-—(yx+x3)<y’-y = y>=2
(x+1P2 =x2+2x+1< X2 +yx+1=y> = y>x

V2=yx+ x> +1<yx+x°+x=yx+(x+1)x <yx+yx =2yx =— y<2x
leta=2x—yand b=y—x — O0<a<xandO0<b
b>—ba-a’=(y-x0’-(y-x)2x—y)—(2x—y)’ =y? ~yx—x* =1

a = F,; and b = F,;;; forsome i > 0 by induction hypothesis
X=a+b
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y2—yx—x*=1Ax,y>0 = x=F andy = Fy;;; forsomei> 0

induction on x

»x=0 — y=1 = i=0

» x>0 = yx+x2>y = 1l=y?-—(yx+x3)<y’-y = y>=2
(x+1P2 =x2+2x+1< X2 +yx+1=y> = y>x

V2=yx+ x> +1<yx+x°+x=yx+(x+1)x <yx+yx =2yx =— y<2x
leta=2x—yand b=y—x — O0<a<xandO0<b
b>—ba-a’=(y-x0’-(y-x)2x—y)—(2x—y)’ =y? ~yx—x* =1

a = F,; and b = F,;;; forsome i > 0 by induction hypothesis
X=a+bandy=b+x
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y2—yx—x*=1Ax,y>0 = x=F andy = Fy;;; forsomei> 0

induction on x

»x=0 — y=1 = i=0

» x>0 = yx+x2>y = 1l=y?-—(yx+x3)<y’-y = y>=2
(x+1P2 =x2+2x+1< X2 +yx+1=y> = y>x

V2=yx+ x> +1<yx+x°+x=yx+(x+1)x <yx+yx =2yx =— y<2x
leta=2x—yand b=y—x — O0<a<xandO0<b
b>—ba-a’=(y-x0’-(y-x)2x—y)—(2x—y)’ =y? ~yx—x* =1

a = F,; and b = F,;;;1 forsome i > 0 by induction hypothesis
Xx=a+hbandy=b+x = x=F;u) andy="Fyi1)
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y2—yx—-x*=-1Ax>20Ay>0 = x=F1andy=F,;,, forsomei >0
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V2—yx—-x>=-1Ax>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» X <Yy

» y < X

B universitat i < £
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V2—yx—-x>=-1Ax>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» X<y

leta=y—xand b =x

>y < X
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V2—yx—-x>=-1AXx>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» X <Yy

leta=y—xand b =x

a>0andb=>0

» y < X
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V2—yx—-x>=-1Ax>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» X <Yy

leta=y—xand b =x
a>0andb>0

b2 —ba—a? = x* —x(y = x) — (v~ x)?

» y < X

B universitat i < £
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V2—yx—x>=-1AXx=20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» X <Yy

leta=y—xand b =x
a>0andb>0

b?—ba-a’=x>—x(y—-x)—(y—x)?>=—-(y’—yx—x*)=1

» y < X
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V2—yx—-x>=-1Ax>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

> x<y

leta=y—xand b =x
a>0andb>0
b?—ba-a>=x>—x(y—x)—(y —x)* = —=(y* —yx-x*) = 1

a = Fy; and b = F,;4; forsome i > 0 according to lemma

» y < X
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V2—yx—-x>=-1Ax>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» XYy
leta=y—xand b =x

a>0andb>0

b2 —ba—a? =x* —x(y—x) (Y~ %) = ~(y* ~yx—x*) = 1
a = Fy; and b = F,;4; forsome i > 0 according to lemma

X = Fait1

>y < X
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V2—yx—-x>=-1Ax>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» XYy
leta=y—xand b =x

a>0andb>0

b2 —ba—a’ = x> —x(y —x) ~(y = x)? = ~(y? ~yx—x) = 1
a = Fy; and b = F,;4; forsome i > 0 according to lemma
X=Fjx1andy =a+x=Fj

>y < X
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V2—yx—-x>=-1AXx>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» XYy
leta=y—xand b =x

a>0andb>0

b2 —ba—a’ = x> —x(y —x) ~(y = x)? = ~(y? ~yx—x) = 1
a = Fy; and b = F,;4; forsome i > 0 according to lemma
X=Fjy1andy =a+x=F

»y<x = yx=y>—x*+1<0
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V2—yx—-x>=-1Ax>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis
» X<y

leta=y—xand b =x

a>0andb=>0

b?—ba-a’=x>—x(y—-x)—(y—x)?>=—-(y’—yx—x*)=1

a = Fy; and b = F,;4; forsome i > 0 according to lemma
X=Fjy1andy =a+x=F

»y<x = yx=y"-x+1<0 = yx=0
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V2—yx—-x>=-1AXx=20Ay>0 = x=F,;andy = Fyj,, forsomei >0

case analysis

» X <Yy
leta=y—xand b =x

a>0andb>0

b2 —ba—a’ = x> —x(y —x) ~(y = x)? = ~(y? ~yx—x) = 1
a = Fy; and b = F,;4; forsome i > 0 according to lemma
X=Fjy1andy =a+x=F

»y<x = yx=y’-x>+1<0 = yx=0 = y=0
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V2—yx—-x>=-1Ax>20Ay>0 = x=F,;andy = Fy;,, forsomei>0

case analysis

» XYy
leta=y—xand b =x

a>0andb>0

b2 —ba—a’ = x> —x(y —x) ~(y = x)? = ~(y? ~yx—x) = 1
a = Fy; and b = F,;4; forsome i > 0 according to lemma
X=Fjy1andy =a+x=F

P y<x = yx=y’-x*41<0 — yx=0 =— y=0 4
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Corollary ©

{x>0]|y?—yx—x?= =1 forsome y > 0} is set of Fibonacci numbers
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Corollary ©

{x>0]|y?—yx—x?= =1 forsome y > 0} is set of Fibonacci numbers

Corollary

{x>0]|(y?—yx—x2)?—-1=0 forsomey > 0} is set of Fibonacci numbers
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Corollary ©

{x>0]|y?—yx—x?= =1 forsome y > 0} is set of Fibonacci numbers

Corollary

{x>0]|(y? —yx—x2)?—-1=0 forsomey > 0} is set of Fibonacci numbers

Corollary

set of Fibonacci numbers is diophantine
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y>0AXx>20 = y’-yx—x>#0
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y>0AXxX>20 = y’—yx—x*>+#0

case analysis

» x =0

» x>0
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y>0AXxX>20 = y’—yx—x*>+#0

case analysis

»x=0 = Yy -yx—-x*=y*>0
» x>0

B universitat i < £
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y>0AXxX>20 = y’—yx—x*>+#0

case analysis

»x=0 = Yy -yx—-x*=y*>0
» x>0

4(y? —yx —x?) = (2y — x)? — 5x2

B universitat i < £
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y>0AXxX>20 = y’—yx—x*>+#0

case analysis
»x=0 = Yy’ —yx—x>=y>>0

» x>0

4(y? —yx —x?) = (2y — x)? — 5x2

2 2 12y — x|
2y —x2-52=0 = 5="1Y"7
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y>0AXxX>20 = y’—yx—x*>+#0

case analysis
»x=0 = Yy’ —yx—x>=y>>0

» x>0
4(y? —yx —x?) = (2y — x)? — 5x?
2y — X
2y —x?-5x2=0 — ﬁ:g g
X
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y>0AXxX>20 = y’—yx—x*>+#0

case analysis

»x=0 = Yy -yx—-x*=y*>0
» x>0

4(y? —yx —x?) = (2y — x)? — 5x2
2y —
2y —x?—5x =0 — @:\yxix\ ;

2y —x)> =5x2 £ 0
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y>0AXxX>20 = y’—yx—x*>+#0

case analysis

»x=0 = Yy -yx—-x*=y*>0
» x>0

4(y? —yx —x?) = (2y — x)? — 5x2
2y —
2y —x?—5x =0 — @:\yxix\ ;

Qy —x)?-5x2#0 = y?—-yx—x*2#0
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

B universitat ili " "
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

B universitat i < "
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y = Fiqa
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fn1 = (P-yx—-x)2=1
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fu = P-yx-xX)P=1 = 2-(y-yx-x*)=1

B universitat i < "
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x

B universitat i < "
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0
y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x

» z=P(x,y) > 0 forsome x,y > 0

M universitat i < "
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0
y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x

» z=P(x,y) >0 forsome x,y >0 = z=x(2—(y?>—yx—x?)?)
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0
y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?)

two cases
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?)

two cases

»y=0 = z=x(2-x%

»y >0
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?

two cases

»y=0 = z=x2-x*) = x=1

»y >0
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?

two cases

»y=0 = z=x(2-x%) = x=1 = x isFibonacci number

»y >0

B universitat i < "
innsbruck WS 2023 Computability Theory lecture 6 4. Fibonacci Numbers 28/31



set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?

two cases

»y=0 = z=x(2-x%) = x=1 = x isFibonacci number

»y>0 =— y>2—yx—x?+#0 bylemma
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) >0 forsome x,y >0 = z=x(2—(y?>—yx—x?)?)

two cases

»y=0 = z=x(2-x%) = x=1 = x isFibonacci number

»y>0 =— y>2—yx—x?+#0 bylemma = 0<(y?—yx—x°)?
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?)

two cases

»y=0 = z=x(2-x%) = x=1 = x isFibonacci number

»y>0 =— y>2—yx—x?+#0 bylemma = 0< (Y’ -yx—x?)? <2
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?

two cases

»y=0 = z=x(2-x%) = x=1 = x isFibonacci number

»y>0 =— y>2—yx—x?+#0 bylemma = 0< (Y’ -yx—x?)? <2

(v —yx—x*)? =1
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?)

two cases

»y=0 = z=x(2-x%) = x=1 = x isFibonacci number

»y>0 =— y>2—yx—x?+#0 bylemma = 0< (Y’ -yx—x?)? <2

(V2 —yx—x*)? =1 = z=x
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set of Fibonacci numbers equals non-negative values of P(x,y) = x(2 — (y? — yx — x?)?)

two directions

» X is Fibonacci number — x =F; forsome i > 0

y=Fin1 = (P-yx—x*P=1 = 2-(y’-yx—x*)?=1 = P(x,y)=x
» z=P(x,y) > 0 forsome x,y >0 = z=x(2—(y?—yx—x?)?

two cases

»y=0 = z=x(2-x%) = x=1 = x isFibonacci number

»y>0 = y2—yx—x%+#0 bylemma = 0< (Y’ -yx—x?)? <2

(y>?—yx—x?)?=1 = z=x = zisFibonacci number by corollary
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Theorem (Jones 1975)

P(x,y) = 2x +2y3x? + y?x3 — 2yx* — x> — y*x generates set of Fibonacci numbers
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https://www.fq.math.ca/Scanned/13-1/jones.pdf

P(x,y) = 2x +2y3x? + y?x® — 2yx* — x> — y*x generates set of Fibonacci numbers

2x +2y3x2 +y2x3 = 2yx* — x° —yix = x(2 — (y? —yx — x?)?)
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https://www.fq.math.ca/Scanned/13-1/jones.pdf

P(x,y) = 2x +2y3x? + y?x® — 2yx* — x> — y*x generates set of Fibonacci numbers

Pyt =x(2 - (P —yx—x°)?)

P(2,2) = —28

2x 4+ 2y3x% + y2x3 —2yx* — x
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https://www.fq.math.ca/Scanned/13-1/jones.pdf

P(x,y) = 2x +2y3x? + y2x® — 2yx* — x> — y*x generates set of Fibonacci numbers

Pyt =x(2 - (P —yx—x°)?)

P(2,2) = —28

2x 4+ 2y3x% + y2x3 —2yx* — x

there exists no polynomial Q(x1, ..., x,) such that
{O(X1, ..., Xn) | X1,...,Xp = 0}

is set of Fibonacci numbers
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Outline

5. Summary
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Important Concepts

» diophantine set » recursive set
» Fibonacci numbers » recursive enumerable set
» index set » recursive separable sets
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http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exercises/06.pdf

Important Concepts

» diophantine set » recursive set
» Fibonacci numbers » recursive enumerable set
» index set » recursive separable sets

homework for November 13
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