M universitat
™ innsbruck WS 2023 lecture 13

Computability Theory

Aart Middeldorp


http://cl-informatik.uibk.ac.at/teaching/ws23/ct
http://cl-informatik.uibk.ac.at/~ami

Outline

1. Summary of Previous Lecture
2. S-Reduction

3. Church-Rosser Theorem

4. )\-Definability

5. n-Reduction

6. Normalization Theorem

7. Test Practice

8. Summary

s ilinf}j‘s/g;aictft WS 2023  Computability Theory ~lecture 13 2/40



Hilbert system (for implication fragment) consists of two axioms and modus ponens:

=
=P = (p—=Y—=x)=(p—2¥)—=0—x ()

Fru{etbny <= Tkho—o

Hilbert system is sound and complete with respect to Kripke models for implication fragment:

Flkhp <= T IFe
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if T = t:7 then types(l) Fn 7
if [ Fn @ then A | t: ¢ for some t and A with types(A) =T

Hilbert system for intuitionistic propositional logic consists of modus ponens and axioms

D =Y ® o= VY

@ (p=v—ox)2(p2Y)—2p—x @ vV

@ pVy—ep (p=x)=@—=>x)—=> eV x
@ oVi—P @ Lo

® p—=Yv—=>pAY
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» - is shortcut for p — L
» adding axiom ¢V = (law of excluded middle) gives (classical) propositional logic

Theorem

Hilbert system is sound and complete with respect to Kripke models:

Fehe <= Tl

Theorem (Finite Model Property)
Fh ¢ <= C IF ¢ forall finite Kripke models C

Theorem (Glivenko 1929)

= © e Fn il
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problem

instance: formula ¢
question: Fn p?

is decidable and PSPACE-complete

Definition (Godel’s Negative Translation)

» p" = ——p for propositional atoms p » (=) =" ="
> (pAP)" = " AT > LM =
» (V)" = (0" Ay")

|—Lp < Fh gOn
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Part I: Recursive Function Theory

Part Il: Combinatory Logic and Lambda Calculus

a—equivalence, B-reduction,

de Bruijn notation, n-reduction,
A—-definability,
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Literature (Combinatory Logic and Lambda Calculus)

» Henk Barendregt
The Lambda Calculus, Its Syntax and Semantics
North Holland, 1984

Henk Barendregt, Wil Dekkers and Richard Statman
Lambda Calculus with Types
Cambridge University Press, 2013

v

v

Herman Geuvers and Rob Nederpelt
Type Theory and Formal Proof
Cambridge University Press, 2014

Chris Hankin
An Introduction to Lambda Calculi for Computer Scientists
King’s College Publications, 2000

v

» J. Roger Hindley and Jonathan P. Seldin
Lambda-Calculus and Combinators, an Introduction
Cambridge University Press, 2008
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https://doi.org/10.1017/CBO9780511809835
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2. S-Reduction
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set of lambda terms (A) is built from

» infinite set of variables V = {x,y,z,...} XeEY = xeN
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set of lambda terms (A) is built from

» infinite set of variables V = {x,y,z,...} XeEY = xeN
» application M,Ne N = (MN)eA
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set of lambda terms (A) is built from

» infinite set of variables V = {x,y,z,...} XeEY = xeN
» application M,Ne N = (MN)eA
» abstraction XeEV, MeN = (Ax.M)eA

B universitat i 8- i
innsbruck WS 2023 Computability Theory lecture 13 2. 3 -Reduction

10/40



set of lambda terms (A) is built from

» infinite set of variables V = {x,y,z,...} XeEY = xeN

» application M,Ne N = (MN)eA
» abstraction XeEV, MeN = (Ax.M)eA
(Ax.x) ((Ax. (xx))(Ay-(yy))) (A (Ax.(F(Fx))))
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set of lambda terms (A) is built from

» infinite set of variables V = {x,y,z,...} xeV — xel

» application M,Ne N = (MN)eA
» abstraction XeEV, MeN = (Ax.M)eA
(Ax.x) ((Ax. (xx))(Ay-(yy))) (A (Ax.(F(Fx))))

Backus-Naur Form

M,N == x| (MN) | (Ax.M)
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Conventions

» outermost parentheses are omitted
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Conventions

» outermost parentheses are omitted

» application is left-associative: MNP stands for (MN)P
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Conventions

» outermost parentheses are omitted

» application is left-associative: MNP stands for (MN)P
» body of lambda abstraction extends as far right as possible:
Ax.MN abbreviates Ax.(MN) and not (Ax.M)N

u ﬂj”n';’g;a'ct'?t WS 2023  Computability Theory lecture 13 2. B-Reduction 11/40



Conventions

» outermost parentheses are omitted

» application is left-associative: MNP stands for (MN)P

» body of lambda abstraction extends as far right as possible:
Ax.MN abbreviates Ax.(MN) and not (Ax.M)N
» Axyz.M abbreviates Ax.A\y.\z.M
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Conventions

» outermost parentheses are omitted

» application is left-associative: MNP stands for (MN)P

» body of lambda abstraction extends as far right as possible:
Ax.MN abbreviates Ax.(MN) and not (Ax.M)N

» Axyz.M abbreviates Ax.A\y.\z.M

Terminology

» Ax is binder
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Conventions

» outermost parentheses are omitted

» application is left-associative: MNP stands for (MN)P
» body of lambda abstraction extends as far right as possible:
Ax.MN abbreviates Ax.(MN) and not (Ax.M)N

» Axyz.M abbreviates Ax.A\y.\z.M

Terminology

» \x is binder

» M is scope of binder Ax
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Conventions

» outermost parentheses are omitted

» application is left-associative: MNP stands for (MN)P

» body of lambda abstraction extends as far right as possible:
Ax.MN abbreviates Ax.(MN) and not (Ax.M)N

» Axyz.M abbreviates Ax.A\y.\z.M

Terminology

» \x is binder
» M is scope of binder Ax

» occurrence of x in Ax.M is bound
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M = N if M and N are identical
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M = N if M and N are identical

» set FV(M) of free variables of lambda term M is inductively defined:
FV(x) = {x}
FV(MN) = FV(M) U FV(N)
FV(Ax.M) = FV(M) \ {x}
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M = N if M and N are identical

» set FV(M) of free variables of lambda term M is inductively defined:
FV(x) = {x}
FV(MN) = FV(M) U FV(N)
FV(Ax.M) = FV(M) \ {x}

» lambda term M is closed (or combinator) if FV(M) = &
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M = N if M and N are identical

» set FV(M) of free variables of lambda term M is inductively defined:
FV(x) = {x}
FV(MN) = FV(M) U FV(N)
FV(Ax.M) = FV(M) \ {x}

» lambda term M is closed (or combinator) if FV(M) = &

M = (Ax.xy)(\y.yz)
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M = N if M and N are identical

» set FV(M) of free variables of lambda term M is inductively defined:
FV(x) = {x}
FV(MN) = FV(M) U FV(N)
FV(Ax.M) = FV(M) \ {x}

» lambda term M is closed (or combinator) if FV(M) = &

M = (Ax.xy)(\y.yz) FV(M) = {y,z}
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Definition (Renaming)

y/x} =y
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Definition (Renaming)

x{y/x}
z{y/x}

if x#£2z
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x{y/x} =y
z{y/x} =z if x#z
(MN){y/x} = (M{y/x})(N{y/x})
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Definition (Renaming)

x{y/x} =y
z{y/x} =z if x#z
(MN){y/x} = (M{y/x})(N{y/x})
(Ax-M){y/x} = Ay.(M{y/x})
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Definition (Renaming)

y/x} =y
z{y/x} =z if x#z
(MN){y/x} = (M{y/x})(N{y/x})
(Ax-M){y/x} = Ay.(M{y/x})
Az.M){y/x} = Az.(M{y/x}) if x#2z
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Definition (Renaming)

y/x} =y
z{y/x} =z if x#z
(MN){y/x} = (M{y/x})(N{y/x})
(Ax-M){y/x} = Ay.(M{y/x})
Az.M){y/x} = Az.(M{y/x}) if x#2z

a—-equivalence is smallest congruence relation =, on lambda terms such that

AX.M =, Ay.(M{y/x})

for all terms M and variables y that do not occur in M
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Definition (Renaming)
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(Ax-M){y/x} = Ay.(M{y/x})
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a-equivalence

y¢Mm
AX.M =, Ay.(M{y/x})

(@)
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a-equivalence

(reflexivity)

M=, M
(symmetry) M=a N
y y N
L M=,N N=,P yéeMm
t tivit
(transitivity) M=.p M = Ay My /x]) (a)
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a-equivalence

M=, M N=,N

(reflexivity) — T E— (congruence)
M=, N M=, M
symmetr — _
(sy ) N=,M AX.M =, \x.M’ (€)
M=,N N=,P yé¢mMm
(@)

(transitivity) M= p X = 2y (TG )
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a-equivalence

M=, M N=,N

(reflexivity) M= M MN = MIN (congruence)
M=, N M=, M
t e B
(symmetry) =, M AX.M =, Ax.M (©)
M=,N N=,P M
(transitivity) : v ¢ (@)
M=,P AX.M =, Ay.(M{y/x})

AX.Y =4 A2y
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a-equivalence

M=, M N=,N

(reflexivity) M= M MN = MIN (congruence)
M=, N M=, M
t e B
(symmetry) =, M AX.M =, Ax.M (©)
M=,N N=,P M
(transitivity) : v ¢ (@)
M=,P AX.M =, Ay.(M{y/x})

AX.Y =4 AZ.Y  AX.Y ZE4 AY.Y
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a-equivalence

M=, M N=,N

(reflexivity) M= M MN = MIN (congruence)
M=, N M=, M
t e B
(symmetry) =, M AX.M =, Ax.M (©)
M=,N N=,P M
(transitivity) : v ¢ (@)
M=,P AX.M =, Ay.(M{y/x})

AX.Y =0 AZY  AXY Zo AY.y  (Axy)z Z, (Ax.w)z
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a-equivalence

M=, M N=,N

(reflexivity) M= M MN = MIN (congruence)
M=, N M=, M
t e B
(symmetry) N=,M AX.M =, Ax.M’ (©)
M=,N N=,P M
(transitivity) : v ¢ (@)
M=,P AX.M =, Ay.(M{y/x})

AX.Y =0 A2y AXY Zo Ay  (Axy)z Z, Ax.w)z  (Ax.y)(Az.2) =, (\z.y)(\z.2)
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Barendregt’s Variable Convention

free variables are different from bound variables in lambda terms occurring in certain context
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Barendregt’s Variable Convention

free variables are different from bound variables in lambda terms occurring in certain context

M[N/x] denotes result of substituting N for free occurrences of x in M:
X[N/x] =N
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Barendregt’s Variable Convention

free variables are different from bound variables in lambda terms occurring in certain context

M[N/x] denotes result of substituting N for free occurrences of x in M:
X[N/x] =N
yIN/x] =y ifx #y
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Barendregt’s Variable Convention

free variables are different from bound variables in lambda terms occurring in certain context

M[N/x] denotes result of substituting N for free occurrences of x in M:
X[N/x] =N
yIN/x] =y ifx #y
(MP)[N/x] = (M[N/x])(PN/x])
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Barendregt’s Variable Convention

free variables are different from bound variables in lambda terms occurring in certain context

M[N/x] denotes result of substituting N for free occurrences of x in M:
X[N/x] =N
yIN/x] =y ifx #y
(MP)[N/x] = (M[N/x])(PN/x])
(AX.-M)[N/x] = \x.M
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Barendregt’s Variable Convention

free variables are different from bound variables in lambda terms occurring in certain context

M[N/x] denotes result of substituting N for free occurrences of x in M:
X[N/x] =N
yIN/x] =y ifx #y
(MP)[N/x] = (M[N/x])(PN/x])
(AX.-M)[N/x] = \x.M
(Ay.M)[N/x] = \y.(M[N/x]) if x#y and y ¢ FV(N)
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Barendregt’s Variable Convention

free variables are different from bound variables in lambda terms occurring in certain context

M[N/x] denotes result of substituting N for free occurrences of x in M:

X[N/x] =N
yIN/x] =y ifx #y
(MP)[N/x] = (M[N/x])(PIN/x])
(AX.-M)[N/x] = \x.M
(Ay.M)[N/x] = \y.(M[N/x]) if x#y and y ¢ FV(N)
(Ay.-M)[N/x] = Xz.(M{z/y }[N/x]) if x#Yy, y € FV(N) and z is fresh

M universitat f a_ .
innsbruck WS 2023 Computability Theory lecture 13 2. [ -Reduction 15/40



Barendregt’s Variable Convention

free variables are different from bound variables in lambda terms occurring in certain context

M[N/x] denotes result of substituting N for free occurrences of x in M:

X[N/x] =N
y[N/x] =y if x #y
(MP)[N/x] = (M[N/x])(PIN/x])
(AX.-M)[N/x] = \x.M
(Ay.M)[N/x] = \y.(M[N/x]) if x#y and y ¢ FV(N)
(Ay.-M)[N/x] = Xz.(M{z/y }[N/x]) if x#Yy, y € FV(N) and z is fresh

Convention

lambda terms are identified up to a-equivalence
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one-step g-reduction is smallest relation —3 on lambda terms satisfying

(8)

(AX-M)N — 5 M[N/X]
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one-step g-reduction is smallest relation —3 on lambda terms satisfying

(5) M (congruence)
(AX-M)N —5 M[N/x] MN — 5 M'N 9
M —z M N —5 N
(&) XM _>Z \x. M’ m (congruence)
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one-step g-reduction is smallest relation —3 on lambda terms satisfying
M —B M’

(8) (AX-M)N — 5 M[N/X] m (congruence)
M —g M N —5 N
(f) AX.M =g Ax.M’ m (congruence)

(Ax.Y)(A\z.z2)(Aw.w)) =5 (Ax.y)(Aw.w)(Aw.w))
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one-step g-reduction is smallest relation —3 on lambda terms satisfying
M —B M’

(B) (AX-M)N — 5 M[N/X] m (congruence)
M —g M’ N —3 N
(f) AX.M — 3 Ax. M’ m (Congruence)
Axy)(Az.zz)(Aw.w)) =5 Ax.y)(Aw.w)(Aw.w)) e
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one-step g-reduction is smallest relation —3 on lambda terms satisfying
M —B M’

(B) (AX-M)N — 5 M[N/X] m (congruence)
M M/ N N/
©  m :Z Ax. M/ ﬁiw (congruence)
Ox.y)(Az.z2)Aw.w)) —5 Ox.y)(Aw.w)(Aw.w)) realiEs
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one-step g-reduction is smallest relation —3 on lambda terms satisfying

(8) M s M (congruence)
OX.M)N —5 M[N/x] MN — 5 M'N g
M —B M’ N —B N’
©) M, e MN -, My (congruence)
(Ax.Y)(N\z.z2)(Aw.w)) =5 (Ax.y)(Aw.w)(Aw.w)) B-redex

—3 (Ax.y)(Aw.w)
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one-step g-reduction is smallest relation —3 on lambda terms satisfying

(5) M—p M (congruence)
OX.M)N —5 M[N/x] MN — 5 M'N g
M —g M N —5 N
©  xwm —>Z Ax. M MN S, MNF  \congruence)

(Ax.Y)(A\z.z2)(Aw.w)) =5 (Ax.y)(Aw.w)(Aw.w))
—3 (AX.y)(Aw.w) =g y
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one-step g-reduction is smallest relation —3 on lambda terms satisfying

(8) M —p M (congruence)
OX.M)N —5 M[N/x] MN — 5 M'N g
M —g M N —5 N
©  xwm —>Z Ax. M MN S, M7 (congruence)

(Ax.y)(Az.zz)(Aw.w)) =5 (Ax.y)(Aw.w)(Aw.w))
—3 (AX.y)(Aw.w) =g y

Definitions

» [S-normal form is lambda term without S-redexes
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one-step g-reduction is smallest relation —3 on lambda terms satisfying
M —B M’

—— congruence

B) XN =5 MIN/A] MN S, N (o9 )
M —B M’ N —B N’

_ congruence

©) M, e MN =, N (€O )

(Ax.y)(Az.zz)(Aw.w)) =5 (Ax.y)(Aw.w)(Aw.w))
—3 (AX.y)(Aw.w) =g y

Definitions

» [S-normal form is lambda term without S-redexes

» [-conversion (=) is transitive symmetric reflexive closure of —g
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lambda term N is fixed point of lambda term F if FN =g N
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lambda term N is fixed point of lambda term F if FN =g N

Definition (Turing’s Fixed Point Combinator)

© = AA with A = Axy.y(xxy)
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lambda term N is fixed point of lambda term F if FN =g N

Definition (Turing’s Fixed Point Combinator)

© = AA with A = Axy.y(xxy)

every lambda term has fixed point
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lambda term N is fixed point of lambda term F if FN =g N

Definition (Turing’s Fixed Point Combinator)

© = AA with A = Axy.y(xxy)

every lambda term has fixed point

N = OF is fixed point of F:

N = (Axy.y(xxy))AF
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lambda term N is fixed point of lambda term F if FN =g N

Definition (Turing’s Fixed Point Combinator)

© = AA with A = Axy.y(xxy)

every lambda term has fixed point

N = OF is fixed point of F:

N = (Axy.y(xxy))AF —5 (Ay.y(AAy))F
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lambda term N is fixed point of lambda term F if FN =g N

Definition (Turing’s Fixed Point Combinator)

© = AA with A = Axy.y(xxy)

every lambda term has fixed point

N = OF is fixed point of F:

N = (Axy.y(xxy))AF =5 (Ay.y(AAy))F —5 F(AAF)
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lambda term N is fixed point of lambda term F if FN =g N

Definition (Turing’s Fixed Point Combinator)

© = AA with A = Axy.y(xxy)

every lambda term has fixed point

N = OF is fixed point of F:

N = (Axy.y(xxy))AF —5 (A\y.y(AAy))F —3 F(AAF) = F(©F)
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lambda term N is fixed point of lambda term F if FN =g N

Definition (Turing’s Fixed Point Combinator)

© = AA with A = Axy.y(xxy)

every lambda term has fixed point

N = OF is fixed point of F:

N = (Axy.y(xxy))AF —3 (A\y.y(AAy))F —3 F(AAF) = F(©F) = FN
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3. Church-Rosser Theorem
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Church-Rosser Theorem
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Church-Rosser Theorem

Corollary

»M=3N = 3JQsuchthat M —5 Q and N =5 Q
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Church-Rosser Theorem

M
N
N CR P
g B
Q

Corollary
»M=3N = 3JQsuchthat M —5 Q and N =5 Q
» M= N and N is g-normal form — M —; N
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Church-Rosser Theorem

M
VRN
N_ CR P
g B
Q

Corollary

» M= N = dJQsuchthat M —5 Q and N =} Q
» M= N and N is g-normal form — M —; N

» M =3 N and M,N are f-normal forms — M=, N
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Church-Rosser Theorem

Q
Corollary
» M= N = dJQsuchthat M —5 Q and N =} Q
» M= N and N is g-normal form — M —; N

» M =3 N and M,N are f-normal forms — M=, N
» M =3 N = both orneither of M, N have g-normal form
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N CR P N  WCR P

» ([-reduction satisfies (b)
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N CR P N  WCR P

(a) (b)

» ([-reduction satisfies (b)

» (b) =4 (a)
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M M M

NG NN

N CR P N  WCR P diamond
property -

Q Q Q
(a) (b) (c)

» ([-reduction satisfies (b)

» (b) =5 (a)

» (c) = (a)
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v

v

v

v

M M M

NG NN

N CR P N WCR P diamond
property
Q Q Q
(a) (b) (c)

B-reduction satisfies (b)

(b) == (a)

(c) = (a)

[-reduction does not satisfy (c)
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v

v

v

v

M M M

SN NG N

N CR P N  WCR P diamond
property

= Q L= = O L= E O L
(a) (b) (c)

B-reduction satisfies (b)

(b) = (a)

(c) = (a)

B-reduction does not satisfy (c): (Ax.xx)((\y.y)2)
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M M M

SN NG N

N CR P N WCR P diamond
property

Q Q Q

(a) (b) (c)
» [B-reduction satisfies (b)
» (b) =4 (a)
» (c) = (a)
» [-reduction does not satisfy (c): (Ax.xx)z g (Ax.xx)((A\y.y)z)
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v

v

v

v

M M M

SN NG N

N CR P N  WCR P diamond
property
= Q L= = O L= E O L
(a) (b) (c)
B-reduction satisfies (b)
(b) = (a)
(c) = (a)
B-reduction does not satisfy (c): (Ax.xx)z g (Ax.xx)(A\y.y)z) =5 (Ay.y)z((Ay.y)z)

u I“nr}:‘s’g;lsj'ctft WS 2023  Computability Theory lecture 13 3. Church-Rosser Theorem 20/40



Definition (Parallel Reduction)

M—H%QM
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Definition (Parallel Reduction)

M+ M (AX-M)N —+>5 M[N/X]
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Definition (Parallel Reduction)

M 1B M
M+ M (AX-M)N —+>5 M[N/X] AXM =5 AX.M
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Definition (Parallel Reduction)

M 5 M M~ M N —55 N
M 45 M (AXM)N ~55 M[N/x]  Ax.M —55 Ax.M’ MN —5 M'N’'
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Definition (Parallel Reduction)

M 5 M M~ M N —55 N
M 455 M (AX.M)N —=5 M[N/x]  Ax.M —5 Ax.M’ MN —5 M'N’'

—+> lacks diamond property
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Definition (Parallel Reduction)

M 5 M M~ M N —55 N
M 455 M (AX.M)N —=5 M[N/x]  Ax.M —5 Ax.M’ MN —5 M'N’'

—++ lacks diamond property: (Ax.x)l g« (Ax.(Ay-x)1)(II) =45 (Ay.11)I with | = Ax.x
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Definition (Parallel Reduction)

M 5 M M~ M N —55 N
M 455 M (AX.M)N —=5 M[N/x]  Ax.M —5 Ax.M’ MN —5 M'N’'

—++ lacks diamond property: (Ax.x)l g« (Ax.(Ay-x)1)(II) =45 (Ay.11)I with | = Ax.x

Definition (Parallel Reduction Revisited)

M ad] M’ N ] N’ M adc M’ M Bl M’ N el N’
M -3 M (AX.M)N -5 M'[N'/x] AX.M 35 AXx.M MN -5 M'N’
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Definition (Parallel Reduction)

M 5 M M~ M N —55 N
M 455 M (AX.M)N —=5 M[N/x]  Ax.M —5 Ax.M’ MN —5 M'N’'

—++ lacks diamond property: (Ax.x)l g« (Ax.(Ay-x)1)(II) =45 (Ay.11)I with | = Ax.x

Definition (Parallel Reduction Revisited)

M ad] M’ N ] N’ M adc M’ M Bl M’ N el N’
M <35 M (AX.M)N <55 M'[N'/x]  AX.-M 35 AX.M/ MN 55 M'N’

—p C =5 C =%
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Lemma (Substitution)

if M <335 M and U —-+5 U’ then M[U/y] <3 M'[U'/y]
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if M <35 M and U -3 U’ then M[U/y]| <5 M'[U'/y]

M* is maximal parallel one-step reduct of M:

@ x*=x
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if M <35 M and U -3 U’ then M[U/y]| <5 M'[U'/y]

M* is maximal parallel one-step reduct of M:
@ x*=x

@ (PN)* = P*N* if PN is no S-redex
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if M <35 M and U -3 U’ then M[U/y]| <5 M'[U'/y]

M* is maximal parallel one-step reduct of M:
® x*=x

@ (PN)* = P*N* if PN is no S-redex

® ((Ax.Q)N)* = Q*[N*/x]
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if M <35 M and U -3 U’ then M[U/y]| <5 M'[U'/y]

M* is maximal parallel one-step reduct of M:

@ x*=x
@ (PN)* = P*N* if PN is no S-redex
® ((Ax.Q)N)* = Q*[N*/x]
@ (Ax.N)* = Ax.N*
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if M <35 M and U -3 U’ then M[U/y]| <5 M'[U'/y]

M* is maximal parallel one-step reduct of M:

*

X" =x

(PN)* = P*N* if PN is no S-redex
(AX.Q)N)* = Q*[N*/x]
(AX.N)* = Ax.N*

® ® ©® 0

if M <3 N then N -3 M*
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Lemma (Diamond Property of Parallel Reduction)

VY M,N,P e A suchthat M =+3 N and M -3 P
3Q € A suchthat N <+5 Q and P <35 Q
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VM,N,P e\ suchthat M =+ N and M -5 P
30 € A suchthat N -3 Q and P -5 Q

take Q = M*
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Lemma (Diamond Property of Parallel Reduction)

V' M,N,P e A suchthat M =+35 N and M -5 P
30 € A suchthat N -3 Q and P <3 Q

take Q = M*

Corollary

[-reduction has Church—Rosser property
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» T = Axy.x F=Axy.y and = \ab.abF
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» T = Axy.x F=Axy.y and = \ab.abF

andTT —>§ T andTF _>Z§ F andFT —>f; F andFF _>Z§ F
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» T = Axy.x F=Axy.y and = \ab.abF

» ite = Ax.x

andTT —>§ T andTF _>Z§ F andFT —>f; F andFF _>Z§ F
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» T = Axy.x F=Axy.y and = \ab.abF

» ite = Ax.x

andTT —>§ T andTF _>Z§ F andFT —>f; F andFF _>Z§ F
iteTMN —>§M iteFMN agN
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Definitions

» T = Axy.x F=Axy.y and = \ab.abF

» ite = Ax.x

andTT —>§ T andTF —>§ F andFT —>f; F andFF _>Z§ F
iteTMN —>§M iteFMN agN

Definitions (Church Numerals)

» for every natural number n

M ifn=20

n = Mx.f"x where F'M =
. F(F"~'M) ifn >0
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Definitions

» T = Axy.x F=Axy.y and = \ab.abF

» ite = Ax.x

andTT —>§ T andTF —>§ F andFT —>f; F andFF _>Z§ F
iteTMN —>§M iteFMN agN

Definitions (Church Numerals)

» for every natural number n

M ifn=20

n = Mx.f"x where F'M =
. F(F"~'M) ifn >0

» succ = Anfx.f(nfx)
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Lemma

succn -5 n+1

B universitat ili . P
M innsbruck WS 2023  Computability Theory lecture 13 4. X\ -Definability 26/40



succn -5 n+1

succn = (Anfx.f(nfx))(Afx.f"x)
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succn -5 n+1

succn = (Anfx.f(nfx))(Afx.f"x) —g AMx.f((AFx.f"x) fx)
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succn -5 n+1

succn = (Anfx.f(nfx))(AFx.f"'x) =g Mx.F((AFx.F"x) Fx) =g M. F((AxX.f"X)X)

u ﬂw”r:;’gra'ctat WS 2023  Computability Theory lecture 13 4. X\ -Definability 26/40



succn -5 n+1

succn = (Anfx.f(nfx))(AFx.f"'x) =g Mx.F((AFx.F"x) Fx) =g M. F((AxX.f"X)X)
—p AfX.f(f"x)
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succn -5 n+1

succn = (Anfx.f(nfx))(AFx.f"'x) =g Mx.F((AFx.F"x) Fx) =g M. F((AxX.f"X)X)
—p AMX.F(F'x) = Mx.f"x=n+1
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succn -5 n+1

succn = (Anfx.f(nfx))(AFx.f"'x) =g Mx.F((AFx.F"x) Fx) =g M. F((AxX.f"X)X)
—p MX.F(F"X) = Mfx.f"x=n+1

Definitions

» zero? = An.n(Ax.F)T
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succn -5 n+1

succn = (Anfx.f(nfx))(AFx.f"'x) =g Mx.F((AFx.F"x) Fx) =g M. F((AxX.f"X)X)
—p MX.F(F"X) = Mfx.f"x=n+1

Definitions

» zero? = An.n(Ax.F)T

T ifn=20

zero? n —% .
- " |\F ifn>0
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succn -5 n+1

succn = (Anfx.f(nfx))(AFx.f"'x) =g Mx.F((AFx.F"x) Fx) =g M. F((AxX.f"X)X)
—p MX.F(F"X) = Mfx.f"x=n+1

Definitions

» zero? = An.n(Ax.F)T add = Anmfx.nf(mfx)

T ifn=20

zero? n —% )
- " |F ifn>0
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succn -5 n+1

succn = (Anfx.f(nfx))(AFx.f"'x) =g Mx.F((AFx.F"x) Fx) =g M. F((AxX.f"X)X)
—p MX.F(F"X) = Mfx.f"x=n+1

Definitions

» zero? = An.n(Ax.F)T add = Anmfx.nf(mfx) mul = Anmf.n(mf)

T ifn=20

zero? n —% )
- " |F ifn>0
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succn -5 n+1

succn = (Anfx.f(nfx))(AFx.f"'x) =g Mx.F((AFx.F"x) Fx) =g M. F((AxX.f"X)X)
—p MX.F(F"X) = Mfx.f"x=n+1

Definitions

» zero? = An.n(Ax.F)T add = Anmfx.nf(mfx) mul = Anmf.n(mf)

T ifn=20

addnm —% n+m mulnm —% n-m
F ifn>0 - P - P

zero? n —% {
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pred = An.n(Auv.v(usucc))(Az.0)(Az.2)
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pred = An.n(Auv.v(usucc))(Az.0)(Az.2)

redn —j o =0
PreAl =5 Yn_1 ifn>0
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pred = An.n(Auv.v(usucc))(Az.0)(Az.2)

0 ifn=20

redn —% < —
preda H{nl ifn>0

» pred 0 —3 0(Auv.v(usucc))(Az.0)(A\z.2)
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pred = An.n(Auv.v(usucc))(Az.0)(Az.2)

0 ifn=20

redn —% < —
preda H{nl ifn>0

» pred 0 —5 0(Auv.v(usucc))(Az.0)(Az.2) =% (Az2.0)(Az.2)
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pred = An.n(Auv.v(usucc))(Az.0)(Az.2)

0 ifn=20

redn —% < —
preda H{nl ifn>0

» pred 0 —5 0(Auv.v(usucc))(Az.0)(Az.2) =% (Az.0)(Az.2) —5 O
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pred = An.n(Auv.v(usucc))(Az.0)(Az.2)

0 ifn=20

redn —% < —
preda H{nl ifn>0

» pred 0 —5 0(Auv.v(usucc))(Az.0)(Az.2) =% (Az.0)(Az.2) —5 O

» predn+1 =% n (homework exercise)
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))

fac2 —j Ffac2
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))

fac2 —j Ffac2
—} ite(zero?2) 1 (mul 2 (fac (pred 2)))
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))

fac2 —j Ffac2
—} ite(zero?2) 1 (mul 2 (fac (pred 2)))
—7 ite F1(mul 2 (fac (pred 2)))
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))

fac2 —j Ffac2
—} ite(zero?2) 1 (mul 2 (fac (pred 2)))
—7 ite F1(mul 2 (fac (pred 2)))
—% mul 2 (fac (pred 2))
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))

fac2 —j Ffac2
—} ite(zero?2) 1 (mul 2 (fac (pred 2)))
—7 ite F1(mul 2 (fac (pred 2)))
—% mul 2 (fac (pred 2))
—5 mul 2 (fac 1)
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))

fac2 —j Ffac2
—} ite(zero?2) 1 (mul 2 (fac (pred 2)))
—7 ite F1(mul 2 (fac (pred 2)))
—% mul 2 (fac (pred 2))
—5 mul 2 (fac 1)
%
—% mul 2 (mul 1 (fac 0))
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))

fac2 —j Ffac2
—} ite(zero?2) 1 (mul 2 (fac (pred 2)))
—7 ite F1(mul 2 (fac (pred 2)))
—% mul 2 (fac (pred 2))
—5 mul 2 (fac 1)
%
—% mul 2 (mul 1 (fac 0)) —% mul 2 (mul11)
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representing factorial function in lambda calculus

facn = ite (zero?n) 1 (mul n (fac (pred n)))

» fac = An.ite (zero? n) 1 (mul n (fac (pred n)))
» fac = (Afn.ite (zero?n) 1 (mul n (f (pred n)))) fac
» fac = ©F with F = (Afn.ite(zero?n) 1 (mul n (f (pred n))))

fac2 —j Ffac2
—} ite(zero?2) 1 (mul 2 (fac (pred 2)))
—7 ite F1(mul 2 (fac (pred 2)))
—% mul 2 (fac (pred 2))
—5 mul 2 (fac 1)
%
—% mul2 (mull (fac0)) —5 mul2 (mull11l) —% 2
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partial function f: N — N is A-definable if 3 combinator F such that

f(X]_7...,Xn):y — Fﬁ)&;)z;z

forall x1,...,x,,y €N
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partial function f: N — N is A-definable if 3 combinator F such that

f(X]_,...,Xn):y — Fﬁ)&;)z;z

f(x1,...,Xp) isundefined = Fx; --- X, is not normalizing

forall x1,...,x,,y €N

partial recursive functions are A-definable
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partial function f: N — N is A-definable if 3 combinator F such that

f(X]_,...7Xn):y — Fﬁ)&;}éz

f(x1,...,Xp) isundefined = Fx; --- X, is not normalizing

forall x1,...,x,,y €N

partial recursive functions are A-definable

» zero function z(x) =0
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partial function f: N — N is A-definable if 3 combinator F such that

f(X]_,...7Xn):y — Fﬁ)&;}éz
f(x1,...,Xp) isundefined = Fx; --- X, is not normalizing
forall x1,...,x,,y €N

partial recursive functions are A-definable

» zero function z(x) =0 zero = Ax.0
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partial function f: N — N is A-definable if 3 combinator F such that

f(X]_,...7Xn):y — Fﬁ)&;}éz
f(x1,...,Xp) isundefined = Fx; --- X, is not normalizing
forall x1,...,x,,y €N

partial recursive functions are A-definable

» zero function z(x) =0 zero = Ax.0

s(x) =x+1 succ = Anfx.f(nfx)

» successor function
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partial function f: N — N is A-definable if 3 combinator F such that

f(X]_,...7Xn):y — Fﬁ)&;)z;z
f(x1,...,Xp) isundefined = Fx; --- X, is not normalizing
forall x1,...,x,,y €N

partial recursive functions are A-definable

» zero function

z(x) = zero = Ax.0
» successor function  s(x) =x+1 succ = Anfx.f(nfx)
» projection functions  7l(X1,...,Xn) = X;
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partial function f: N — N is A-definable if 3 combinator F such that

f(X]_,...7Xn):y — Fﬁ)&;)z;z
f(x1,...,Xp) isundefined = Fx; --- X, is not normalizing
forall x1,...,x,,y €N

partial recursive functions are A-definable

» zero function

z(x) = zero = Ax.0
» successor function  s(x) =x+1 succ = Anfx.f(nfx)
» projection functions  7l(X1,...,Xn) = X;

= AX1 - Xp. X
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Proof (cont’d)

» composition f(X) = g(h1(X),...,hm(X))
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Proof (cont’d)

» composition f(X) = g(h1(X),...,hm(X))

F=\%.G(H1X) - (HmX)
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Proof (cont’d)

» composition f(X) = g(h1(X),...,hm(X))

F=\%.G(H1X) - (HmX)

» primitive recusion f(0,y) = 9(¥)
f(x +1,y) = h(f(x,y),x,¥)
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Proof (cont’d)

» composition f(X) = g(h1(X),...,hm(X))

F=\%.G(H1X) - (HmX)

» primitive recusion f(0,y) = 9(¥)
f(x +1,y) = h(f(x,y),x,¥)

F = Axy.ite (zero? x) (G y) (H (F (pred x) ¥) (pred x) ¥)
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Proof (cont’d)

» composition f(X) = g(h1(X),...,hm(X))

F=\%.G(H1X) - (HmX)

» primitive recusion f(0,y) = g(¥)
f(x+1,¥) = h(f(x,y),x,y)
F = Axy.ite (zero? x) (G y) (H (F (pred x) ¥) (pred x) ¥)
= O (Mfxy.ite(zero?x) (Gy) (H (f(pred x) y) (pred x) y))
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Proof (cont’d)

» minimization f(X) = (ni) (9(i,x1,...,%n) = 0)
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Proof (cont’d)

» minimization f(X) = (ni) (9(i,x1,...,%n) = 0)

F=HO
with

H = \iX.ite (zero? (GiX))i(H (succi)X)
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Proof (cont’d)

» minimization f(X) = (ni) (9(i,x1,...,%n) = 0)

F=HO
with
H = \iX.ite (zero? (GiX))i(H (succi)X)
= © (AhiX.ite(zero? (GiX))i(h(succi)Xx))
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Proof (cont’d)

» minimization f(X) = (ni) (9(i,x1,...,%n) = 0)

F=HO
with

H = \iX.ite (zero? (GiX))i(H (succi)X)
= © (AhiX.ite(zero? (GiX))i(h(succi)Xx))

A—definable function are partial recursive
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Proof (cont’d)

» minimization f(X) = (ni) (9(i,x1,...,%n) = 0)

F=HO
with

H = \iX.ite (zero? (GiX))i(H (succi)X)
= © (AhiX.ite(zero? (GiX))i(h(succi)Xx))

A—definable function are partial recursive

however, cf. slide 28 of lecture 8 and slides 19-21 of lecture 9
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Outline

5. n-Reduction

= iunr}{‘s/gmgft WS 2023  Computability Theory  lecture 13 5. n-Reduction 32/40



B-reduction has Church-Rosser property
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Theorem

B-reduction has Church-Rosser property

Corollary

X #g A\Y.Xy
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Theorem

B-reduction has Church-Rosser property

Corollary

X #g A\Y.Xy

Corollary

A-calculus is consistent
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Theorem

[-reduction has Church—Rosser property

Corollary

X #g Ay.Xy

Corollary

A-calculus is consistent

x and \y.xy are extensionally equivalent: xM =g (A\y.xy)M forall M € A
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one-step n-reduction is smallest relation —, on lambda terms satisfying

x ¢ FV(M)
AX.-Mx —, M

(1)
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one-step n-reduction is smallest relation —, on lambda terms satisfying

x ¢ FV(M) M —, M

congruence

) vx =, M MN =, N (congruence)
M —, M’ N —, N

— —— 1 —_ (congruence

() AXM — AX.M' MN —, MN’ (cong )

one-step Bn-reduction — g, is union of =5 and —,
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one-step n-reduction is smallest relation —, on lambda terms satisfying

x ¢ FV(M) M —, M
(n) ———— —————— (congruence)
AX.Mx —5, M MN —,, M'N
M —, M N —, N’
VY B ——— —————  (congruence
() AX.M — Ax.M MN —, MN’ (cong )

one-step Bn-reduction — g, is union of =5 and —,

Bn-reduction has Church-Rosser property
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6. Normalization Theorem
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= Q= (Ax.xx)(Ax.xx)
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» Q= (Ax.xx)(Ax.xx) =5 Q
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» Q= (Ax.xx)(Ax.xx) =5 Q

» (Ax.y)Q has g-normal form
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» Q= (Ax.xx)(Ax.xx) =5 Q

» (Ax.y)Q has S-normal form: (Ax.y)Q =gy
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» Q= (Ax.xx)(Ax.xx) =5 Q

» (Ax.y)Q has -normal form: (Ax.y)Q =gy
» (Ax.y)Q admits infinite reduction
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» Q= (Ax.xx)(Ax.xx) =5 Q

» (Ax.y)Q has -normal form: (Ax.y)Q =gy
» (Ax.y)Q admits infinite reduction: (Ax.y)Q —g (Ax.y)Q —g ---
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Q = (Ax.xx)(Ax.xx) =3 Q
(Ax.
(

x.y)Q has S-normal form: (Ax.y)Q =gy
Ax.y)Q admits infinite reduction: (Ax.y)Q —5 (Ax.y)Q —p -

how to compute S-normal forms (or Sn-normal forms) ?
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Q = (Ax.xx)(Ax.xx) =3 Q

(Ax.
(

x.y)Q has S-normal form: (Ax.y)Q2 =5y
Ax.y)Q admits infinite reduction: (Ax.y)Q —5 (Ax.y)Q —p -

how to compute S-normal forms (or Sn-normal forms) ?

always select leftmost redex
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Q = (Ax.xx)(Ax.xx) =3 Q

(Ax.
(

x.y)Q has S-normal form: (Ax.y)Q2 =5y
Ax.y)Q admits infinite reduction: (Ax.y)Q —5 (Ax.y)Q —p -

how to compute S-normal forms (or Sn-normal forms) ?

always select leftmost redex

leftmost reduction strategy is normalizing
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7. Test Practice
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Test on January 29
» 15:15-18:00 in HS 10

» online registration required before 10 am on January 23
» closed book

M universitat f i
innsbruck WS 2023 Computability Theory lecture 13 7. Test Practice

38/40


http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ss22.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ws17-2.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ws17-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ws14-2.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ws14-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ss12-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ss08-2.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ss08-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ss07-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ss06-2.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ss06-1.pdf
http://cl-informatik.uibk.ac.at/teaching/ws23/ct/exams/ws04-1.pdf

Test on January 29

v

15:15-18:00 in HS 10
online registration required before 10 am on January 23
closed book

» score = min(max(%(E+P)+ 3T+B,T+B),100)

v

v
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Test on January 29
» 15:15-18:00 in HS 10

» online registration required before 10 am on January 23

» closed book
» score = min(max(%(E+P)+ 3T+B,T+B),100)

Earlier Exams/Tests

» SS 2022 (test) » WS 2014 -1 » SS 2007
» WS 2017 -2 > SS 2012 » SS 2006 -2
» WS 2017 -1 > SS 2008 -2 » SS 2006-1
> WS 2014 -2 > SS 2008-1 » WS 2004
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Test on January 29
» 15:15-18:00 in HS 10

» online registration required before 10 am on January 23

» closed book
» score = min(max(%(E+P)+ 3T+B,T+B),100)

Earlier Exams/Tests

» SS 2022 (test) » WS 2014 -1 » SS 2007
» WS 2017 -2 > SS 2012 » SS 2006 -2
» WS 2017 -1 > SS 2008 -2 » SS 2006-1
> WS 2014 -2 > SS 2008-1 » WS 2004

test practice on January 22
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8. Summary
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Important Concepts

» a-conversion » m-reduction

» [3—conversion » lambda calculus

» [-reduction » A-definability

» Church-Rosser theorem » normalization theorem
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Important Concepts

» a-conversion » m-reduction

» [3—conversion » lambda calculus

» [-reduction » A-definability

» Church-Rosser theorem » normalization theorem

homework for January 22
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