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Definitions

» regular expression « over alphabet X:

acy € 17 B+ By B*
» set of strings L(a) € X* matched by regular expression «:

L(a) = {a}
L(e) = {e}

L(B7y) = L(B)L(Y)
L(p*) = L(B)"

L) =92
L(B+~) = L(B) UL(Y)

» regular expressions « and 8 are equivalent (a = ) if L(a) = L(5)

Theorem

finite automata and regular expressions are equivalent:

forall AC X* Aisregular <= A = L(«) for some regular expression «
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Definitions
» homomorphism is mapping h: ©* — I'* such that h(e) = ¢ and h(xy) = h(x)h(y)
» if AC X* then h(A) ={h(x)|xecA} CT* "image of A under h"

» if BC " then h=1(B) = {x | h(x) eB} C &* "preimage of B under h"

Theorem

regular sets are effectively closed under homomorphic image and preimage

Theorem

problems

instance: DFA M
question: L(M) = @7

instance: DFAs M and N
question: L(M) = L(N)?

instance: DFA M and string x
question: x € L(M) ?

are decidable

_AM_
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http://cl-informatik.uibk.ac.at/teaching/ws25/al
http://cl-informatik.uibk.ac.at/~ami

> ( alternating) finite automata

>

» (alternating) Blichi automata

» (weak) monadic second-order logic
» Presburger arithmetic

» linear-time temporal logic
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A={1}) C={1,3} E={1,3,4)
B={1,2} D={1,2,4} F={1,4}
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2. Minimization
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DFA
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ab
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\@

not minimal: states 2 and 3 and statqs 4 a}f 5 can be ¢ollapsed

ab ~/\ ab /\ ab 3 ab
Y
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Marking Algorithm

given DFA M = (Q, X, 4, s, F) without inaccessible states

@ tabulate all unordered pairs {p,q} with p, g € Q, initially unmarked
® mark {p,q} if peFand g¢F or p¢ F and g€ F

® repeat until no change:

mark {p,q} if {d(p,a),d(qg,a)} is marked for some a €

p~q <= states p and g are indistinguishable

p~q <= {p,q} isunmarked
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Definitions

DFA M = (Q,X,4,s,F)
» state p is inaccessible if g(s,x) # p forall x € ©*

» states p and g are distinguishable if
(8(p,x) € F A D(q,x) ¢ F) v (3(p,x) ¢ F A 3(q,x) € F)

for some x € ©*

Minimization Algorithm

DFA M = (Q,X%,6,s,F)

@ remove inaccessible states

@ for every two different states determine whether they are distinguishable (marking)

® collapse indistinguishable states
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a %@ ab
%@< >< >i) ab
b %}@ ab

1

v 2

v 3 final/nonfinal states are distinguishable
Vv 4 {2,6} = {4,6} {3,6} {56}

g J 5 {1,4} & {2,6} {1,5} & {2,6}

v v v v v 6

@ab@ab@ab@gab
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collapse states 2 and 3 and states 4 and 5:




states p and g of DFA M = (Q, X, d,s,F) are indistinguishable (p ~ q) if forall x € ©*

0(p,x) EF <= 6(q,x)EF

= is equivalence relation on Q:

VpeQ p=p (reflexivity)

Vp,geQ p=qg — qg=p (symmetry)

Vp,q,reQ p=qgAqrRr — p=~TI (transitivity)

[pl~ = {g€Q|p~qg} denotes equivalence class of p
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L(M/~) = L(M)

x€L(M/x) < §([s]l~,x) €F < [0(s,X)]x €F <= 0(s,x)€F < xeL(M)

is M/~ minimum-state DFA for L(M) ?

M/~ cannot be collapsed further
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Definition (Collapsing Indistinguishable States)

DFA M/~ is defined as (Q’,Xx,d’,s',F") with
Q' = {[pl~ | p €0}
5'([pl~sa) = [6(p. )]~
= [s]

F = {[p]~ | p € F}

v

well-defined:

v

v

5]

v

&([P]z,x) = [g(p,x)]s forall x € ©*
peF <+ [plx€F

forall pe Q

p~q = d(p,;a)=~dqg.a)
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DFA for set of strings over {a,b} containing at least three occurrences of three consecutive

b’s, overlapping permitted:

I

a
b v b
—EFOTOLE I

a b

®)

a

~
P I

b
:CO OO0

ab

R

a

vvvd
a VvV VvVe
VYV vy f
VvV vV Vg
VYV VY Y Yh
VYV VYV
VYV VY
VVYVVVYVYY VvV k
VYV VYV YV Y

states d, g and h, k can be merged

AM_
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3. Intermezzo
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4. Weak Monadic Second-Order Logic
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‘g]rtICIfy with session ID

Which statements about the following DFA A are true ?

b J b
(eo==o=nat

A the DFA is minimal
[l states 2 and 3 are distinguishable
M L(A) =L(a*ba*)
[ all states can be merged
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» first-order variables V; = {x,y,...} ranging over natural numbers

» second-order variables V, = {X,Y,...} ranging over finite sets of natural numbers

» formulas of weak monadic second-order logic
pu=L | x<y [ XX) | o |1V | Txe | IXp

with x, y € V7 and X € V;

Abbreviations

pAY = 2(mpV oY) =Y = opVY
VX.p = 23x.—p VX.o := 23X .-
x<y =y <x) X=y =x<yAy<x

T = =1 x=0:=-dy.y<x
X(0) ;== Ix. X(x)Ax=0
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» X(x) represents x € X

» MSO is weak MSO without restriction to finite sets

(VX X(x) = Y(x)) A By ~X(y) A Y(¥))
X (Vx.x =0—=X(x)) A (Vx.X(x) = Ty.x <y AX())
IXXO0)A (VyVzz=y+1Az<x— (X(y) & —X(2)) AX(x) <= xiseven

z=y+1 abbreviates y < zA -3Ix.(y < X A X < 2)
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Definitions

» formula ¢ is satisfiable if a F ¢ for some assignment «
» formula ¢ is valid if a F ¢ for all assignments «
» model of formula ¢ is assignment « such that a F ¢
» size of model « is smallest n such that
® a(x) <nfor xeVq
@ aX)C{0,....,n—1} for X €V,

(Vx.X(x) = Y(x)) A By.=X(y) A Y(y)) satisfiable

(Vx.x=0—=X(x)) A (Vx.X(x)—=3Ty.x <yAX(Yy)) unsatisfiable

ExX)AIy XW)AXxZY)ANVXxXX) =Ty YY) AXx <Yy) satisfiable
AM_
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» assignment « is mapping from variables x € V; to N and X € V, to finite subsets of N

» assignment « satisfies formula ¢ (a F ¢):

ak L
aEx<y —  a(x) < a(y)
a E X(x) — a(x) € a(X)
aF —-p —= aFoy
aFpiVp, <= aFpiorakp;
akF3Ix — a[x—=n]Ep for some n € N
akF3IX @ <~ a[X—=N]E ¢ forsome finite subset N C N
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given alphabet ¥ and string x = ag --- ap_1 € &*
» second-order variables V, = {P, |a € X}

» on(Ps) ={i<n|a =a}

x for oy

Y ={a,b}
abba (P.) = {0,3}
M(Pb) - {1’2}
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(Example
> ={a,b}

» = Vx.=(Pa(x) A Pp(x)) X E ¢ forall x e ©*

> P =Vx.Vy. (Pa(x) APs(y)) > x <y aabbb F 1 aabab ¥

> X =VXPy(x) > 3y.Pa(y) Ny < X aaaaa F x  babab ¥ x

et

» given alphabet ¥ and WMSO formula ¢ with free variables (exclusively) in {P,|ac X}
Lp) ={xeX’|xF ¢}

» set A C X* is WMSO definable if A = L(¢) for some WMSO formula ¢

W universitat i - i
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Y ={a,b}
» regular set L((a + b)*ab(a + b)*) is WMSO definable by formula

IX.3y.Pa(Xx) APy(Y) AX <yA-Jzx<zAz<Yy
» WMSO formula
IX.Py(X) AVYy.x <y — =(Pa(y) V Po(y))

defines regular set {xa | x € X*}

set A C ¥* isregular if and only if A is WMSO definable
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» Lectures 13 and 14

Important Concepts

»a ko » satisfiability

» indistinguishable states » validity

» minimization algorithm » weak monadic second-order logic (WMSO)
» model » WMSO definability

» MSO

homework for October 31
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