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Definitions

» set A C N is recursive if its characteristic function y, is recursive

» disjoint sets A,B C N are recursively separable if there exists f: N — {0,1} € R such that
xXeEA = f(x)=0 xeB = f(x)=1

» set A C N is recursively enumerable if A = @ or A is range of unary recursive function

» set AC N is indexset if d€A AN pe 9y — ecA forall d,eeN

» if A and B are recursively inseparable then A and B are not recursive
» set A is recursive if and only if A and N\ A are recursively enumerable

Rice’s Theorem

non-trivial index sets are not recursive

W universitat i i
B universita WS 2023  Computability Theory lecture 7 1. Summary of Previous Lecture 3/31

Outline

1. Summary of Previous Lecture
2. Combinatory Logic

3. Combinators

4. Church Numerals

5. Combinatorial Completeness
6. CL-Representability

7. Confluence

8. Summary

B universitat "
W innsbruck WS 2023 Computability Theory lecture 7 a1

Theorem

» sets A = {x| px(x) = 0} and B = {x | px(x) = 1} are recursively inseparable
» following statements are equivalent for any set A C N:

@ A isrecursively enumerable

@ A isrange of unary partial recursive function

® A is domain of unary partial recursive function

set A C N is diophantine if 3 polynomial P(x,y1,...,Yn) With integer coefficients such that
XEA < 3Fy; --- 3y, P(X,y1,...,¥n) =0

A is diophantine <= A = {P(x1,...,Xn)|X1,...,%X, €N and P(x1,...,Xp) > 0}
for some polynomial P(x1, ..., Xx,) with integer coefficients
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http://cl-informatik.uibk.ac.at/teaching/ws23/ct
http://cl-informatik.uibk.ac.at/~ami

diophantine sets are recursively enumerable

recursively enumerable sets are diophantine

Hilbert’s 10th problem is unsolvable

P(x,y) = 2x +2y3x% + y?x3 — 2yx*

there exists no polynomial Q(x, ..

is set of Fibonacci numbers

— x> — y*x generates set of Fibonacci numbers

., Xpn) such that

{O(XL 6o

o Xn) | X1, ey Xn > 0}
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Part I: Recursive Function Theory

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, abstraction, arithmetization, S-reduction, CL-representability, combinators,
combinatorial completeness, Church numerals, Church—Rosser theorem,

Curry-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A\-definability, normalization theorem, termination, typing,
undecidability, Z property, ...
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CL-terms are built from

» infinite set of variables V = {x,y,z, ...}

» constants I K S

» application (s-t) for CL-terms s and t

y S (1K) (x-(S-y)) (s-n-n functional notation

y S IK x(Sy) Sli applicative notation

Notational Conventions

» juxtaposition for application
» association to the left to reduce number of parentheses
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https://en.wikipedia.org/wiki/Hilbert%27s_tenth_problem
https://www.fq.math.ca/Scanned/13-1/jones.pdf

» set Var(t) of variables of CL-term t is inductively defined:

o if t € {1,K,S}
Var(t) = < {t} ifteV
Var(tl) UVar(tz) if t = tity

» combinator is CL-term t such that Var(t) = @

(weak) reduction is smallest relation — on CL-terms such that

t—u t—u
It — t Ktu — t Stuv — tv(uv) tv — uv vt — vu
for all CL-terms t, u, v
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» normal form is CL-term t such that t — u for no CL-term u

» —T is transitive closure of —

» —* is transitive and reflexive closure of —

» t —'uif t =* u for normal form u

» CL-term t is normalizing if t —' u for some CL-term u

» infinite reduction is sequence (t;);>o such that t; — tjy, forall i > 0

» CL-term t is terminating if there are no infinite reductions starting at t

combinator SII(SIl) is not terminating:

SI(SI) — I(SH)(I(SI)) — SIH(I(SI)) — SII(SII)
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B = S(KS)K C = S(BBS)(KK) Y = B(SI)(SI)(B(SI)(SII))

Bxyz =1 x(y2) Cxyz —* xzy Yx —T x(Yx)

Bxyz — KSx(Kx)yz — S(Kx)yz — Kxz(yz) — x(yz)
Cxyz — BBSx(KKx)yz — BBSxKyz —*1 B(Sx)Kyz —1 Sx(Ky)z — xz(Kyz) — xzy

Yx =% SI(SH(B(SI)(SI)))x — Ix(SH(B(S)(SI))x) —F x(I(B(SI)(S))(I(B(SI)(SI)))x)
5+ x(B(SI)(SI)(B(SI)(SI1))x) = x(Yx)
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n = (SB)"(KI)

nxy =+ x"y

inductionon n > 0

Oxy =Kixy = ly - y=x"y

n+1xy=SBnxy — Bx(nx)y =" x(nxy) =T x(x"y) = x""'y
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forall n > 0 Church numeral n is combinator

Kl ifn=20
m = n
- SBn—1 ifn>0 -

(SB)"(KI)

function f: N7 — N is CL-representable if there exists combinator F such that

= Fxi--- X, =7y

f(x1,...,Xn) isundefined = Fxy --- X, is not normalizing
forall x1,...,x,,y €N
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n = (SB)"(KI)

initial functions are CL-representable

prof .|
= K(KI):
SB:

_ Ki—l((BK)n—i |)
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» CL-term [x]t is defined for all CL-terms t and variables x:

| if t =x
[x]t = { Kt if x ¢ Var(t)
S([x]t1)([x]tz2) if t = t1t; and x € Var(t)

» [x1 ... Xxp|t abbreviates [x1](... [xn]t...)

5. Combinatorial Completeness

[xyZz](xzy) = [xyl(s([2](x2))([2]y)) = [xy¥](S(S([2]x)([2]2))(Ky)) = [xy](S(S(Kx)1)(Ky))
= [XI(S(yI(S(S(R)N))([y1(Ky))) :[ J(S(K(S(S(R)NM(S([y1K)([y1x)))
= [XI(S(K(S(S(Kx)1)))(S(KK)I)) =
= S(S(KS)(S(KK)(S(KS )(S(S(KS)(S(KK)|))(K|)))))(K(S(KK)I))
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x ¢ Var([x]t) for every CL-term t with Var(t) = {x1,..., X}
3 combinator C suchthat Cx; --- x, —* t
3 combinator D such that D x; -+ x, —* t[D/x1]

([x]t)x —* t forall CL-terms t and variables x

induction on ¢ T ——

»t=x = (x]lt)x =Ix=>x =t @ C=[x1...xpJt: Cxy---xp =1 ([x2...xp])X2 - xp =T -+ =F ¢t
» x ¢ Var(t) = ([x]t)x = Ktx — t @ D=YC: DXy -+ Xp =T CD X3 -+ xXp =T t[D/x1]
» t = t1t; and x € Var(t) = ([x]t1)x =" t; and ([x]t)x —" t; by induction hypothesis

— (X x = S(IXIt)(IxIt)x — (X)X (([xX]t)x) =" tity = ¢
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Definition (Bracket Abstraction, Optimized)

» CL-term (x)t is defined for all CL-terms t and variables x:

u if t =ux and x ¢ Var(u)
bl = I !ft:x it = Bu((x)v) !ft:uv and x ¢ Var(u)
Kt if x ¢ Var(t) C((x)u)v if t =uv and x ¢ Var(v)
S((x)u)((x)v) if t =uv and x € Var(u) N Var(v)
» (X1 ...Xp)t abbreviates (x1)(... (Xp)t...)
(xyz)(xzy) = (xy)(C((2)(x2))y) = {(xy)(Cxy) = (x)(Cx) = C
((x)t)x —* t for all CL-terms t and variables x
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CL-representable functions are closed under composition

CL-representable functions are closed under primitive recursion

(y17 .. ‘7yn)
(FOX Y10 -5 Yn)s X Y15 -5 V)

f(07y17"'7yn) =g
h
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6. CL-Representability
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p _ Jo9lva, - yn) if x =0
(X, Y1, ¥n) = .
h(f(x—1,y1,...,¥n),X—1,¥1,...,¥n) otherwise

Booleans

Xy - ly -y

Test for Zero

zero? = C(B(CIK))(K(KI))

—* B(CIK) 0 (K(KI)) —* CIK(0 (K(KI))) — CIKI —* IIK —* K =

—7 B(CIK)n + 1 (K(KI)) =" CIK(SB n (K(KI))) —* CIK(B(K(KI))(n (K(KI))))
=" 1(B(K(KN)(n (K(KI)))K — B(K(KI))(n (K(KI)))K

—* K(KI)(n (K(KI))K) — KI =

= o
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Predecessor

= c(c(ci((cn(ci(sB))))(K(kn))!

represents predecessor function
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CL-representable functions are closed under primitive recursion

f(0,y1,...,¥n) =
f(X+1ay17"~ayn) =

with G, H representing g, h

(yl7"'7YH)
(f(X,YL~~-aYn)~,Xs)/1~,~--~,)/n)

Fxy:s - yn=( X)(Gy1 - Yn)(HF(PX)y1 -+~ Yn) (PX)y1 -+ ¥n)
F=(xy1...yn)(( X)(Gyr - yn) (HF(PX)y1 -+ ¥n) (PX)y1 -+ ¥n))

F=Y({(fxyr...yn)((

X)(Gy1 - ya) (HE(PX)y1 -+ ¥n) (PX)y1 -+ ¥n)))

primitive recursive functions are CL-representable
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function f: N” — N is CL-representable i

forall x1,..., x5,y €N

f there exists combinator F such that

*

= FXx1- Xy 2"y

= FXxy1 -+ Xp is not normalizing

is it possible that both Fxj --- X, =" y and Fxy --- X, =" Z with y # z?

no, because CL has unique normal forms:

t =~ n A

YV term t V normal forms n; and n;

t—="n, = ni=n;
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CLis confluent: VsVtVu[s ="t As =" u = Jv(t 5" v AU =" V)] s

v
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CL has unique normal forms
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Important Concepts

> — » CL-term > ]

> T » combinator » S

> » combinatorial completeness » succ

> ! » combinatory logic » T

» B » confluence » termination

> [x]t > » unique normal forms
> (x)t » F » (weak) reduction
» bracket abstraction » K > Y

» C » normal form > zero

» Church numeral » normalization » zero?

» CL-representable function » P

homework for November 20
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