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Definition (Parallel Reduction)

>t t forall t € {S,K,I1} UV
» It 4t Ktu-+t Stuv 4 tv(uv) forall CL-terms t,u,v

» tity 4 uruy if tp 4 up and & 4 uy forall CL-terms tq, t;, ug, U;

» > C 4 C =
» -4 has diamond property

Corollary

CL is confluent
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ARS A = (A, —) has Z property if a3 b

a—>b = b —="ela) =" eb)

for some function e on A

a—*"b = a® —* b* forevery ARS (A, —) with Z property for e

functions ¢ and x on CL-terms:

ut(vt) ifs=Suv
o u®xv® ift=uv u if s =Ku
t° = . sxt = .
t otherwise t if s =1

st otherwise

u :‘:wnr:ggltalctl?t WS 2023  Computability Theory lecture 9 1. Summary of Previous Lecture 4/23



every ARS with Z property is confluent

Theorem

CL has Z property for ¢

recursion combinator is combinator R such that

Rxy0 <™ x Rxyn+1<+"yn(Rxyn)

if R is recursion combinator then
F={(zy1...¥n)(R(Gy1 ---yn){uv)y(Hvuys - - yn)2)

represents primitive recursive function f based on g and h
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(xyz)(z (Ky) x) = C(BC(B(CI)K)) (pairing combinator)
(xy)(D (succ (y 0)) (x (v 0) (¥ 1)))
(xyz)(z(Qy) (P 0Ox)1)

T O O
[

xy0 =+ x

xyn —* yforalln>0
x(Dny) >t Dn+1(xny)
is recursion combinator

CL-representable functions are closed under minimization
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Part I: Recursive Function Theory

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, arithmetization, 3-reduction,

Curry-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A—definability, normalization theorem, termination, typing,
undecidability,
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Part I: Recursive Function Theory

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, arithmetization, S-reduction, CL-representability,

Curry-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A—definability, normalization theorem, termination, typing,
undecidability,
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Outline

2. Strategies
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» (many-step) strategy S for ARS A = (A, —) is relation —s such that

@D —s5 C =T

M universitat i i
innsbruck WS 2023 Computability Theory lecture 9 2. Strategies 9/23



» (many-step) strategy S for ARS A = (A, —) is relation —s such that
@D —s5 C =T
® NF(—s) = NF(A)
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» (many-step) strategy S for ARS A = (A, —) is relation —s such that
@D —s5 C =T
® NF(—s) = NF(A)

» one-step strategy satisfies —-s C —
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» (many-step) strategy S for ARS A = (A, —) is relation —s such that
@D —s5 C =T
® NF(—s) = NF(A)

» one-step strategy satisfies —-s C —

» strategy S is deterministic if a = b whenever a s« - —gs b
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» (many-step) strategy S for ARS A = (A, —) is relation —s such that
@ —s C =T
® NF(—s) = NF(A)

» one-step strategy satisfies —-s C —

» strategy S is deterministic if a = b whenever a s« - —gs b

» strategy S for ARS A is normalizing if every normalizing element is S—terminating
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Definitions

» (many-step) strategy S for ARS A = (A, —) is relation —s such that
® —s C ="
® NF(—s) = NF(A)
» one-step strategy satisfies —-s C —
» strategy S is deterministic if a = b whenever a s« - —s b
» strategy S for ARS A is normalizing if every normalizing element is S—terminating

» strategy S for ARS A is hyper-normalizing if every normalizing element is terminating
with respectto —* - —»g - —=*
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Definitions

» (many-step) strategy S for ARS A = (A, —) is relation —s such that
D —s C =T
® NF(—s) = NF(A)
» one-step strategy satisfies —-s C —
» strategy S is deterministic if a = b whenever a s« - —s b
» strategy S for ARS A is normalizing if every normalizing element is S—terminating

» strategy S for ARS A is hyper-normalizing if every normalizing element is terminating
with respectto —* - —»g - —=*

hyper-normalization == normalization
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°

S, is normalizing for every ARS with Z property for e
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°

S, is normalizing for every ARS with Z property for e

@a—-"bandn>0 = b —=* e"(a)
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°

S, is normalizing for every ARS with Z property for e

®a—"bandn>0 = b —*e"(a) byinductionon n:

a—>c—>""1p
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°

S, is normalizing for every ARS with Z property for e

®a—"bandn>0 = b —*e"(a) byinductionon n:

a—c—="tbh = c—*e(a) (Z property)
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°

S, is normalizing for every ARS with Z property for e

®a—"bandn>0 = b —*e"(a) byinductionon n:

a—c—="tbh = c—*e(a) (Z property)

»n=1 — b=c
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°

S, is normalizing for every ARS with Z property for e

®a—"bandn>0 = b —*e"(a) byinductionon n:

a—c—="tbh = c—*e(a) (Z property)

»n=1 — b=c

»n>1 = b —*e"c) (induction hypothesis)
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°

S, is normalizing for every ARS with Z property for e

®a—"bandn>0 = b —*e"(a) byinductionon n:
a—c—="tbh = c—*e(a) (Z property)

»n=1 — b=c

»n>1 = b —*e"c)

171(c) = o"(a)

(induction hypothesis)

(n — 1 applications of monotonicity)
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strategy S, for ARS A with Z property for e: a - b if a ¢ NF(A) and b = a°

S, is normalizing for every ARS with Z property for e

®a—"bandn>0 = b —*e"(a) byinductionon n:
a—c—="tbh = c—*e(a) (Z property)
»n=1 =— b=c

»n>1 = b —*e"c) (induction hypothesis)

o' 1c) —»* o"(a) = b —* e&"(a) (n — 1 applications of monotonicity)
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@ a—-"bandn>0 = b —=*e"(a)

@ a «»S" e"(a) foralln >0
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@ a—-"bandn>0 = b —=*e"(a)

@ a —eS" e"(a) forall n > 0 by induction on n

»n=0 =— a=e"(a)
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@ a—-"bandn>0 = b —=*e"(a)

@ a —eS" e"(a) forall n > 0 by induction on n
»n=0 = a=e"(a)

»n>0 = a «S"!e"1(a) (induction hypothesis)
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@a—="bandn>0 = b =" e"(a)
@ a —eS" e"(a) forall n > 0 by induction on n
»n=20 — g = o”(a)

»n>0 = a «S"!e"(a) 7 &"1(a)* (induction hypothesis)
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@a—="bandn>0 = b =" e"(a)
@ a —eS" e"(a) forall n > 0 by induction on n
»n=20 — g = o”(a)

»n>0 = a «S""!e"(a) 7 ¢"1(a)* = e"(a) (induction hypothesis)
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@ a—-"bandn>0 = b —=*e"(a)

@ a «»S" @"(a) forall n > 0 by induction on n
»n=0 =— a=e"(a)
»n>0 = a «S""!e"(a) 7 ¢"1(a)* = e"(a) (induction hypothesis)

® a —" b with n > 0 and b € NF(—)
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@a—-"bandn>0 = b —=* e"(a)

@ a «»S" @"(a) forall n > 0 by induction on n

»n=0 =— a=e"(a)

»n>0 = a «S""!e"(a) 7 ¢"1(a)* = e"(a) (induction hypothesis)
® a —" b with n > 0 and b € NF(—)

a =S" e"(a) *« b
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@ a—-"bandn>0 = b —=*e"(a)

@ a «»S" @"(a) forall n > 0 by induction on n

»n=0 =— a=e"(a)

»n>0 = a «S""!e"(a) 7 ¢"1(a)* = e"(a) (induction hypothesis)
® a —" b with n > 0 and b € NF(—)

a =S"e"a) b =— a-=<"b
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@ a—-"bandn>0 = b —=*e"(a)

@ a «»S" @"(a) forall n > 0 by induction on n

»n=0 =— a=e"(a)

»n>0 = a «S""!e"(a) 7 ¢"1(a)* = e"(a) (induction hypothesis)
® a —" b with n > 0 and b € NF(—)

a S"e"a) b = a-=S"b = &, isnormalizing
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Se is normalizing strategy for every ARS with Z property for e

Proof (cont’d)

@a—="bandn>0 = b =" e"(a)
@ a —eS" e"(a) forall n > 0 by induction on n

»n=0 =— a=e"(a)

»n>0 = a «S""!e"(a) 7 ¢"1(a)* = e"(a) (induction hypothesis)

® a —" b with n > 0 and b € NF(—)

a S"e"a) b = a-=S"b = &, isnormalizing

S,e is hyper—-normalizing strategy for every ARS with Z property for e
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S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "
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S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "

» suppose a —* b - C

u :‘:wnr:ggltalctl?t WS 2023  Computability Theory lecture 9 2. Strategies 12/23



S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "

» suppose a —* b - C

» b ¢ NF
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S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "

» suppose a —* b - C

»b¢NF — a¢NF

u :‘:wnr:ggltalctl?t WS 2023  Computability Theory lecture 9 2. Strategies 12/23



S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "

» suppose a —* b - C

» béNF — a¢NF — a - e(a)
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S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "

» suppose a —* b - C

» b¢NF = a¢NF = a - e(a) =™ ¢(b) (monotonicity)
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S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "

» suppose a —* b - C

» b¢NF — a¢NF = a <> e(a) =" ¢(b)=c (monotonicity)
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S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "

» suppose a —* b - C
» b¢NF — a¢NF = a <> e(a) =" ¢(b)=c (monotonicity)

® S, is normalizing strategy
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S,e is hyper—-normalizing strategy for every ARS with Z property for e

Proof (sketch)

@D = > C - "

» suppose a —* b - C
» b¢NF — a¢NF = a <> e(a) =" ¢(b)=c (monotonicity)

® S, is normalizing strategy — S, is hyper-normalizing strategy
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Outline

3. Normalization Theorem
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» root reduction < : It <5t Ktu St Stuv S tv(uv)

for all CL-terms t, u, v
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» root reduction : It <5t Ktu St Stuv S tv(uv)

. |
» leftmost outermost reduction —>»:

t-Su
|
Ty

for all CL-terms t, u, v
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» root reduction : It <5t Ktu St Stuv S tv(uv)

. |
» leftmost outermost reduction —>»:

lo

t=u t—=—u tveNF(>)
t 1%y tv % uv

for all CL-terms t, u, v
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» root reduction : It <5t Ktu St Stuv S tv(uv)

. |
» leftmost outermost reduction —>»:

lo

t=u t—=—u tveNF(>) t—u VvteNF(=) veNF(—)
t 1%y tv % uv vt % vu

for all CL-terms t, u, v
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» root reduction : It <5t Ktu <t Stuv S tv(uv)
> leftmost outermost reduction —:
t-Su t% u  tveNF(<) t% u  vteNF(<) veNF(=)
t-%u tv % uv vt 2 vu
for all CL-terms t, u, v
KI(IS) <> |
KI(IS) 221 KI(IS)I € NF(-)
KI(IS)1 25 11 K(KI(IS)I) € NF(<+) K € NF(—)

K(KI(IS)1) 225 K(1I)
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t 2% yif t — u but not t % u
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t 2% yif t — u butnot t ‘% u

55555555 — SS(SS)SSSS  — SS(SSS)SSS  — SS(SSSS)SS
— S5(S5(SS))SS — SS(SS(SS)S)S — SS(SS(SSS))S
—+ SS5(SS(SSS)S) — SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

$5555555 —% S5(S5)SSSS  — SS(SSS)SSS  — SS(SSSS)SS
— S5(S5(SS))SS — SS(SS(SS)S)S — SS(SS(SSS))S
—+ SS5(SS(SSS)S) — SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

$5555555 —% S5(S5)SSSS  —% SS(SSS)SSS  — SS(SSSS)SS
— S5(55(SS))SS — SS(SS(SS)S)S — SS(SS(SSS))S
—+ SS(SS(SSS)S) — SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

SSS5555S —2 SS(SS)SSSS  —25 S5(SSS)SSS —2» SS5(SSSS)SS
— S5(S5(SS))SS — SS(SS(SS)S)S — SS(SS(SSS))S
—+ SS5(SS(SSS)S) — SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

SSSSS5SS —2 SS(SS)SSSS —25 S5(SSS)SSS —25 SS5(SSSS)SS
20, 55(55(SS))SS — SS(SS(SS)S)S — SS(SS(SSS))S
—+ SS5(SS(SSS)S) — SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

SSS5555S —2 SS(SS)SSSS —25 S5(SSS)SSS —2» SS5(SSSS)SS
2oy $5(55(55))SS —25 SS(SS(SS)S)S — SS(SS(SSS))S
— SS(SS(SSS)S) — SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

SSS5555S —2 SS(SS)SSSS —25 S5(SSS)SSS —2» SS5(SSSS)SS
2oy S5(55(55))SS —25 SS(SS(SS)S)S —2 SS(SS(SSS))S
— SS(SS(SSS)S) — SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

SSS5555S —2 SS(SS)SSSS —25 S5(SSS)SSS —2» SS5(SSSS)SS
2oy S5(55(S5))SS —25 SS(SS(SS)S)S 2 SS(SS(SSS))S
10, S5(S5(SSS)S) — SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

SSS5555S —2 SS(SS)SSSS —25 S5(SSS)SSS —2» SS5(SSSS)SS
2oy S5(55(55))SS —25 SS(SS(SS)S)S 24 SS(SS(SSS))S
19, S5(55(5SS5)S) —25 SS(SS(SSSS)) — SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

SSS5555S —2 SS(SS)SSSS —25 S5(SSS)SSS —2» SS5(SSSS)SS
2oy S5(55(55))SS —25 SS(SS(SS)S)S 24 SS(SS(SSS))S
19, S5(S5(SSS)S) —25 SS(SS(SSSS)) —25 SS(SS(SS(SS)))
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t 2% yif t — u butnot t ‘% u

SSS5555S —2 SS(SS)SSSS —25 S5(SSS)SSS —2» SS5(SSSS)SS
2oy S5(55(55))SS —25 SS(SS(SS)S)S 24 SS(SS(SSS))S
19, S5(S5(SSS5)S) —25 SS(SS(SSSS)) —25 SS(SS(SS(SS)))
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leftmost outermost reduction is normalizing

B universitat ili T
M innsbruck WS 2023  Computability Theory lecture 9 3. Normalization Theorem 16/23



leftmost outermost reduction is normalizing

» assume t —'u
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leftmost outermost reduction is normalizing

» assume t >'u = t %+ . 2%« by factorization
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leftmost outermost reduction is normalizing

» assume t >'u = t %+ . 2%« by factorization

\ -1 - .
» uisnormal form = v —>u isimpossible
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leftmost outermost reduction is normalizing

» assume t >'u = t %+ . 2%y by factorization

lo %

\ -1 - .
» uisnormalform = v —>%u isimpossible — t->*u
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leftmost outermost reduction is normalizing

» assume t ' u = t-%*. 2%y py factorization

» uisnormal form = v =%y isimpossible = t-%*y

Theorem

leftmost outermost reduction is hyper—-normalizing
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leftmost outermost reduction is normalizing

» assume t >'u = t %+ . 2%« by factorization

lo %

\ -l - .
» uisnormal form = v —3u isimpossible = t->*u

leftmost outermost reduction is hyper—-normalizing

infinite reduction
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leftmost outermost reduction is normalizing

» assume t >'u = t %+ . 2%« by factorization

lo %

\ -l - .
» uisnormal form = v —3u isimpossible = t->*u

leftmost outermost reduction is hyper—-normalizing

infinite reduction

tﬂlo*. lo .ﬂlo*. lo '—\Io*.”

gives rise to infinite 1% reduction starting from t by factorization
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combinator SII(SIl) is not terminating:

SI(SI) —s 1(SI)(I(SI)) — SI(I(SI)) — SII(SI)
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combinator SII(SIl) is not normalizing:

SI(SI) 25 1(SI)(I(SI)) 22 SI(I(SI)) — SII(SI)
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. |y if xy —=*0
K X ( y) ifxy =" n+1
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Y% if xy —*0
MY X ( y) ifxy =" n+1

> Pxy =" DO ({uv)(u (x (succv))u (succ v))) (xy) (T x) y
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Y% if xy —*0
MY X ( y) ifxy =" n+1

> Pxy =" DO ({uv)(u (x (succv))u (succ v))) (xy) (T x) y

» Xy —* 0 = Pxy =" 0(Tx)y
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Y% if xy —*0
MY X ( y) ifxy =" n+1

> Pxy =" DO ({uv)(u (x (succv))u (succ v))) (xy) (T x) y

> Xy =% 0 = Pxy=*0(Tx)y ="y
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Y% if xy —*0
MY X ( y) ifxy =" n+1

T
> Pxy =" DO ({uv)(u (x (succv))u (succ v))) (xy) (T x) y

> Xy =% 0 = Pxy=*0(Tx)y ="y

» Xy " n+1 — xy =" ((uv)(u (x( v)) u ( V) (T x)y
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T
> Pxy =" DO ({uv)(u (x (succv))u (succ v))) (xy) (T x) y
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Y% if xy —*0
MY X ( y) ifxy =" n+1

T
> Pxy =" DO ({uv)(u (x (succv))u (succ v))) (xy) (T x) y

> Xy =% 0 = Pxy=*0(Tx)y ="y

» Xy " n+1 — xy =" ((uv)(u (x( v)) u ( V) (T x)y

il 19/23
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1, ..., Xn)
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by combinators U and G
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by combinators U and G

» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

» Fo = (x1 - Xp)(P(Gxy --- x,) 01 (Fy X1 --- x,)) represents ¢
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

» Fo = (x1 - Xp)(P(Gxy --- x,) 01 (Fy X1 --- x,)) represents ¢

» A=GX; - Xpand B =Fy X1 -+ X
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

Fo = (x1 - xp)(P(Gx1--xp)01(FL X1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

Fo = (x1 - xp)(P(Gx1--xp)01(FL X1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d

o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

Fo = (x1 - xp)(P(Gx1--xp)01(FL X1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

F2X1"'Xn—>* AOIB
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

Fo = (x1 - xp)(P(Gx1--xp)01(FL X1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

Faxy---xp =" PAOIB <™ PAyIB
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,xn) =~ u((pi) (g(x1,...,Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

Fo = (x1 - xp)(P(Gx1--xp)01(FL X1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

Fax1 - xp =" PAOIB <" PAyIB <" ylIB
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,Xn) ~ u((pi) (9(x1, ..., Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

F; =(x1 - Xn)(P(GX1---Xn) 01 (F1x1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

Fyxi - xp = PAQOIB <" PAyIB <* yIB —* IVB
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,Xn) ~ u((pi) (9(x1, ..., Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

F; =(x1 - Xn)(P(GX1---Xn) 01 (F1x1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

Fyxi -+ xp, =* PAQOIB +* PAyIB <* yIB —=*1YB —* B
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,Xn) ~ u((pi) (9(x1, ..., Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

F; =(x1 - Xn)(P(GX1---Xn) 01 (F1x1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

Fyxi -+ xp, =* PAQOIB +* PAyIB <* yIB —=*1YB —* B
—" U(PAO)
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,Xn) ~ u((pi) (9(x1, ..., Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

F; =(x1 - Xn)(P(GX1---Xn) 01 (F1x1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

Fyxi -+ xp, =* PAQOIB +* PAyIB <* yIB —=*1YB —* B
=" U((PAOD) <* Uy
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,Xn) ~ u((pi) (9(x1, ..., Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

F; =(x1 - Xn)(P(GX1---Xn) 01 (F1x1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

Fyxi -+ xp, =* PAQOIB +* PAyIB <* yIB —=*1YB —* B
=" U((PAO0) < Uy =" u(y)
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partial recursive functions are CL-representable by combinators in normal form

partial recursive function ¢(x1,...,Xn) ~ u((pi) (9(x1, ..., Xn,i) = 0))
with primitive recursive functions u and g that are represented by combinators U and G
» F1 = (x3 -+ xp)(U(P(Gx1 -+ Xp) 0))

F; =(x1 - Xn)(P(GX1---Xn) 01 (F1x1 -+ Xp)) represents ¢

v

» A=GX; - Xpand B =Fy X1 -+ X

v

case 1: (X1, ..., Xn)d
o(x1, ..., xn) = u(y) for y = (i) (9(x1, ..., %n,i) = 0)

Fyxi -+ xp, =* PAQOIB +* PAyIB <* yIB —=*1YB —* B
=" U((PAO0) <" Uy =" u(y) = o(x1,...,Xn)
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T

F2X1"'Xn*>* AOIB
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T

FiXi - X, =»* PAOIB =* TA(AQ)(TA)0IB
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T

Fyxi- Xp =" PAOIB »* TA(A0)(TA)OIB >* TAm—+1(TAO0IB
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T

Fyx1- Xp =" PAOIB »* TA(A0)(TA)OIB >* TAm—+1(TAO0IB
—* DO ((uv)(u(A( v)) u ( v)))m+1(TA)0IB
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T
FyXy -+ Xy =" PAOIB —* TA(AOQ)(TA)OIB —-* TAm+1(TA)0IB

—* DO ((uv)(u(A( v)) u ( v)))m+1(TA)0IB
=" (uv)(u(A( v)) u ( v)) (TA)0 1B

B universitat il _ -
innsbruck WS 2023 Computability Theory lecture 9 4. CL-Representability 21/23



Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))
with primitive recursive functions u and g that are represented by U and G

>F1:<X1"'Xn>(U( (le"'xn)o))
» Fo = (x1 - xp)(P(Gxy --- x,) 01 (F1 x1 -+ x,)) represents ¢
» A=GX; - Xp,and B =Fy X1 -+ X

» case2: (X1, ...,Xp)T

FyXy---Xn =" PAOIB —* TA(AQ)(TA)OIB »* TAm+1(TA)0IB
—* DO ((uv)(u(A(succv))u(succv)))m+1(TA)0IB
=" (uv)(u (A (succv))u (succv)) (TA)0IB
—* TA(A(succ0)) (T A) (succ0) 1B
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T

Fyx1- Xp =" PAOIB »* TA(A0)(TA)OIB >* TAm—+1(TAO0IB

—=* DO (uv)(u(A( v)) u ( v)))m+1(TA)0IB
—* (uv)(u (A ( v)) u ( v))(TA)OIB

—* T A (A (succ 0)) (T A) (succ0)IB
—*TA(A1)(TA)1IB
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T

Fyx1- Xp =" PAOIB »* TA(A0)(TA)OIB >* TAm—+1(TAO0IB

—* DO ((uv)(u(A( v)) u ( v)))m+1(TA)0IB
—* {uv)(u (A( v)) u ( v))(TA)OIB

—* TA(A( 0)) (T A) ( 0) 1B
—*TAAL)(TA)LIB =" .- " TA(A2)(TA)2IB
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T

Fyx1- Xp =" PAOIB »* TA(A0)(TA)OIB >* TAm—+1(TAO0IB

—* DO ((uv)(u(A( v)) u ( v)))m+1(TA)0IB

—* {uv)(u (A( v)) u ( v))(TA)OIB

—* TA(A( 0)) (T A) ( 0) 1B

—*TAAL) (TA)LIB =" --- " TAA2)(TA)2IB —* ---
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Proof (cont’d)

partial recursive function ¢(x1,...,Xn) ~ u((pi) (9(x1, ..., Xn,i) = 0))
with primitive recursive functions u and g that are represented by U and G

>F1:<X1"'Xn>(U( (le"'xn)o))
» Fo = (x1 - xp)(P(Gxy --- x,) 01 (F1 x1 -+ x,)) represents ¢
» A=GX; - Xp,and B =Fy X1 -+ X

» case2: (X1, ...,Xp)T

FyX1 -+ Xy =" PAOIB -* TA(AQ)(TA)OIB " TAm+1(TA)0IB
—>* 0 ((uv)(u(A(succv))u(succv))) m+1(TA)QIB
uv)(u (A (succv))u (succv)) (TA)OIB
*TA(A(succ0)) (T A) (succ0)IB
TTAAL(TA)LIB = - 5" TA(A2)(TA)2I1B =~

L i_x_

lo

contains — step
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Proof (cont’d)

partial recursive function ¢(x1,...,xn) =~ u((i) (g(x1,...,Xn,i) = 0))

with primitive recursive functions u and g that are represented by U and G
> Fr=(x1 - X)(U (P (Gx1 - xy) 0))

» Fo = (X1 Xp)(P(GX1 - -Xp) 01 (F1 X1 - Xn)) represents ¢

» A=GX1 - X,and B =F1 X1 -+ Xp

» case2: (X1, ...,Xp)T

Fyx1- Xp =" PAOIB »* TA(A0)(TA)OIB >* TAm—+1(TAO0IB
—* DO ((uv)(u(A( v)) u ( v)))m+1(TA)0IB

—* {uv)(u (A( v)) u ( v))(TA)OIB

—* TA(A( 0)) (T A) ( 0) 1B

— AAL(TA)1IB =" - 5" TAA2)(TA)21B =" ---

lo

contains — step — F; X1 --- X, has no normal form by hyper-normalization of to,
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Outline

5. Summary
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Important Concepts

- S » hyper—normalization » root reduction
> o » normalization > S,

» o, » leftmost outermost reduction » strategy

» deterministic » normalization theorem > T

» factorization » P
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Important Concepts
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