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formulas of Presburger arithmetic

pi=L ]| | gV | Ixe | 1=t | t1 <t
tZZ:O‘l‘tl—‘rtle

Abbreviations

pAY = =(np VoY) =Y = p VY T := -1
VX.(,Q = ﬁHX.“(,O L<b =tHh<tbVti==0t
n:=1+---+1 nNx = X+ ---+Xx forn>1
N———— N———

n n

Definitions

» assignment « is mapping from first-order variables to N

» extension to terms: «(0) =0 a(l)y=1 a(ty + 6) = a(ty) + o(tz)
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assignment « satisfies formula ¢ (a F ¢):

akF L

akF —p = aFop

aF i1V, << aFporakFp

aFE3Ix e < «a[x+—n] E ¢ forsome n €N
aFth =1t — a(t) = a(ty)

akFt <t — a(t) < o(t)

every t; = t, can be written as aix; +---+apx, = b with a1,...,a,,be”Z

Presburger arithmetic is decidable
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Decision Procedures

» quantifier elimination
» automata techniques
» translation to WMSO

Definition (Representation)

» sequence of n natural numbers is represented as string over

Sp = {(br-- bp)" | by,...,bn€{0,1}}

bt\ (b2 b

»x = | S| 8| € X represents x; = (b -+ b3bi)a, ..., Xy = (BT .- b2bY),
b ) \b2 b

» X = (X1,...,Xn)
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for Presburger arithmetic formula ¢ with FV(¢) = (X1, ..., Xn)

Lip) ={xeX,|x F ¢}

Presburger arithmetic is decidable

Proof Sketch

» construct finite automaton A, for every Presburger arithmetic formula ¢

» induction on ¢
> L(Ay) = L(p)
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Definition (Automaton for Atomic Formula)

finite automaton A, = (Q,%,,9,s,F) for ¢(x1,...,Xn): @ix1+---+anxp = b
» Q C {i]|i] < Ib|l+a1|+---+lan|} U{L}
i—(aiby + -+ anbp)

if i —(a1by +--- +anby) is even

» 0(i,(by---by)T) = 2 _ .

s if i — (a1by + -+ anbp) isodd or i = L
»s=0>b
» F={0}

if 6(i,(b1---bn)T) =j then aixi+- - +anxn =j <= ai1(2x1+b1)+ - +an(2x, +bp) =i

A, is well-defined
L(Ay) = L(p)
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Boolean Operations

boolean operation automata construction
- complement C
A intersection I
V union U

Definition (Cylindrification)

Ci(R) € X, isdefinedfor R C ¥} andindex 1 <i<n+1 as

Ci(R) = {x1-+ Xm € X}; | drop;(x1) - -- drop;(xm) € R}

with dr0pi((b1 T bn+1)T) = (by---bi_1bjf1 - bn+1)T

if R C ¥} isregularthen C;(R) C X', isregularforevery 1 <i<n+1
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Definition (Projection)

M;(R) € ¥ isdefinedfor R C ¥}, andindex 1 <i<n+1as

M;(R) = {drop;(x1)--- drop;(xm) € =5 | X1 -+ Xm € R}

if R C X, isregularthen M;(R) C X} isregularforevery 1 <i<n+1
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Translation from Presburger Arithmetic to WMSO

» map variables in Presburger arithmetic formula to second-order variables in WMSO
» n is represented as set of "1" positions in reverse binary notation of n

» 0 and 1 in Presburger arithmetic formulas are translated into ZERO and ONE with
V x. 2 ZERO(x) Vx.ONE(x) <+ x =0
» -+ in Presburger arithmetic formula is translated into ternary predicate P, with

PL(X,Y,Z) :=3C.=C(0) A (VX.C(x+1) ¢ X(x) AY(X) V X(x) A C(x) V Y(x)AC(X)) A
(Vx.Z(x) <> X(x) A Y(x) AC(x) V X(X) A =Y(x) A =C(x) V
=X(X) A Y(x) A =C(x) V =X(x) A =Y (x) A C(x))
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> ( , alternating)

>

» (alternating) Bichi automata

»
>

» linear-time temporal logic
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2. Infinite Strings
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» infinite string over alphabet X is function x: N — %
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» infinite string over alphabet X is function x: N — %

a if i iseven

b if i is odd
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Definitions

» infinite string over alphabet X is function x: N — %

a if i iseven

b if i is odd

x(i) =

» infinite string x is identified with infinite sequence x(0)x(1)x(2) - --
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Definitions

» infinite string over alphabet X is function x: N — %

a if i iseven
x(i) = X = ababab - - -
b if i is odd

» infinite string x is identified with infinite sequence x(0)x(1)x(2) - --
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Definitions

» infinite string over alphabet X is function x: N — %

» >“ denotes set of all infinite strings over ¥

a if i iseven
x(i) = X = ababab - - -
b if i is odd

» infinite string x is identified with infinite sequence x(0)x(1)x(2) - --
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Definitions

» infinite string over alphabet X is function x: N — %

» >“ denotes set of all infinite strings over ¥

a if i iseven
x(i) = X = ababab--- = (ab)¥
b if i is odd

» infinite string x is identified with infinite sequence x(0)x(1)x(2) - --
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Definitions

» infinite string over alphabet X is function x: N — %
» >“ denotes set of all infinite strings over ¥

» |x|s for x € ¥ and a € ¥ denotes number of occurrences of a in x

a if i iseven
x(i) = X = ababab--- = (ab)¥
b if i is odd

» infinite string x is identified with infinite sequence x(0)x(1)x(2) - - -

» |X|s = oo foratleastone a € X
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» left-concatenation of u € ¥* and v € ¥ isdenoted by u-v € ¥¥
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» left-concatenation of u € ¥* and v € ¥ isdenoted by u-v € ¥¥

» left-concatenation of U C ¥* and V C ¥

U-V={u-viueUandveV}
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» left-concatenation of u € ¥* and v € ¥ isdenoted by u-v € ¥¥

» left-concatenation of U C ¥* and V C ¥
U-V={u-viueUandveV}

» ~V =3 -V is complement of V C ¥¥
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» left-concatenation of u € ¥* and v € ¥ isdenoted by u-v € ¥¥

» left-concatenation of U C ¥* and V C ¥
U-V={u-viueUandveV}

» ~V =3 -V is complement of V C ¥¥

» U¥ ={ug-uy----|ujeU—{e} forall i € N} is w-iteration of U C ¥*
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3. Biichi Automata
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» nondeterministic Blichi automaton (NBA) is NFA M = (Q,X,A,S,F) operating on X¢
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» nondeterministic Blichi automaton (NBA) is NFA M = (Q,X,A,S,F) operating on X¢

» run of M oninput x = agaia;--- € L is infinite sequence qo,q1, ... of states such that
go € S and gi+1 € A(g;,a;) fori >0
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» nondeterministic Blichi automaton (NBA) is NFA M = (Q,X,A,S,F) operating on X¢

» run of M oninput x = agaia;--- € X is infinite sequence qo,q1, ... of states such that
go € S and gi+1 € A(g;,a;) fori >0

» run qo,qi,... is accepting if g; € F for infinitely many i
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>

>

nondeterministic Blichi automaton (NBA) is NFA M = (Q,X,A,S,F) operating on X¢
run of M on input x = agaia; --- € X is infinite sequence qop,q1, ... of states such that
go € S and gi+1 € A(g;,a;) fori >0
run go,qi,... is accepting if g; € F for infinitely many i
NBA M b a

() a

00

E—
~

(ab)« € L(M) b
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» nondeterministic Blichi automaton (NBA) is NFA M = (Q,X,A,S,F) operating on X¢

» run of M oninput x = agaia;--- € X is infinite sequence qo,q1, ... of states such that
go € S and gi+1 € A(g;,a;) fori >0
» run qo,qi,... is accepting if g; € F for infinitely many i
NBA M b a
() a
00
B
~
(ab)“ € L(M) b
aab® ¢ L(M)
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» nondeterministic Blichi automaton (NBA) is NFA M = (Q,X,A,S,F) operating on X¢

» run of M oninput x = agaia;--- € X is infinite sequence qo,q1, ... of states such that
go € S and gi+1 € A(g;,a;) fori >0

» run qo,qi,... is accepting if g; € F for infinitely many i

» L(M) = {x € ¥ | x admits accepting run}

NBA M g% a
a
—O_
(ab)* € L(M) b
aab® ¢ L(M)
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» nondeterministic Blichi automaton (NBA) is NFA M = (Q,X,A,S,F) operating on X¢

» run of M oninput x = agaia;--- € X is infinite sequence qo,q1, ... of states such that
go € S and gi+1 € A(g;,a;) fori >0

» run qo,qi,... is accepting if g; € F for infinitely many i

» L(M) = {x € ¥ | x admits accepting run}

NBA M g% a
a
—O_
(ab)* € L(M) b
aab® ¢ L(M)

L(M) = {xe{a,b}* | |x]s = oo}
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» NBA M ab b
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» NBA M ab b

> L(M) = {xe{a,b}*[|x]s # oo}
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» NBA M ab b

> L(M) = {xe{a b} [|x|a # o0} = (a +b)"b*
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0, O
O——G)

L(M) = {x € {a,b}* | |xls # o0} = (a+b)"b*

» set A C Y% is w-regular if A = L(M) for some NBA M
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NBA M 8% C%
O—0

L(M) = {x e{a,b}* | |x]a # oo} = (a+b)"b*

» set A C Y% is w-regular if A = L(M) for some NBA M

» deterministic Blchi automaton (DBA) is NBA (Q,X,A,S,F) with
® |S|=1
@ |A(g,a)|=1forallgeQ and acx
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NBA M ab b
) )
b
O—@

L(M) = {x € {a,b}* | Il # o0} = (a+b)"b

M is not deterministic

» set A C Y% is w-regular if A = L(M) for some NBA M

» deterministic Blchi automaton (DBA) is NBA (Q,X,A,S,F) with
® |S|=1
@ |A(g,a)|=1forallgeQ and acx
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{xe{a,b}¥| |x|ls = |x|p = o} is accepted by DBA
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not every w-regular set is accepted by DBA
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not every w-regular set is accepted by DBA

L={xe{a,b}¥[|x]a # oo}
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not every w-regular set is accepted by DBA

L={xe{a,b}||x|la # x} is w-regular
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not every w-regular set is accepted by DBA

L={xe{a,b}¥]||x|ls # o} is w-regular but not accepted by DBA
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

X():bw
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ el — daccepting run qo,q1, ...
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F

X1 = bioab“’
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F

X1 = bioab“’ eL
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:

» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ el — daccepting run qo,q1, ...

X1 = bioabw cL — B accepting run qo,Qqa, . ..

— Jip>0 with g;, € F
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:

» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ el — daccepting run qo,q1, ...

X1 = bioabw cL — B accepting run qo,Qqa, . ..

— Jip>0 with g;, € F

— 3 >ip+1 with g, €F
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
X1 = bPab¥ €L — daccepting run qo,q1,... = 3dJi1 >ip+1 withg;, €F
let ll :il—i()—l

X, = b*abab%
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
X1 = bPab¥ €L — daccepting run qo,q1,... = 3dJi1 >ip+1 withg;, €F
let Il :il—i()—l

X, = b°abhab¥ € L = Jacceptingrun qo,q1,--- == i, >i;1+1 with g, €F
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
X1 = bPab¥ €L — daccepting run qo,q1,... = 3dJi1 >ip+1 withg;, €F
let Il :il—i()—l

X, = b°abhab¥ € L = Jacceptingrun qo,q1,--- == i, >i;1+1 with g, €F
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
X1 = bPab¥ €L — daccepting run qo,q1,... = 3dJi1 >ip+1 withg;, €F
let Il :il—i()—l

X, = b°abhab® € L = Jacceptingrun qo,q1,--- == i, >i;1+1 with g, €F

dj < k such that g; = g;,
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
X1 = bPab¥ €L — daccepting run qo,q1,... = 3dJi1 >ip+1 withg;, €F
let Il :il—i()—l

X, = b°abhab¥ € L = Jacceptingrun qo,q1,--- == i, >i;1+1 with g, €F

dj < k such that g; = g;,

» x = bleab ... abli(ab/i*1 ... abk)~
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
X1 = bPab¥ €L — daccepting run qo,q1,... = 3dJi1 >ip+1 withg;, €F
let Il :il—i()—l

X, = b°abhab¥ € L = Jacceptingrun qo,q1,--- == i, >i;1+1 with g, €F

dj < k such that g; = g;,

» x = bab" ... abli(ab’*1 ... ab’)~ admits accepting run
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
X1 = bPab¥ €L — daccepting run qo,q1,... = 3dJi1 >ip+1 withg;, €F
let Il :il—i()—l

X, = b°abhab¥ € L = Jacceptingrun qo,q1,--- == i, >i;1+1 with g, €F

dj < k such that g; = g;,

» x = bloab ... abli(ab/*1...ab’)~ admits accepting run but x ¢ L
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not every w-regular set is accepted by DBA

L={xe{a,b}¥||x|ls # o} is w-regular but not accepted by DBA:
» suppose L = L(M) for DBA M = (Q,X,A,S,F)

Xo =b¥ €L —> dJaccepting run go,91,... =— dip >0 with q;, € F
X1 = bPab¥ €L — daccepting run qo,q1,... = 3dJi1 >ip+1 withg;, €F
let Il :il—i()—l

X, = b°abhab¥ € L = Jacceptingrun qo,q1,--- == i, >i;1+1 with g, €F

dj < k such that g; = g;,

» x = bleab ... abli(ab/i*1...ab%)~ admits acceptingrunbut x¢L 4
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Lemma

every w-regular set is accepted by NBA with one start state
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every w-regular set is accepted by NBA with one start state

» A =L(M) for NBAM = (Q,%,A,S,F)
» define NBA N = (Q',X,A’,{s},F) with @ = Quw{s} and

A’(p,a) _ {A(pa) if pP 7£ S

{geQ|qgeA(p/,a) forsome p’ €S} ifp=s
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every w-regular set is accepted by NBA with one start state

» A =L(M) for NBAM = (Q,%,A,S,F)
» define NBA N = (Q',X,A’,{s},F) with @ = Quw{s} and

A’(p,a) _ {A(pa) if pP 7£ S

{geQ|qgeA(p/,a) forsome p’ €S} ifp=s
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» define NBA N = (Q',X,A’,{s},F) with Q" = QW {s} and

A(p.a) = {A(p,a) if p#s

{geQ|qgeA(p/,a) forsome p’ €S} ifp=s
» L(N) = A:

XEA <= drunqo,91,92,... in M with go € S and q; € F for infinitely many i > 0
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every w-regular set is accepted by NBA with one start state

» A =L(M) for NBAM = (Q,%,A,S,F)
» define NBA N = (Q',X,A’,{s},F) with Q" = QW {s} and

A(p.a) = {A(pva) if p#s

{geQ|qgeA(p/,a) forsome p’ €S} ifp=s

» L(N) = A:
XEA <= drunqo,91,92,... in M with go € S and q; € F for infinitely many i > 0
<= 3 run go,91,92,... in M with go € S and g; € F for infinitely many i > 0
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every w-regular set is accepted by NBA with one start state

» A =L(M) for NBAM = (Q,%,A,S,F)
» define NBA N = (Q',X,A’,{s},F) with Q" = QW {s} and

A(p.a) = {A(pva) if p#s

{geQ|qgeA(p/,a) forsome p’ €S} ifp=s

» L(N) = A:
XEA <= drunqo,91,92,... in M with go € S and q; € F for infinitely many i > 0
<= 3 run go,91,92,... in M with go € S and g; € F for infinitely many i > 0
<= drun s,q1,q92,... in N with g; € F for infinitely many i > 0
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every w-regular set is accepted by NBA with one start state

» A =L(M) for NBAM = (Q,%,A,S,F)
» define NBA N = (Q',X,A’,{s},F) with Q" = QW {s} and

A'(p,a) _ {A(pa) |fp7£5

{geQ|qgeA(p/,a) forsome p’ €S} ifp=s

» L(N) =A
XEA <= drunqo,91,92,... in M with go € S and q; € F for infinitely many i > 0
<= 3 run go,91,92,... in M with go € S and g; € F for infinitely many i > 0
<= drun s,q1,q92,... in N with g; € F for infinitely many i > 0

<~ xeL(N)
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E]I'ﬁCify with session 1D
(Question |

Which statement about the following NBA M is true ?

|,
be CT%QD b

B L= o abc
B L(M) = {x|xlo = o0 and [x]c = oo}

B L(M) = {x||xla # 5 or [xls = xlo = o}

B L(M)=1%~

B universitat
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w-regular sets are effectively closed under union
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w-regular sets are effectively closed under union

Proof (construction)

» A= L(Ml) for NBA M, = (017Z,A17517F1)

B = L(Mz) for NBA M, = (Oz,z,Az,Sz./Fz)
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w-regular sets are effectively closed under union

Proof (construction)

» A= L(Ml) for NBA M, = (Ql,Z,A17517F1)
B = L(Mz) for NBA M, = (Qz,z,Az,Sz./Fz)

» without loss of generality Q1 N Q> = &
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w-regular sets are effectively closed under union

Proof (construction)

» A= L(Ml) for NBA M, = (Ql,Z,A17517F1)
B = L(Mz) for NBA M, = (Oz./Z,Az,Sz./FQ)
» without loss of generality Q1 N Q> = &

» AUB = L(M) for NBA M = (Q,%,A,S,F) with
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w-regular sets are effectively closed under union

Proof (construction)

» A =L(M;) for NBA My = (Q1,%,A1,51,F1)
B = L(M;) for NBA My = (Q2,%,A,5;,F>)
» without loss of generality Q1 N Q, = 9
» AUB = L(M) for NBA M = (Q,%,A,S,F) with
® Q=01UQ;
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w-regular sets are effectively closed under union

Proof (construction)

» A= L(Ml) for NBA M, = (Ql,Z,A17517F1)
B = L(Mz) for NBA M, = (Oz./Z,Az,Sz./FQ)
» without loss of generality Q1 N Q> = &

» AUB = L(M) for NBA M = (Q,%,A,S,F) with

® Q0=0:1UQ;
@ S=5US;
AM_
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w-regular sets are effectively closed under union

Proof (construction)

» A = L(M;) for NBA My = (Q1,%,Aq,S1,F1)
B = L(M,) for NBA M, = (Q2,%,,,5,,F,)
» without loss of generality Q1 N Q> = &
» AUB = L(M) for NBA M = (Q,%, A, S,F) with

® Q=01UQ;
@ S=5US;
® F=F,UF;
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w-regular sets are effectively closed under union

Proof (construction)

» A = L(M;) for NBA M; = (Q1,%,A1,51,F1)
B = L(M;) for NBA My = (Q2,%,A,5;,F>)
» without loss of generality Q1 N Q, = 9
» AUB = L(M) for NBA M = (Q,%,A,S,F) with
® Q=01UQ;
® S=5US;
@ F=FUFR
Ai(g,a) if geQ,
Ay(g,a) ifgeQ;

@ A(g,a) =

u !J"iVEVSitEt WS 2024  Automata and Logic lecture 8 5. Closure Properties
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w-regular sets are effectively closed under intersection
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w-regular sets are effectively closed under intersection

product construction needs to be modified
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w-regular sets are effectively closed under intersection

product construction needs to be modified

m: —O ()
b
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w-regular sets are effectively closed under intersection

product construction needs to be modified

m: —O ()
b

L(M;) = a(ba)® = (ab)”
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w-regular sets are effectively closed under intersection

product construction needs to be modified

w: — D0 w: — @D —G)Ds
b b

L(M;) = a(ba)® = (ab)” L(My) = (aa*b)“
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w-regular sets are effectively closed under intersection

product construction needs to be modified

w: — D0 w: — @D —G)Ds
b b

L(M;) = a(ba)® = (ab)” L(My) = (aa*b)“ L(My) N L(M3) = (ab)“
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w-regular sets are effectively closed under intersection

product construction needs to be modified

w: — D0 w: — @D —G)Ds
b b

L(M;) = a(ba)® = (ab)” L(My) = (aa*b)“ L(My) N L(M3) = (ab)“

a
—
My ——(10)__(22)
b
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A= L(Ml) for NBA M, = (Ql,Z,A1,517F1) and B = L(Mz) for NBA M, = (QZ7Z,A2,52,F2)
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A= L(Ml) for NBA M, = (Ql,Z,A1,517F1) and B = L(Mz) for NBA M, = (QZ7Z,A2752,F2)
» AN B = L(M) for NBA M = (Q,%, A, S,F) with
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A= L(Ml) for NBA M, = (Ql,Z,A1,517F1) and B = L(Mz) for NBA M, = (QZ7Z,A2752,F2)
» AN B = L(M) for NBA M = (Q,%,A,S,F) with
® Q=01%x0;x{0,1,2}
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A= L(Ml) for NBA M, = (Ql,Z,A1,517F1) and B = L(Mz) for NBA M, = (QZ7Z,A2752,F2)
» AN B = L(M) for NBA M = (Q,%, A, S,F) with

® Q=01x0Q;x{0,1,2}

@ 5:51X52X{0}
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A= L(Ml) for NBA M, = (Ql,Z,A1,517F1) and B = L(Mz) for NBA M, = (QZ7Z,A2752,F2)

» ANB = L(M) for NBA M = (Q,%,A,S,F) with
® Q=01x0Q;x{0,1,2}
@ 5:51X52X{0}
® F=01x0Q;x{2}
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A= L(Ml) for NBA M, = (Ql,Z,Al.,Sl?Fl) and B = L(Mz) for NBA M, = (QZ7X,A2752,F2)

» ANB = L(M) for NBA M = (Q,%,A,S,F) with
® Q=0,xQ; x{0,1,2}
@ S=5;x5%x{0}
® F=01xQ;x{2}
@ A((p.qg.i),a) = {(p',q',j) | p' € Ai(p,a) and q' € Az(q,a)}
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A =L(M;) for NBA My = (Q1,%,A1,51,F1) and B = L(M,) for NBA M, = (Q3, %, A3, 55, F>)
» ANB = L(M) for NBA M = (Q,X,A,S,F) with

® Q=01x0;x{0,1,2}

@ S=5;x5%x{0}

® F=01x02x{2}

@ A((p,q,i),a) ={(P,q,j) | p’ € Ai(p,a) and q' € Ay(q,a)} with

1 ifi=0andp’ €eFLori=1andq ¢F
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A= L(Ml) for NBA M, = (Ql,Z,Al,Sl,Fl) and B = L(Mz) for NBA M, = (QZ7X,A2752,F2)

» ANB = L(M) for NBA M = (Q,%,A,S,F) with
® Q=01x0;x{0,1,2}
@ S=5;x5%x{0}
® F=01x02x{2}
@ A((p;q,i),a) = {(p',q,j) | P’ € Ai(p,a) and q' € Ay(q,a)} with
1 ifi=0andp’ €eFLori=1andq ¢F
j=<2 ifi=1and g €F;
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w-regular sets are effectively closed under intersection

Proof (modified product construction)

» A= L(Ml) for NBA M, = (Ql,Z,Al,Sl,Fl) and B = L(Mz) for NBA M, = (QZ7X,A2752,F2)

» ANB = L(M) for NBA M = (Q,%,A,S,F) with
® Q=01x0;x{0,1,2}
@ S=5;x5%x{0}
® F=01x02x{2}
@ A((p;q,i),a) = {(p',q,j) | P’ € Ai(p,a) and q' € Ay(q,a)} with
1 ifi=0andp’ €eFLori=1andq ¢F
j=<2 ifi=1and g €F;

0 otherwise
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Example |
My —@? M —>@Da

L(M1) = a(ba)” = (ab)® L(M;) = (aa*b)*® L(M1) N L(M3) = (ab)“
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Example |
My —@? M —>@Da

L(M1) = a(ba)” = (ab)® L(M;) = (aa*b)*® L(M1) N L(M3) = (ab)“

M: —

® 6
® 6 ®
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My —@? M —>@Da

L(M1) = a(ba)” = (ab)® L(M;) = (aa*b)*® L(M1) N L(M3) = (ab)“
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My —@? M —>@Da

L(M1) = a(ba)” = (ab)® L(M;) = (aa*b)*® L(M1) N L(M3) = (ab)“
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a a
m — O m: —(O_@D:
L(My) = a(ba)” = (ab)* L(M,) = (aa*b)® L(My) N L(M2) = (ab)¥

M: /1;0\ < 220

N
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a a
m — O @ m: —(O_@D:
L(My) = a(ba)” = (ab)* L(M,) = (aa*b)® L(My) N L(M2) = (ab)¥

M: /110\ b
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a a
m — O @ m: —(O_@D:
L(My) = a(ba)” = (ab)* L(M,) = (aa*b)® L(My) N L(M2) = (ab)¥
: /110\ b 220
M: U\

()——=)

B universitat WS 2024  Automata and Logic lecture 8 5. Closure Properties 27/32

= innsbruck



a a
m — O m: —(O_@D:
L(My) = a(ba)” = (ab)* L(M,) = (aa*b)® L(My) N L(M2) = (ab)¥

M: /1;0\ < 220

\/

N
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left-concatenation of regular set and w-regular set is w-regular
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left-concatenation of regular set and w-regular set is w-regular

Proof (construction)

» A= L(Ml) for NFA M, = (017Z,A1,51,F1) and B = L(Mz) for NBA M, = (02727A2,52,F2)
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left-concatenation of regular set and w-regular set is w-regular

Proof (construction)

» A= L(Ml) for NFA M, = (017Z,A1,51,F1) and B = L(Mz) for NBA M, = (02727A2,52,F2)

» without loss of generality Q; N Q; = &

B universitat i
hhebruck WS 2024 Automata and Logic lecture 8 5. Closure Properties 28/32



left-concatenation of regular set and w-regular set is w-regular

Proof (construction)

» A = L(M;) for NFA My = (Q1,%,A1,51,F1) and B = L(M,) for NBA My = (Q2,%, A3,S5, F>)
» without loss of generality Q; N Q; = &
» A-B =L(M) for NBAM = (Q,%,A,S,F) with

® Q0=01UQ;
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left-concatenation of regular set and w-regular set is w-regular

Proof (construction)

» A= L(Ml) for NFA M, = (017Z,A1,51,F1) and B = L(Mz) for NBA M, = (02727A2,52,F2)
» without loss of generality Q; N Q; = &

» A-B = L(M) for NBA M = (Q,X,A,S,F) with

@ Q=0.UQ;

S if FFNS; =9
@ S — 1 1 1

S, US>, otherwise
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left-concatenation of regular set and w-regular set is w-regular

Proof (construction)

» A= L(Ml) for NFA M, = (017Z,A1,51,F1) and B = L(Mz) for NBA M, = (02727A2,52,F2)
» without loss of generality Q; N Q; = &

» A-B = L(M) for NBA M = (Q,X,A,S,F) with

@ Q=0.UQ;

S if FFNS; =9
@ S — 1 1 1

S, US>, otherwise

® F=F

B universitat i
hhebruck WS 2024 Automata and Logic lecture 8 5. Closure Properties 28/32



left-concatenation of regular set and w-regular set is w-regular

Proof (construction)

» A= L(Ml) for NFA M, = (017Z,A1,51,F1) and B = L(Mz) for NBA M, = (02,27A2752,F2)
» without loss of generality Q; N Q; = &

» A-B = L(M) for NBA M = (Q,X,A,S,F) with

@ Q=0.UQ;

S if FFNS; =9
@ S — 1 1 1

S, US>, otherwise

® F=F

@ A=AUAU{(pa,q)]|(p,a,f)e A forsome feF, and g€ S, }
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w-iteration of regular set is w-regular
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w-iteration of regular set is w-regular

Proof (construction)

» A= L(M) for NFAM = (Q,%,A,S,F)
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w-iteration of regular set is w-regular

Proof (construction)
» A=L(M) for NFAM = (Q,%,A,S,F)

» without loss of generality ¢ ¢ A
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w-iteration of regular set is w-regular

» A=L(M) for NFAM = (Q,%,A,S,F)
» without loss of generality ¢ ¢ A
» NFA M' = (QU {s},x, A’ {s},F) with

A" =AU{(s,a,q9) | (p,a,q) € A forsome p €S}
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w-iteration of regular set is w-regular

» A=L(M) for NFAM = (Q,%,A,S,F)
» without loss of generality ¢ ¢ A
» NFA M' = (QU {s},x, A’ {s},F) with

A" =AU{(s,a,q9) | (p,a,q) € A forsome p €S}
» L(M') = L(M)
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w-iteration of regular set is w-regular

» A=L(M) for NFAM = (Q,%,A,S,F)
without loss of generality ¢ ¢ A
NFA M’ = (QU {s}, X, A’ {s}, F) with

v

v

A" =AU{(s,a,q9) | (p,a,q) € A forsome p €S}

v

L(M') = L(M)
» NBA M" = (QU {s}, X, A" {s},{s}) with

A" = AN U{(p,a,s)| (p,a,q) € A’ forsome g € F}
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w-iteration of regular set is w-regular

» A=L(M) for NFAM = (Q,%,A,S,F)
without loss of generality ¢ ¢ A
NFA M’ = (QU {s}, X, A’ {s}, F) with

v

v

A" =AU{(s,a,q9) | (p,a,q) € A forsome p €S}

v

L(M') = L(M)
» NBA M" = (QU {s}, X, A" {s},{s}) with
A" = AN U{(p,a,s)| (p,a,q) € A’ forsome g € F}

> L(M") = L(M')*
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A=U;- VU - UU, VY
forsome n > 0 and regular Uy,...,U,, V4,...,V, C ¥

set A C Y% is w-regular <=
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A=Up-VEU - UlUp-V¥

set A C Y¥ is w-regular <=
forsome n > 0 and reqular Uy, ..., Up, Vq,...,V, C X*

Proof ( —)

A is w-regular using closure properties
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A=Up-VEU - UlUp-V¥

set A C Y¥ is w-regular <=
forsome n > 0 and reqular Uy, ..., Up, Vq,...,V, C X*

Proof ( —)

A is w-regular using closure properties: w-iteration
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A=Up-VEU - UlUp-V¥

set A C Y¥ is w-regular <=
forsome n > 0 and reqular Uy, ..., Up, Vq,...,V, C X*

Proof ( —)

A is w-regular using closure properties: w-iteration, left-concatenation
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A=Up-VEU - UlUp-V¥

set A C Y¥ is w-regular <=
forsome n > 0 and reqular Uy, ..., Up, Vq,...,V, C X*

Proof ( —)

A is w-regular using closure properties: w-iteration, left-concatenation, union
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A=Up-VEU - UlUp-V¥

set A C Y¥ is w-regular <=
forsome n > 0 and reqular Uy, ..., Up, Vq,...,V, C X*

Proof ( —)

A is w-regular using closure properties: w-iteration, left-concatenation, union

Proof ( — )

» A =L(M) forsome NBA M = (Q,%,A,S,F)
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A=Up-VEU - UlUp-V¥

set A C Y¥ is w-regular <=
forsome n > 0 and reqular Uy, ..., Up, Vq,...,V, C X*

Proof ( —)

A is w-regular using closure properties: w-iteration, left-concatenation, union

Proof ( — )

» A =L(M) forsome NBA M = (Q,%,A,S,F)
» L,q for p,q € Q is set of strings x € ¥* such that g € E({p},x)
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A=U-V¥U - UU, V¥
forsome n > 0 and reqgular U;, ..., Un, Vg, ...

set A C Y¥ is w-regular <=

Proof ( —)

A is w-regular using closure properties: w-iteration, left-concatenation, union

Proof ( — )

» A =L(M) forsome NBA M = (Q,%,A,S,F)
» L,q for p,q € Q is set of strings x € ¥* such that g € E({p},x)
» L,q isregularforall p,gcQ
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A=U-V¥U - UU, V¥
forsome n > 0 and reqgular U;, ..., Un, Vg, ...

set A C Y¥ is w-regular <=

Proof ( —)

A is w-regular using closure properties: w-iteration, left-concatenation, union

Proof ( — )

» A =L(M) forsome NBA M = (Q,%,A,S,F)
» L,q for p,q € Q is set of strings x € ¥* such that g € E({p},x)
» L,q isregularforall p,gcQ

— . w
> A= U qu qu
pES,qEF
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Outline

6. Further Reading
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Hofmann and Lange

» Chapter 5 of Automatentheorie und Logik (Springer, 2011)
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https://doi.org/10.1007/978-3-642-18090-3
https://mitpress.mit.edu/9780262048637/automata-theory/
http://cl-informatik.uibk.ac.at/teaching/ws24/al/exercises/08.pdf

Hofmann and Lange

» Chapter 5 of Automatentheorie und Logik (Springer, 2011)

Esparza and Blondin

» Chapter 10 of Automata Theory: An Algorithmic Approach (MIT Press 2023)
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Hofmann and Lange

» Chapter 5 of Automatentheorie und Logik (Springer, 2011)

Esparza and Blondin

» Chapter 10 of Automata Theory: An Algorithmic Approach (MIT Press 2023)

Blchi automaton left-concatenation NBA w-iteration
DBA P w-regular
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Hofmann and Lange

» Chapter 5 of Automatentheorie und Logik (Springer, 2011)

Esparza and Blondin

» Chapter 10 of Automata Theory: An Algorithmic Approach (MIT Press 2023)

Blchi automaton left-concatenation NBA w-iteration
DBA P w-regular

homework for November 29
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