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Definitions

» deterministic finite automaton (DFA) is quintuple M = (Q, X%, 4, s, F) with

v

v

\4

® Q: finite set of states

@ Xx: input alphabet

® 0:0Qx X — Q: transition function

@ seQ: start state

® FCO: final (accept) states

Q X ¥* — Q is inductively defined by

3a,6) = q 3(a,xa) = 6(5(a,x),a)

string x € ©* is accepted by M if 5( X) EF
string x € ¥* is rejected by M if (5( X) ¢ F
language accepted by M: L(M) = {x \g(s’x) €F}
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set A C X* is regular if A = L(M) for some DFA M

regular sets are effectively closed under intersection, union, and complement

u Hﬁ”&;’g;ﬁ'{t?t WS 2024  Automata and Logic lecture 2 1. Summary of Previous Lecture 4/30



> ( non-deterministic, alternating) finite automata

» regular expressions

» (alternating) Bichi automata

» (weak) monadic second-order logic

» Presburger arithmetic

» linear-time temporal logic
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2. Nondeterministic Finite Automata
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NFA M = (Q.%.A,S.F)

ab a
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» nondeterministic finite automaton (NFA) is quintuple N = (Q, X, A,S,F) with

@ Q: finite set of states
> input alphabet

S CQ: set of start states

)

® A:0QxYX — 29: transition function
@

® FCO: final (accept) states

» A: 29 x ¥* — 29 is inductively defined by

~

AAe) = A A(A,xa) = | ] Ag.a)

» X € X* is accepted by N if K(S,x) NF#o
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every set accepted by NFA is regular

Proof (subset construction)
» NFA N = (ON-,Z,AN.,SN,FN)
> L(N) = L(M) for DFA M = (OM7275M75M,FM) with

@ Qu = 2%
@ om(A,a) = AN(A,a) forall AC Qy and ace X
® su = Sy

@ Fy={ACOy|ANFy # 2}

» claim: SI\;(A7X) — An(A,x) forall AC Qy and x € £*

proof of claim: easy induction on |x|
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a b a b
ab a A=9o E=1{12} A|lA A E|H F
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3. Epsilon Transitions
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e({l}) = {1’213}

C
O——@—=0) A({1}.b) = {2,3}

» NFA with e-transitions (NFA.) is sextuple N = (Q,X,¢,A,S, F) such that

@ e¢Xx
@ N.=(0,xXU{e},A,S F) is NFA over alphabet YU{e}
» e-closure of set A C Q is defined as C.(A U{AN (A x)|xe{e}*}

» Ay: 290 x T = 20

s inductively defined by

An(A, €) = C.(A) n(A,xa) = | | {C(A(q,a)) | g € Dn(A,X)}
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C.(A) is least extension of A that is closed under e-transitions:

geC(A) = An.(q,€) CC.(A)

every set accepted by NFA. is regular

Proof (construction)

» NFA. N1 = (Q,%,¢,A1,5,F1)

» L(N1) = L(N3) for NFA N, = (Q,X,A,,S,F,) with
® Ay(g,a) = A1({q},a) foralgeQandacy
@ F={q|C({q})NF.L # 2}
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NFA. N» = ({1,2,3},{a,b,c},e,A1,{1},{3}) with
» A | a b c €
1 {1} (2] (%] {2} ﬁ C[_)> C
2 | o {2} o {3}
3| o o {3} o @ € @ € @
NFA Ny = ({1,2,3},{a,b,c}, Ay, {1}, F;) with
> Fo={aqlC({a})n{3} # o} = {q|3eC({a})} ={1,2,3}

> A2| a b c
1 |{1,2,3} {2,3} {3} a b c
2 1%} {2,3} {3}
3| 6 o (3} % (2 @
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4. Intermezzo
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E]I'ﬁCify with session 1D

What is the language accepted by the NFA. given by the following transition table ?
‘ € a b

1 [ {2} {12} {1}

2 & & {3}

3 | o {4 {4}

4F %] %] %]

%

A {ab}

B {xaby|xe{a,b}* and y € {a,b}}
{xyz|x,ze {a,b}* and y € {a,b}}

B {xyz|xe{a,b}*, ye{b,ab} and z€ {a,b}}
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5. Closure Properties
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regular sets are effectively closed under union, concatenation, and asterate

» A = L(Nl) for NFA N, = (Ql,Z,Al,Sl,Fl)

B = L(Nz) for NFA N, = (QQ,Z,A2752,F2)
» without loss of generality Q1 N Q> = &

» AUB = L(N) for NFA N = (Q,%,A,S,F) with

® Q=01UQ;

® S=5US,

® F=FUF

® Ag.a) = Ai(qg,a) !fqeol
Ay(g,a) ifqgeQ;
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{xe{a}*| |x| isdivisible by 3} U {xe€{a}*| |x| is divisible by 4}

Q——©@
AN ]
©), @)——G)

{xe{a}*| |x| is divisible by 3 or 4}
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regular sets are effectively closed under union, concatenation, and asterate

» A= L(N]_) for NFA N, = (Ql,Z,Al,Sl,Fl)

B = L(N3) for NFA N = (Q2,%,A,,5,,F>)
» without loss of generality Q1 N Q, = 9
» AB = L(N) for NFA. N = (Q,X,¢, A, Sy, F,) with
® Q0=01UQ;
A1(g,a) ifge Qi and acx

As(g,a) ifgeQ, and ae X
S, if geF, and a = €

@ A(g,a) =

%] otherwise
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{x e{a}*| |x| is divisible by 3} {x e{a}*| |x| is divisible by 4}
€

T
O——@

VAR

@)——G)

{xefa} | IxI¢{1,2,5}}
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regular sets are effectively closed under union, concatenation, and asterate

» A = L(Nl) for NFA N, = (Ql,Z,Al,Sl,Fl)

» A* = L(N) for NFALN = (Q, X, €, A, S, F) with

@® Q=0:1¥{s}
@ S ={s}
® F={s}

Ai(g,a) ifge 0, and ae X
S ifg=sand a=¢
if geF, and a = €

otherwise
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a
{a}{b}* @ 2@

a b
M)
({2} {b}")" = {a,b}" —O) —()-22(2)

B universitat i i
o heerace WS 2024 Automata and Logic lecture 2 5. Closure Properties 24/30



Outline

6. Hamming Distance
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» Hamming distance H(x,y) is number of places where bit strings x and y differ
» if |x| # |y| then H(x,y) = o0
» Ne(A) = {x € {0,1}* | H(x,y) < k forsome y € A}

A C {0,1}* isregular = N3(A) is regular
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A C {0,1}* isregular = N(A) is regular

poof |
» A = L(M) for DFA M = (Qu,{0,1},6m,Sm, Fu)
» define NFA N = (Qu,{0,1}, Ay, Sy, Fy) with

® Oy =0y x{0,1,2}

@ An((p,0),a) = {(q,0) | dm(p,a) = g} U {(q,1) | dm(p,b) = q for some b # a}
An((p,1),a) = {(a,1) | dm(p,a) = q} U {(9,2) | dm(p,b) = q for some b # a}
An((p,2),a) = {(q,2) | dm(p,a) = q} forallack

® Sy = {(sm,0)}

@ Fy=Fux{0,1,2}
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Proof (cont’d)

» key property:

(@,)) € Bu({(p, 1) }y) <= gﬂ;(p,x) = g for some x € {0,1}"
forall p,g € Qu, y € {0,1}*, i,j€{0,1,2} suchthat |[x| = |y| and H(x,y) =j—i

» No(A) = {y | H(y,x 2 forsome x € A}
= {y | H(y,x) = k forsome x € A and k€ {0,1,2}}
(
={y|(q,k) N({( ,0)},y) forsome g € Fy and k € {0,1,2}}
={y1(a,k) € An({(sm,0)},y) for some (q,k) € Fy}
= {y | Au({(sm,0)},y) N Fy # &}
= L(N)

) <
J) =
={y | H(y,x) = k and 6M(5M x) = q forsome x €A, k€ {0,1,2} and g € Fy }
€
E
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7. Further Reading
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» Lecture 5 and 6

e-transition Hamming distance NFA,
e-closure NFA subset construction
asterate

homework for October 25
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