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Theorem (Strong Normalization)

typable CL-terms are terminating (SN)

typable CL-term t is strongly computable (SC) if
» t has atomic type 7 € VUC and is SN
» t hastype 0 — 7 and tu is SC whenever u : o is SC

every typable term is SC and every SC term is terminating
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problem

instance: ClL-term t
question: is t typable ?

is decidable

principal type of combinator t is any type o such that
@ Ft:o

@ if - t: 7 then 7 is substitution instance of o

every typable combinator has principal type
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Type Inference

principle types can be computed by typing rules of TA (with type variables o, 7, p)

t:o—r7 u:o
l:0 =0 Kio—7—>0 S:(p—mo—=>1)=>(p—0)—=p—>T tu:r

and unification algorithm

type 7 is inhabited if + t: 7 for some combinator t

problem

instance: type 7
question: is 7 inhabited ?

is decidable
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Intuitionistic Propositional Logic

» basic connectives — A V L
» derived connectives
> abbreviates ¢ — L
> T abbreviates | — |
» ¢ 1) abbreviates (¢ — ) A (¥ — @)

» implication fragment contains only —

Kripke model is triple C = (C, <, IF) with

» non-empty set C of states

» partial order < on C

» binary relation |- between elements of C and propositional atoms
such that d I p whenever c IF p and c < d
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Kripke model C = (C, <,IF), ce C

» clFo Ay ifandonlyif c IF ¢ and c IF ¥

» clFo VvV ifandonlyif cIF ¢ or c Ik

» c lF o — ifandonlyif d IF v forall d > ¢ with d I ¢
» cIf L

Terminology

c forces pifclFp

Kripke model C = (C, <,IF), ce C
» clET ifclkgforall perl
» ClFy ifclkpforallceC
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I IF ¢ if ¢ IF ¢ whenever c I T for all Kripke models C = (C, <, IF) and c€ C

Lemma (Monotonicity)

if c<dandclFgthendIF ¢

if IF o V ¢ then IF ¢ or IF ¥
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Part I: Recursive Function Theory

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, B-reduction,

Curry—Howard isomorphism, de Bruijn notation, n—-reduction,
A—-definability,
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Outline

2. Evaluation
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Online Evaluation in Presence

https://Iv-analyse.uibk.ac.at/evasys/public/online/index
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Hilbert system (for implication fragment) consists of two axioms and modus ponens:

— A
=P = (p—=Y—=x)=(p—2¥)—=0—x ()
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Hilbert system (for implication fragment) consists of two axioms and modus ponens:

A e
=P = (p—=Y—=x)=(p—2¥)—=0—x ()

» derivation in Hilbert system from set ' of formulas is finite sequence of formulas such that
each formula is

» axiom or
» member of [ or

» follows from earlier formulas by modus ponens
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Hilbert system (for implication fragment) consists of two axioms and modus ponens:

A e
=P = (p—=Y—=x)=(p—2¥)—=0—x ()

Definitions

» derivation in Hilbert system from set ' of formulas is finite sequence of formulas such that
each formula is

» axiom or
» member of [ or

» follows from earlier formulas by modus ponens

» ¢ is consequence of set I' (I k- ) if ¢ is last line of derivation from I
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Hilbert system (for implication fragment) consists of two axioms and modus ponens:

A e
=P = (p—=Y—=x)=(p—2¥)—=0—x ()

» derivation in Hilbert system from set ' of formulas is finite sequence of formulas such that
each formula is

» axiom or
» member of [ or

» follows from earlier formulas by modus ponens

» ¢ is consequence of set I' (I F ) if ¢ is last line of derivation from I
» proof in Hilbert system is derivation from &
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Hilbert system (for implication fragment) consists of two axioms and modus ponens:

R
=P = (p—=Y—=x)=(p—2¥)—=0—x ()

Definitions

» derivation in Hilbert system from set ' of formulas is finite sequence of formulas such that
each formula is

» axiom or
» member of [ or

» follows from earlier formulas by modus ponens
» ¢ is consequence of set I' (I F ) if ¢ is last line of derivation from I

» proof in Hilbert system is derivation from &

» formula ¢ is theorem (-, ¢) if ¢ is consequence of &
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p — @ is theorem:

1 (p=(p=9)=p)=(p=e—=¢9)—=0—p axiom
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p — @ is theorem:

1 (p=(p=9)=p)=(p=e—=¢9)—=0—p axiom
2 o= (p—=p)—e axiom
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p — @ is theorem:

1 (p=(p=9)=p)=(p=e—=¢9)—=0—p axiom

2 po(pop)—e axiom
3 (p=o—=p)=p—e modus ponens 1, 2
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p — @ is theorem:

1L (p=(p—=9)2p)= (0292 0)2p—e  axiom
2 oo (p=w)—=y axiom
3 (p=o—=p)=p—e modus ponens 1, 2
4 pop—y axiom
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p — @ is theorem:

1 (p=(p=9)=p)=(p=e—=¢9)—=0—p axiom

2 po(p—=e)—e axiom
3 (prep—=p)=e—e modus ponens 1, 2
4 p=op—=e axiom
5 g modus ponens 3, 4
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p — @ is theorem:

1 (p=(p=9)=p)=(p=e—=¢9)—=0—p axiom

2 po(p—=e)—e axiom
3 (prep—=p)=e—e modus ponens 1, 2
4 p=op—=e axiom
5 g modus ponens 3, 4

Deduction Theorem

Tu{e}Fny <<= Tkho—=9y
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© — @ is theorem:

1 (p=2(p=9)=p)=(p=p—=p) =0
o= (p—=p)=p

(2o 9) 29—

==

0=

u B~ W N

Fru{pttney <= Tk, p—v

axiom
axiom
modus ponens 1, 2
axiom
modus ponens 3, 4

Proof ( <—)

» suppose [, ¢ = ¥
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© — @ is theorem:

1 (p=2(p=9)=p)=(p=p—=p) =0
o= (p—=p)=p

(2o 9) 29—

==

0=

u B~ W N

Fru{pttney <= Tk, p—v

axiom
axiom
modus ponens 1, 2
axiom
modus ponens 3, 4

Proof ( <—)

» suppose [, ¢ = ¥
» TU{p} bnh o =9
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© — @ is theorem:

1 (p=2(p=9)=p)=(p=p—=p) =0
o= (p—=p)=p

(2o 9) 29—

==

0=

u B~ W N

Fru{pttney <= Tk, p—v

axiom
axiom
modus ponens 1, 2
axiom
modus ponens 3, 4

Proof ( <—)

» suppose [, ¢ = ¥
» TU{e} bnh o= and TU{p} kp ¢
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 — @ is theorem:

1 (p=(p=9)=p)=(po2e—=90) 20—
o= (p—=>p) =

(p—=o—=9)=> o=

p—=p—p

o=

u B~ W N

Fru{pttney <= Tk, p—v

axiom
axiom
modus ponens 1, 2
axiom
modus ponens 3, 4

Proof ( <—)

» suppose [, ¢ = ¥

» TU{¢p} Frh o=y and TU{p} Fh ¢ = TU{¢} Fn ¥ by modus ponens
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(¢ =¥ = x) = = ¢ — x is theorem
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(¢ = 1 — x) = — p — x is theorem:
» {o =% = x,%,0} b X
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(¢ = 1 — x) = — p — x is theorem:
» {o =% = x,%,0} b X

1 o= —=x
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(¢ = 1 — x) = — p — x is theorem:
» {o =% = x,%,0} b X

1 o= —=x
2 ¢
3 ¥v—x modus ponens 1, 2
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(¢ = 1 — x) = — p — x is theorem:
» {o =% = x,%,0} b X

1 o=9v—x

2

3 Yv—ox modus ponens 1, 2
4 ¢
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(¢ = 1 — x) = — p — x is theorem:
» {o =% = x,%,0} b X

1 p=¢—=x
2 9
3 ¥v—x modus ponens 1, 2
4 9
5 x modus ponens 3, 4
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(¢ = 1 — x) = — p — x is theorem:
» {o =% = x,%,0} b X

1 p=¢—=x

2 9

3 Yv—ox modus ponens 1, 2
4 9

5 x modus ponens 3, 4

»{o =Y = x,%} Fr o= x by deduction theorem
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(¢ =Y = x) =¥ = ¢ — x is theorem:
» {o =% = x,%,0} b X

1 p=¢—=x

2 9

3 Yv—ox modus ponens 1, 2
4 9

5 x modus ponens 3, 4

»{o =Y = x,%} Fr o= x by deduction theorem
» {p =1 —x}Fn—p—x Dbydeduction theorem
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(¢ =Y = x) =¥ = ¢ — x is theorem:
» {o =% = x,%,0} b X

1 p=¢—=x

2 9

3 Y= modus ponens 1, 2
4 9

5 x modus ponens 3, 4

»{o =Y = x,%} Fr o= x by deduction theorem
» {p =1 —x}Fn—p—x Dbydeduction theorem

» Fn (@ = ¥ — x) = ¥ = ¢ — x by deduction theorem
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Proof ( — )

» suppose TU{p} Fn ¢

i 15/30
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Proof ( — )

» suppose U {¢} Fn ¢
» let My: x1,..., xn be derivation of ¢ from F'U {p}

i 15/30
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Proof ( — )

» suppose TU{p} Fn ¢
» let My: x1,..., xn be derivation of ¢ from FT'U{p}, so x, = ¢
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Proof ( — )

» suppose TU{p} Fn ¢
» let My: x1,..., xn be derivation of ¢ from FT'U{p}, so x, = ¢

» consider new sequence [y: ¢ — x1,...,© — Xn
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Proof ( — )

» suppose U {¢} Fn ¢

» let My: x1,..., xn be derivation of ¢ from FT'U{p}, so x, = ¢
» consider new sequence [y: ¢ — x1,...,© — Xn

» insert extra lines into 1, and use modus ponens
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Proof ( =)
» suppose U {¢} Fn ¢
» let My: x1,..., xn be derivation of ¢ from FT'U{p}, so x, = ¢

» consider new sequence [y: ¢ — x1,...,© — Xn
» insert extra lines into 1, and use modus ponens, as follows:

@ if x; is axiom or member of I
@ ifxi=¢

® if x; is derived with modus ponens from x; and xx with j,k <
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Proof ( — )

>

| 2

>

suppose U {p} Fn ¢
let My: x1, ..., Xn be derivation of ¢ from T'U{p}, so xp = ¢
consider new sequence Iy: o — x1,...,% — Xn
insert extra lines into 1, and use modus ponens, as follows:
@ if x; is axiom or member of I
insert x; and x; — ¢ — x; before ¢ — x;
@ ifxi=¢

® if x; is derived with modus ponens from x; and xx with j,k <
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Proof ( — )

>

| 2

>

suppose U {p} Fn ¢
let My: x1, ..., Xn be derivation of ¢ from T'U{p}, so xp = ¢
consider new sequence Iy: o — x1,...,% — Xn
insert extra lines into 1, and use modus ponens, as follows:
@ if x; is axiom or member of I
insert x; and x; — ¢ — x; before ¢ — x;
@ ifxi=¢
insert steps of proof of ¢ — ¢ before it

® if x; is derived with modus ponens from x; and xx with j,k <
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Proof ( — )

>

| 2

>

suppose U {p} Fn ¢
let My: x1, ..., Xn be derivation of ¢ from T'U{p}, so xp = ¢
consider new sequence Iy: o — x1,...,% — Xn
insert extra lines into 1, and use modus ponens, as follows:
@ if x; is axiom or member of I
insert x; and x; — ¢ — x; before ¢ — x;
@ ifxi=¢
insert steps of proof of ¢ — ¢ before it

® if x; is derived with modus ponens from x; and x, with j, k < i then xx = (x; = Xxi)
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Proof ( — )

>

| 2

>

suppose TU{p} Fn ¢
let My: x1, ..., Xn be derivation of ¢ from T'U{p}, so xp = ¢
consider new sequence Iy: o — x1,...,% — Xn
insert extra lines into 1, and use modus ponens, as follows:
@ if x; is axiom or member of I
insert x; and x; — ¢ — x; before ¢ — x;
@ ifxi=¢
insert steps of proof of ¢ — ¢ before it
® if x; is derived with modus ponens from x; and x, with j, k < i then xx = (x; = Xxi)
insert (¢ — x; = xi) = (¢ — xj) = ¢ — xi and (p = x;) — ¢ — x; before ¢ — x;
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Proof ( — )

» suppose U {¢} Fn ¢
» let My: x1,..., xn be derivation of ¢ from FT'U{p}, so x, = ¢

» consider new sequence [y: ¢ — x1,...,© — Xn
» insert extra lines into 1, and use modus ponens, as follows:
@ if x; is axiom or member of I
insert x; and x; — ¢ — x; before ¢ — x;
@ ifxi=¢
insert steps of proof of ¢ — ¢ before it
® if x; is derived with modus ponens from x; and x, with j, k < i then xx = (x; = Xxi)
insert (¢ — x; = xi) = (¢ — xj) = ¢ — xi and (p = x;) — ¢ — x; before ¢ — x;

» resulting sequence is derivation of o — ¢ from I
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Hilbert system is sound and complete with respect to Kripke models for implication fragment:

Fkhp <= Tl
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suppose [ F, ¢

i 17/30
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Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of I -, ¢
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Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:
» pel

> © = (1 = P2 — 1)

» 0 = ((Y1 = Y2 = ¥3) = (Y1 = ¥2) = Y1 — P3)

» ¢ is obtained by modus ponens
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Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:

» pel
I IF ¢ holds trivially
> o = (Y1 — P2 = 1)

» 0 = ((Y1 = Y2 = ¥3) = (Y1 = ¥2) = Y1 — P3)

» ¢ is obtained by modus ponens
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Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:

» pel
I IF ¢ holds trivially

> o = (Y1 — P2 = 1)
IF ¢ by definition of I

» 0 = ((Y1 = Y2 = ¥3) = (Y1 = ¥2) = Y1 — P3)

» ¢ is obtained by modus ponens
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Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:

» pel
I IF ¢ holds trivially
» o = (Y1 = Y2 = Y1)
IF ¢ by definition of I and thus also I IF ¢

» 0 = ((Y1 = Y2 = ¥3) = (Y1 = ¥2) = Y1 — P3)

» ¢ is obtained by modus ponens
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Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:

» pel
I IF ¢ holds trivially

» o = (Y1 = Y2 = Y1)
IF ¢ by definition of I and thus also I IF ¢

> = ((Y1 = Y2 = P3) = (Y1 = ¥2) = Y1 — ¢P3)
IF ¢ by definition of I and thus also I IF ¢

» ¢ is obtained by modus ponens

B universitat i i
innsbruck WS 2023 Computability Theory lecture 12 3. Hilbert Systems 17/30



Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:

» pel
I IF ¢ holds trivially
» o = (Y1 = Y2 = Y1)
IF ¢ by definition of I and thus also I IF ¢
> o = ((Y1 = 2 = ¢3) = (Y1 = ¥2) = 1 = 93)
IF ¢ by definition of I and thus also I IF ¢
» ¢ is obtained by modus ponens
M and I Hp v — @
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Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:

» pel
I IF ¢ holds trivially

> o = (Y1 — P2 = 1)
IF ¢ by definition of |- and thus also I IF ¢

> ¢ = ((Y1 = Y2 = ¥h3) = (Y1 = ¥2) = 1 = ¢3)
IF ¢ by definition of I and thus also I I- ¢

» ¢ is obtained by modus ponens

[t ¥ and I Fy ¢ — ¢ are shorter derivations

B universitat i i
innsbruck WS 2023 Computability Theory lecture 12 3. Hilbert Systems 17/30



Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:

» pel
I IF ¢ holds trivially
» o= (Y1 = Y2 = Y1)
IF ¢ by definition of I and thus also I IF ¢
> o = ((Y1 = 2 = ¢3) = (Y1 = ¥2) = 1 = 93)
IF ¢ by definition of I and thus also I I- ¢
» ¢ is obtained by modus ponens
[t ¥ and I Fy ¢ — ¢ are shorter derivations

[IF1 and T I ¥ — ¢ by induction hypothesis
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Proof ( — )

suppose I -, ¢, we prove I I ¢ by induction on length of derivation of [ Fy ¢:

» pel
I IF ¢ holds trivially

> o = (Y1 — P2 = 1)
IF ¢ by definition of I and thus also I IF ¢

> o = (Y1 = Y2 = ¢¥3) = (Y1 = ¥h2) = 1 = ¥3)
IF ¢ by definition of I and thus also I I- ¢

» ¢ is obtained by modus ponens
[t ¥ and I Fy ¢ — ¢ are shorter derivations
[IF1 and T I ¥ — ¢ by induction hypothesis
[ I ¢ by definition of I
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Proof ( —)

suppose [ -, ¢ does not hold
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Proof ( —)

suppose [ -, ¢ does not hold
define Kripke model C = (C, C, IFF)
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Proof ( —)

suppose [ -, ¢ does not hold

define Kripke model C = (C, C, IF) with
»C={A|TCAand A={y]|AFy}}
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Proof ( —)

suppose [ -, ¢ does not hold

define Kripke model C = (C, C, IF) with
»C={A|TCAand A={y]|AFy}}

» A IFp if p € A for propositional atoms p

u ﬂw”r:;’gifa'ct'?t WS 2023  Computability Theory lecture 12 3. Hilbert Systems 18/30



Proof ( —)

suppose [ -, ¢ does not hold

define Kripke model C = (C, C, IF) with
»C={A|TCAand A={y]|AFy}}

» A IFp if p € A for propositional atoms p

claim: AlFvY <= ¥ e A forall A € C and implicational formulas
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Proof ( —)

suppose [ -, ¢ does not hold

define Kripke model C = (C, C, IF) with
»C={A|TCAand A={y]|AFy}}

» A IFp if p € A for propositional atoms p
claim: AlFvY <= ¥ e A forall A € C and implicational formulas

proof of claim (induction on ¢): consider ¢ = (Y1 — 1)
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Proof ( —)

suppose [ -, ¢ does not hold

define Kripke model C = (C, C, IF) with
»C={A|TCAand A={y]|AFy}}

» A IFp if p € A for propositional atoms p

claim: AlFvY <= ¥ e A forall A € C and implicational formulas
proof of claim (induction on ¢): consider ¢ = (Y1 — 1)

= let A IF 9
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Proof ( —)

suppose [ -, ¢ does not hold

define Kripke model C = (C, C, IF) with
»C={A|TCAand A={y]|AFy}}

» A IFp if p € A for propositional atoms p

claim: AlFvY <= ¥ e A forall A € C and implicational formulas
proof of claim (induction on ¢): consider ¢ = (Y1 — ;)

= let A I ¢ and define A’ = {x | A, ¢1 Fn x}
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Y1 € A’ € C and thus A’ I 41 by induction hypothesis
A’ |k 1, because A C A’ and thus v, € A’ by induction hypothesis
AN V7
A Fy 1 by deduction theorem
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Proof ( <, cont’d)

suppose [ -, ¢ does not hold

define Kripke model C = (C, C, IF) with
»C={A|TCAand A={y]|AFy9}}

» A IFp if p € A for propositional atoms p
claim: AlFvY <= ¥ € A forall A € C and implicational formulas

proof of claim: consider ¢ = (11 — 1)2)
— letyeA
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suppose [ -, ¢ does not hold
define Kripke model C = (C, C, IF) with
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» A IFp if p € A for propositional atoms p
claim: AlFvY <= ¥ € A forall A € C and implicational formulas

proof of claim: consider ¢ = (1 — 13)
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1 € A’ by induction hypothesis and thus A’ Fy

A’y 1) because A F, ¢ and A C A/

A’y 1, by modus ponens and thus v, € A’
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Proof ( <, cont’d)

suppose [ -, ¢ does not hold
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Proof ( <, cont’d)

suppose [ -, ¢ does not hold
define Kripke model C = (C, C, IF) with
» C={A|TCAand A={Y|AF, ¢¥}}

» A IFp if p € A for propositional atoms p

claim: AlFvY <= ¥ € A forall A € C and implicational formulas
define A = {¢ | T Fn ¢}

AeCand p¢ A andthus T C A and A Iff ¢

I I ¢ by definition of IF

¥h ((p — q) — p) = p because of Kripke model Q%@
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4. Curry-Howard Isomorphism

B universitat ili - i
= ihnsbruck WS 2023 Computability Theory lecture 12 4. Curry-Howard Isomorphism 21/30



type assignment

Mx:7kFx:7
FrN-K:o—>7—>0
Fr-S:(c—=17—=p)=(c—=7)—>0—p

FrFt:o—>7 FFu:o
FrEtu:r
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type assignment

Mx:7kFx:7
FrN-K:o—>7—>0
Fr-S:(c—=17—=p)=(c—=7)—>0—p

FrFt:o—>7 FFu:o
FrEtu:r

Hilbert system
et
Fr-ep—=>v—ep
FTE(p=v—=x)=(p=¢) =X

Fr=o—=>vY M=o
=
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type assignment Hilbert system

r, 7F T Motk
[ o—>T—>0 Fr-ep—=>v—0p
Fr- (o—=2r7—=p) =(c—=>1)=20c—=p | TE(p=Yv—=x)—= (=)= 90— X

(= o—T M E o Frep—9 )
r- r )

Theorem (Curry-Howard)

© if I F t:7 then types(l') Fn 7
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type assignment Hilbert system

Mx:7kFXx:7 Motk o
Kio—=7—=>0 [ e
Fr-S:(o—=17—=p)=(c—=17)20—=p | TE(p=Y—=x)= (=) = 0 — X

[Ft:o—T FFu:o Fr-o—=v9 M=o
FrEtu:r r=

Theorem (Curry-Howard)

© if I F t:7 then types(l') Fn 7
@ if I -, ¢ then A F t: ¢ forsome t and A with types(A) =T
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if [ F t:7 then types(l) Fn 7

induction on derivation of judgement I - t: 7
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induction on derivation of judgement I - t: 7

»t=xandlN=T1"x:7
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if I = t:7 then types(l) Fn 7

induction on derivation of judgement I - t: 7

»t=xand T =T, x:7 = types(l) = types(l"), 7
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if [ F t:7 then types(l) Fn 7

induction on derivation of judgement I - t: 7

»t=xand T =T, x:7 = types(l) = types(l'"), 7 and thus types(I') F, 7
»t=Kand 7= (0c—=p—>0) = types(')n 7 by axiom K
»t=Sandrt=((c—=p—=>x)—(c—=p) —c—>x = types(l') by 7 by axiom S
» t=uvandlNtFu:oc—7and - v:co

= types(l') kn 0 — 7 and types(I') i, o by induction hypothesis

— types(I') Fn 7 by modus ponens
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if [ Fn ¢ then A | t: ¢ for some t and A with types(A) =T

induction on derivation of I' F, ¢
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if [ Fn ¢ then A | t: ¢ for some t and A with types(A) =T

induction on derivation of I' F, ¢

interesting case: ¢ is obtained by modus ponens
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if [ Fn ¢ then A | t: ¢ for some t and A with types(A) =T

induction on derivation of I' F, ¢

interesting case: ¢ is obtained by modus ponens
Fp v —=>pand T F, ¢

induction hypothesis: A; F t;:¢Y — ¢ and A, F & ¥
for some t;, A1, to, Ay with types(A;) = types(A;) =T
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if [ Fn ¢ then A | t: ¢ for some t and A with types(A) =T

induction on derivation of I' F, ¢

interesting case: ¢ is obtained by modus ponens
Fp v —=>pand T F, ¢

induction hypothesis: A; F t;:¢Y — ¢ and A, F & ¥
for some t;, A1, to, Ay with types(A;) = types(A;) =T

suppose ' = {x1, ..., Xn}
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suppose I = {x1,..., Xn}
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let t, be obtained from t, by replacing every y; with x;
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Al I—té:z/)andthus Al l_tltlzitp
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5. Intuitionistic Propositional Logic
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Hilbert system for intuitionistic propositional logic consists of modus ponens and axioms
O e
@ (p=2v—=2x)2(p=Y) 29X
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Hilbert system for intuitionistic propositional logic consists of modus ponens and axioms
O e

(p=v—=x)=(p—=v)=p—x
PAY =@

ONY =

=P =AY

@ ® @ ©®
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Hilbert system for intuitionistic propositional logic consists of modus ponens and axioms

@ e ® p—=pVy

@ (p=vo2x)=(p2v) 22X @ YooV

® AP (p=x)=>@W—=x)2>eVYox
@ oNY =Y

® =Y >pAY
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Hilbert system for intuitionistic propositional logic consists of modus ponens and axioms

@ e ® p—=pVy

@ (p=vo2x)=(p2v) 22X @ YooV

® AP (p=x)=>@W—=x)2>eVYox
@ oA —Y ® L—op

® o= ¢Ya>pAY
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Hilbert system for intuitionistic propositional logic consists of modus ponens and axioms

@ e ® ©—>pVy

@ (p=v=>x)=(e=9%) =2 0—x @ b — oV

@ pAY = (p=2x)=W—=x)=>eVy—x
@ oA =P ® L—o

® p=>P>pAY

» - is shortcut for ¢ — L
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Hilbert system for intuitionistic propositional logic consists of modus ponens and axioms

@ e ® >V

@ (p=v=>x)=(e=9%) =2 0—x @ b — oV

@ pAY = (p=x) > @W—=>x) =V —x
@ oNY =Y ® L—o

® p=>P>pAY

» - is shortcut for ¢ — L

» adding axiom ¢ V = (law of excluded middle) gives (classical) propositional logic
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Hilbert system for intuitionistic propositional logic consists of modus ponens and axioms

@ e ® p—=pVy

@ (p=v—=x)2(p2Y)—2p—x @ Yp—=>pVy

@ pAY = (p=x) > @W—=>x) =V —x
@ oA — Y ® L—op

® ooy

» - is shortcut for ¢ — L

» adding axiom ¢ V = (law of excluded middle) gives (classical) propositional logic
» intuitionistic propositional logic is known as IPC in literature
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Hilbert system for IPC is sound and complete with respect to Kripke models:

Fkhp <= Tl
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Theorem

Hilbert system for IPC is sound and complete with respect to Kripke models:

Fkhp <= Tl

Theorem (Finite Model Property)

Fh ¢ <= C IF ¢ forall finite Kripke models C
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Theorem

Hilbert system for IPC is sound and complete with respect to Kripke models:

Fkhp <= Tl

Theorem (Finite Model Property)
Fh ¢ <= C IF ¢ forall finite Kripke models C

Theorem

problem

instance: formula ¢
question: Fn ¢ ?

is decidable
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Theorem

Hilbert system for IPC is sound and complete with respect to Kripke models:

Fkhp <= Tl

Theorem (Finite Model Property)

Fh ¢ <= C IF ¢ forall finite Kripke models C

Theorem
problem

instance: formula ¢
question: Fn ¢ ?

is decidable and PSPACE-complete
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Theorem (Glivenko 1929)

Fo <= Fn-ooo
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Glivenko's theorem does not extend to predicate logic
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Glivenko's theorem does not extend to predicate logic

Definition (Godel’s Negative Translation)
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Glivenko's theorem does not extend to predicate logic

Definition (Godel’s Negative Translation)

» p" = —-p for propositional atoms p
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= © A l_h i)

Glivenko's theorem does not extend to predicate logic

Definition (Godel’s Negative Translation)

» p" = —-p for propositional atoms p
> (pAY)" = Q" AY"
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Glivenko's theorem does not extend to predicate logic

Definition (Godel’s Negative Translation)

» p" = —-p for propositional atoms p
> (pAY)" = Q" AY"
> (e V)" = (=" Ay"n)
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Glivenko's theorem does not extend to predicate logic

» p" = ——p for propositional atoms p
> (pAP)" =" AYT
> (e V)" = (=" Ay"n)

> (e )" =" ="
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Glivenko's theorem does not extend to predicate logic

» p" = ——p for propositional atoms p
> (pAP)" =" AYT
> (e V)" = (=" Ay"n)

> (P2 P)" =" = yn
» "= 1
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F o — Fnh 7o

Glivenko's theorem does not extend to predicate logic

» p" = ——p for propositional atoms p » (o = Y)"
» (pAY)" =" AY" » 1"=1
> (pVY)" = (2" AY")

(pnﬁwn

Fg& <~ = (,9“
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Outline

6. Summary
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Important Concepts

> "
> n

» Curry-Howard isomorphism

» finite model property

v

Glivenko's theorem

v

Godel’s negative translation

\4

Hilbert system

\{

intuitionistic propositional logic
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Important Concepts

> " » Glivenko's theorem

> n » Godel’s negative translation

» Curry-Howard isomorphism » Hilbert system

» finite model property » intuitionistic propositional logic

homework for January 15

B universitat ili
M innsbruck WS 2023 Computability Theory lecture 12 6. Summary

30/30


http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exercises/12.pdf

	lecture 12
	Summary of Previous Lecture
	Topics

	Evaluation
	Hilbert Systems
	Curry–Howard Isomorphism
	Intuitionistic Propositional Logic
	Summary


