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Definitions

» (many-step) strategy S for ARS A = (A, —) is relation —s on A such that -s € —* and
NF(—s) = NF(A)

» one-step strategy satisfies -5 C —

» strategy S is deterministic if a = b whenever a s - —gs b

» strategy S for ARS A is normalizing if every normalizing element is S-terminating

» strategy S for ARS A is hyper-normalizing if every normalizing element is terminating
with respectto —* - —g - —=*

» strategy S, for ARS A with Z property for e: a -+ b if a ¢ NF(A) and b = a°

» root reduction < : It <5t Ktu <t Stuv S tv(uv)

» leftmost outermost reduction %

t->u t%u  tveNF(S) t2%u  vteNF(S)  veNF(=)

t 1%y tv % uv vt % vu

» t 2% yif t — u butnot t '% u
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Theorem

Se is hyper—normalizing for every ARS with Z property for e

Theorem (Factorization)

—lo *

o @ e, By

Normalization Theorem

leftmost outermost reduction is hyper—normalizing

Theorem

partial recursive functions are CL-representable by combinators in normal form
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Part I: Recursive Function Theory

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, arithmetization, S-reduction,

Curry-Howard isomorphism, de Bruijn notation, n-reduction, fixed point theorem,
intuitionistic propositional logic, A-definability, termination, typing,
undecidability,
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2. Arithmetization
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function ¢ is partial recursive <= ¢ is CL-representable

Remark (Hindley and Seldin, CUP 2008)

The main theorem of this chapter will be that every partial recursive function can be
represented in both A and CL.

The converse is also true, that every function representable in X or CL is partial recursive.
But its proof is too boring to include in this book.
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Godel number of CL-term is defined inductively:

g(l) = (0) g(K) = (1) 9(S) = (2) g(tu) = (3,9(t),g(u)) g(xi) = (4,i)

predicates I(x), K(x), S(x), A(x), V(x), term(x) are defined inductively:

I(x) <= seq(x) Alen(x)=1A (x)1 =0
K(x) <= seq(x)Alen(x)=1A (x);=1
S(x) <= seq(x) Alen(x)=1A (x); =2
A(x) <= triple(x) A (x)1 = 3 A term((x)2) A term((x)3)
V(x) <= seq(x) Alen(x) =2 A (x); =4
term(x) < I(x) V K(x) V S(x) V A(x) V V(x)
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t > u t - u
It —t Ktu — t Stuv — tv(uv) tv — uv vt = vu

predicate step(x,y) is inductively defined:

step(x,y) <= term(x) A term(y) A A(x) A

{ [1(002) A (03 = ¥]
V [A((x)2) A K((X)2,2) A (X)2,3 = ]
v [AX)2) A A((0)2.2) A S(X)2.2.2) A AY) A AY)2) A A(Y)s) A

X)2) A A
(X223 = 2.2 A ()23 = (V)32 A (¥)3 = (V)23 A (X)3 = (¥)3,3]
V [A(y) A step((x)2. (¥)2) A (X)3 = (¥)3]

V [A(Y) A (x)2 = (v)2 A step((x)3, (¥)3) ]
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(pefinkions

» predicates reduction(x) and conversion(x)

reduction(x) <= seq(x) A (Vi < len(x)=1) [ step((x),(x)i+1) |

conversion(x) <= seq(x) A (Vi < len(x)=1) [ step((x), (x)i+1) V step((x)i+1,(x)i) ]
» predicates zero(x) and numeral(x)

zero(x) <= A(x) A K((x)2) A 1((x)3)

numeral(x) <= zero(x) V [A(X) A A((x)2) A S((x)2,2) A B((X)2,3) A numeral((x)s) |

> enc(n) = g(n)

enc(0) = g(Kl) = (3,(1),(0)) = 18375000
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» function dec: N — N

0 if zero(x)
dec(x) = ¢ dec((x)3)+1 if numeral(x) A —zero(x)
0 otherwise

CL-representable functions are partial recursive

proof |
first(x) = (x)1 last(x) = (X)ien(x) O(FX1 - Xn) = (3,...(3,9(F),enc(x1)),...enc(xn))

f(X1,...,Xn) =~ dec(last( (u i) [reduction(i) A first(i) = g(Fx1 --- Xn) A numeral(last(i))]))
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3. Second Fixed Point Theorem
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Tt7 = g(t) is Church numeral of Godel number of CL-term t

V CL-term F 3 CL-term X suchthat F"X' <* X

» primitive recursive function a(x,y) = (3,x,y) is represented by combinator A

> ATETTUY 5 (3,9(t), g(u) = gltu) = TtuT

» primitive recursive function enc(x) = g(x) is represented by combinator E

v

E rtj <_>* g(@) — rrt—\j
Y =(x)(F(Ax(Ex))) and X =YY"
> X &F F(ATYT(ETYT)) % FATYTTTY T (3% FrYyry ™l = FrxT

v
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4. Undecidability
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Definitions

» sets T and U of CL-terms are recursively separable if {g(t) |t € T} and {g(u) |u € U} are
recursively separable

» set T of CL-terms is conversion—closed if u € T whenever t €T and t <* u

non-empty conversion—-closed sets of CL-terms are recursively inseparable

Proof (by contradiction)

» non-empty conversion-closed sets T and U of CL-terms
» I recursive function f: N — {0,1} such that

teT = f(g(t)) =0 teU = f(g(t)) =1

- V= {t]|f(a(t) = 0}
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Proof (cont’d)

» TCVand UNV =90
f is represented by F

\4

teV = F't'&*0 t¢v — FTtl <"1

AeTand Be U

v

» G = (x)( (Fx)BA))
teV = G't'«"B té¢Vv — Gt A
» JX suchthat G"X" <+* X by fixed point theorem

XeV = X&"GX'w"B = XeU = X¢V
X¢V = X&"G XA = XeT = XeV 4
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non-trivial conversion-closed sets of CL-terms are not recursive

» non-trivial conversion-closed set T of CL-terms

» ~T = {t|t¢T} is non-empty conversion-closed set of CL-terms
» T and ~T are recursively inseparable = T is not recursive

set of normalizing CL-terms is not recursive: decision problem

instance: ClL-term t
question: is t normalizing ?

is undecidable
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5. Typing
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Definition (Types)

» infinite set V of type variables

» set C of type constants

» set T of types is defined inductively:
» VCT
» CCT
» if o, 7€T then (6 = 7) €T

» outermost parentheses are omitted

» — isright-associative: p — o — 7 stands for p — (¢ — 7)
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Definition (Type Assignment, Curry-style)

» type assignment formula t: 7 with CL-term t and type 7

» type assignment system TA

l:0 =0 Kio—=1—>0 S:(p—mo—=17)=(p—0)—=p—T

t:o—>T1 u:o

tu: T

for all types o, 7, p and CL-terms t and u

= t:7if t:7 can be derived in TA from assumptions in I
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Example ©

F SKK: o — o for all types o

S:(c—=(c—=0)=0)>(c—=0—0)—20—0 Kiog—(oc—=0)—0

SK:(c w0 —0)—0c—0 Kioc—o—o
SKK: 0 — o

Example ©

X:0—>T,y:0F Kxly:r

Ki(o=>71)=(p—2p)m0c—>T7 Xx:i0—T

Kx:(p—p)—=oc—T l:p—p

Kxl:0 — 7 y:o

Kxly : 7
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if [, x:oFt:7and x¢Var(l') then T - [x]t:0c — 7T

induction on definition of [x]t

@t=x = [xjt=lando=7 =— Frtlio—=w7 = T[Flioc—rT

@ x¢Var(t) = [x|t=Ktandl Ft:7

FK:itT=20—=-7 = [ EFEKtio—=7

@t=tt, = [x|t=S(x|tr)(x]tz)and L x:0Fty:m —>7andl x:0kF tp:7
It [x]t1:0 -7 — 7 and T  [x]t; : 0 = 7 by induction hypothesis

FS:(c—-mn—=71)=(c—>mn)—2o—=17 = TFS(x]ta)([x]tz) :0—7
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fTr'Ft:7andt —wuthenl Fu:7r

Ot=It  ty=u — +tl:o—w7andlN+-ty:0 — o=7 — T Fu:7

@t:Ktltzﬁtlzu — [TFEKty:o—7and T F t:0o
— FKip—2o—=>7andlkFt:p = p=7 = [lFu:t

® t = Stitts 4)t1t3(t2t3):U — [FSthitb:o—>7and [l - t3:0
— [FSth:p—so—7andllkFth:p = FS:ip—p—o—7andl Ft:p
— p=oc—pandu=0—p1—>7 — [ FhHts:prp—>7andl F tt3: ;1
— [ Fu:T

@t:tltz%ultZZUWithtl—)Ul — Fl—tl:a—>randrl—t2:o
—> [ F u;:0 — 7 byinduction hypothesis — T Fu:7

M universitat i i
innsbruck WS 2023 Computability Theory lecture 10 5. Typing 23/26



fTr'Ft:7andt —wuthenl Fu:7r

Proof (cont’d)

@t:tltzﬁtjUz:UWithtz‘)Uz — [ITHFth:oc—>7and T F t:0o

—> [ F uy:0 byinduction hypothesis — [ Fu:7

CL-term t with Var(t) = {x1,...,x,} is typable if

X1:P1y-- 3 Xnipn EET

for some types p1,...,pn, T
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6. Summary
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Important Concepts

» Tt » Tt 7 » T

» arithmetization > g(t) » TA

» C » Godel number » type

» conversion-closed » recursive separability » type assignment
» dec(n) » SN » type constant

v

enc(n)

v

subject reduction >V

homework for December 11
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