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Automata and Logic

Aart Middeldorp and Samuel Frontull

Definitions

>

FV(¢) denotes list of free variables in ¢ in fixed order with first—order variables preceding
second-order ones

assignment for ¢ with FV(¢) = (X1, ..., Xm, X1, ..., Xn) is tuple (i1, ..., im, 1, ..., In)
such that iy, ..., i, are elements of N and /4, ..., I, are finite subsets of N

assignments are identified with strings over {0, 1}™+"

string over {0,1}™" is m-admissible if first m rows contain exactly one 1 each

>

>

every m-admissible string x induces assignment x

every assignment is induced by (not necessarily unique) m-admissible string:
if x is m-admissible then x0 is m-admissible and x = x0
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set of m-admissible strings over {0,1}™" is regular and accepted by DFA A, ,

La(p) = {x € ({0,1}"")* | x is m-admissible and x F ¢}

La(¢) is regular for every WMSO formula ¢

Definitions

» homomorphism drop;: ({0,1}%)* — ({0,1}<"1)* is defined for 1 < i < k by dropping i-th
component from vectors in {0, 1}

» stz(A) = {x|x0---0 €A} DA for A C ({0,1}™F")* "shorten trailing zeros"

AM_
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http://cl-informatik.uibk.ac.at/teaching/ws25/al
http://cl-informatik.uibk.ac.at/~ami

A C ({0,1}%)* isregular = stz(A) is regular

Final Task

transform L,(y) into L(¢) for WMSO formula ¢ with FV(p) = {P, | a € ¥*} using regularity
preserving operations

Procedure

@ eliminate assignments which do not correspond to string in ©*

® map strings in 0*10* to elements of ¥ using homorphism h: {0, 1}‘2‘ — X~ which maps
0¥10' to k+1-th element of ¥

L(p) = h(La(p) N {0X10' | k + 1 +/ = |Z|}*) is regular
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> ( , alternating)
>

» (alternating) Biichi automata

Logic

' |

» Presburger arithmetic

» linear-time temporal logic
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WMSO definable sets are regular

» MONA is state—of-the-art tool that implements decision procedures for WS1S and WS2S

» WSI1S is weak monadic second-order theory of 1 successor = WMSO

AM_
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formulas of Presburger arithmetic
pi=L1l |- |@emrVe | Ixe | ti=t | ti <t
tZZ:0|l|t1+t2‘X

Jdyx=y+y+y+1
Vx.Qy.x=y+y)VE@yx+1l=y+y)

Abbreviations
AP = a(mp V) =Y = eV T := -1
VX.",J :ﬁﬂx.wp Lh<th =ti<tVti ==t
n:=1+4+..--+1 nx = x+---+x forn>1
— —
n n
AM_
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every t; = t, can be written as a;x; +---+apX, = b with a;, ..., ap,, beZ

Side Remark

Presburger arithmetic admits complete first-order axiomatization:
» Vx.x+1#0
» Vx.Vy.x+1=y+1 > x=y

» induction
¥(0) A VX (P(x) = P(x+1)) — Vx.(x)
for every formula #(x) with single free variable x

» Vx.x+0=x
» Vx.Vyx+(y+1)=(x+y)+1
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» assignment « is mapping from first—order variables to N
» extensiontoterms: «(0) =0 «(l) =1 oty +t) = a(t1)+ a(t)

» assignment « satisfies formula ¢ (a F ¢):

aF L

a k- — akFoyp

aFpiVp, <<= aFpiorakp;

aF3Ixp <~ a[x+—n] E p forsome neN
aFti=t << alt)=at)

akFEth <t <<= at1) <o)

t1 < t; can be modeledas I3x.x #0 A t;1 +x = t;
AM_

W universitat i {1
innsbruck 25w Automata and Logic lecture 7 2. Presburger Arithmetic 10/37

given natural numbers a;, ..., a, >0
Vy.x <y — 3Ixy....3xp.a1x1+ -+ anXn =y) A =(Fx1. ... IXp.a1X1 + -+ apnxn = X)

expresses largest number x that does not satisfy a;x; + -+ apx, = x for some
X1, ---y Xp €N
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https://en.wikipedia.org/wiki/Coin_problem

Presburger arithmetic is decidable

Decision Procedures

» quantifier elimination
» automata techniques

» translation to WMSO

AM_
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1 0 1 0
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0 : 0 : 0
0 1
—|X+2y -3z =2 |——m f—————(x+2y —3z2= -2
1
1
0
0 1
0 1
0 1
0
——————————
x+2y—-3z=1]_ = = “‘[x+2y—-3z= -1
@) : U
0
0 i 1
1 0
1 0
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Presburger arithmetic formula ¢: x+2y —3z = 2

some accepted strings:

((1)) x=0 y=1 z=0

0

g oo

(i) G) @ (?) x =(0101); =5 y=(1111), =15 z = (1011), = 11

y:(11)2:3 Z=(10)2=2

1

some rejected strings:
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Definition (Representation)

» sequence of n natural numbers is represented as string over

%o = {(br-+ b)' [ b1, ..., by € {0,1}}

b1\ (b3 b7

»x=|: S| ¢ | €Xporepresents x; = (b7 --- b2b1)s, ..., Xp = (BT --- b2bL),
b) \b2 b

> x = (xq, Xn)

0 1 0 1
(1) (1) (1) (0) represents x; = 10, x; =7, x3 = 6
0 1 1 0
. 1 1 0
x1 = 1, xo = 2, x3 = 3 is represented by (0) ( ) (o) (1)(
1 1 1

== o
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for Presburger arithmetic formula ¢ with FV(¢) = (x1, ..., Xp)

Lip) = {xeX; |x F ¢}

Presburger arithmetic is decidable

Proof Sketch

» construct finite automaton A, for every Presburger arithmetic formula ¢

» induction on ¢
> L(A,) = L(¢)
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E]rtl(.‘lfy with session ID

Consider the following automaton A:
<0> <1> J <0> (1>
1) \o N o/ \1

() CEO——0—-@D()

For which of the following formulas ¢ does L(A) = L(y) hold ?

x+y>0

a
dzx+y =2z
D]

(3z.x=2zAVz.~(y=22z))V (3z.y =2z AV z.~(x = 22))
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https://ars.uibk.ac.at/p/49579500
https://ars.uibk.ac.at/p/49579500
https://ars.uibk.ac.at/p/49579500

Definition (Automaton for Atomic Formula)

DFA A, = (Q,X%,,0,5,F) for (X1, ..., Xn): @Xx1+---+anXx, = b
» Q C {i|li| <I|bl+las]+ - +lan|} U {L}
i—(aib1 + -+ anbn)

if i —(a1b1 + -+ anbp) is even

> 3(i,(by---by)T) = 2
s s—b 1 if i —(a1b1+ -+ +anbp) isodd or i = L
» F={0}

if 5(i,(by---bp)T) =j then ayx; +---+apx, =j <= a1(2xy+b1)+---+an(2x, +b,) =i

@ A, is well-defined
L(Ay) = L(p)
_AMC
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o(x,y): x+2y =3
1
(3"
3/ @)
1
1
(o) <1>
1 1
1 1
_— @
0 @v
v 0 @ U
0
0
1 0
) (5) (%)
_AM
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P(x,y): x+2y =3

L O: {37J-71707_17_2}

v

v
=<
—
=
e
oo
P
~—
Il

53, () =93, (3)) = L 5(3() 56, (3
AL (§) = d, (3) = ot <>> :
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@ A, is well-defined

9 L(A,) = L(y)

»geQ C{illil <
» if g=_L ori—(aiby+---

» suppose g = i with |i]| <

5(i,b') =

[b] +Jax| + -

bl + [a] + -+

I — (a1b1 + - +anbn)

+lan|} U{L} and b’ = (by---b,)" € X,

5 €0
|i— (a1b1 + - +anbp)| < |i| +|a1ba| + - -+
< il +laa| + -+
< 2(b| + |ay| + -

+ |an| and i — (a1by + - -

+ apbp) is odd then d(q,b") = L

+ apbn) is even

+ |anbn|
|an|
+ |an|)

W universitat
® innsbruck

25w

Automata and Logic

lecture 7

4. Presburger Arithmetic

Atomic Formulas

24/37



Outline

4. Presburger Arithmetic

Boolean Operations
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Presburger arithmetic formula
X+2y—3z=2 N x+2y =3

Axi2y-3,—2 operates on alphabet ¥3 = ({0,1}3)"
Axiay—3  operates on alphabet ¥, = ({0,1}?)"

before intersection can be computed A,,,,—3 needs to operate on X3

Definition (Cylindrification)

Ci(R) C X}, isdefined for R C X} andindex 1 <i<n+1 as
Ci(R) = {x1-+ Xm € 5,1 | drop;(x1)--- drop;(xm) €R}

with drop;((b1---bns1)") = (b1 -+ -bi—1bjs1---bnsa)"
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Boolean Operations

boolean operation automata construction

- complement C
A intersection |
\Y, union U

Presburger arithmetic formula
“((x+2y—-3z#2 AN 2x—y+z=3) V x—3y—z# 1))

is implemented as
C(U(I (C(AX+2yf3z:2)~A 2X7y+z:3)-/ C(A x73yfz:1)))
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if R C ¥ isregular then C;(R) C X%, isregularforevery 1 <i<n+1

» drop; is homomorphism from %; ; to ¥

» C;(R) = drop; (R)
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4. Presburger Arithmetic

M2 (A xt2y—32=2)

D ——(-1)
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4. Presburger Arithmetic

Definition (Projection)

M;(R) C % is defined for R C ¥, ; andindex 1 <i<n+1as

Ni(R) = {drop;(x1)--- drop;(xm) € 5 | X1+ Xm € R}

if R C 5., isregularthen I;(R) € X} isregularforevery 1 <i<n+1

n

@ solutions of 3y.x + 2y — 3z = 2 correspond to stz(M,(A xi2y—3,=2))

@ solutions of Vy.x + 2y — 3z = 2 correspond to C(stz(IM,(C(Axi2y—3-=2))))
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Theorem (Presburger 1929)

Presburger arithmetic is decidable

Decision Procedures

» quantifier elimination
» automata techniques

» translation to WMSO
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Presburger arithmetic formula 3y.x = y +y + 1 is transformed into WMSO formula

(VX.ONE(x) <> x = 0) A 3Y.IZ.P(Y,Y,Z) A P.(Z,ONE,X)

Presburger arithmetic is decidable
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Procedure

» map variables in Presburger arithmetic formula to second-order variables in WMSO
» n is represented as set of "1" positions in reverse binary notation of n
» 0 and 1 in Presburger arithmetic formulas are translated into ZERO and ONE with

V x. 2~ZERO(x) VXx.ONE(x) <> x =0

» -+ in Presburger arithmetic formula is translated into ternary predicate P, with

PL(X,Y,Z) :==3C.~C(0) A (Vx.C(x+1) > X(x) A Y(x) V X(x) A C(x) V Y(x) AC(x)) A
(Vx.Z(x) < X(x) AY(x) AC(x) V X(x) A=Y (x) A =C(x)V
—X(X) A Y(X) A =C(x) V = X(X) A =Y (x) A C(x))

26 is represented by {1,3,4} since (26), = 11010
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Boudet and Comon

» Diophantine Equations, Presburger Arithmetic and Finite Automata, Proc. 21st International
Colloquium on Trees in Algebra and Programming, LNCS 1059, pp. 30-43, 1996

Esparza and Blondin

» Chapter 9 of Automata Theory: An Algorithmic Approach (MIT Press 2023)

A, L(y) cylindrification projection Presburger arithmetic

homework for November 21
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https://doi.org/10.1007/3-540-61064-2_27
https://doi.org/10.1007/3-540-61064-2_27
https://mitpress.mit.edu/9780262048637/automata-theory/
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/07.pdf
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