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Definitions

» infinite string over alphabet ¥ is function x: N — ¥

» 2“ denotes set of all infinite strings over ¥

» |x|, for x € ¥¥ and a € ¥ denotes number of occurrences of a in x
» left—concatenation of u € ¥* and v € ¥¥ isdenoted by u-v € 2%

» left-concatenation of U C ¥* and V C ¥

U-V={u-viueUandveV}

» ~V =3%Y“—-V is complement of V C ¥¥

» UY ={up-uy----|upeU—{e} forall i e N} is w-iteration of U C X*
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Definitions

» nondeterministic Blichi automaton (NBA) is NFA M = (Q, X, A,S,F) operating on ¥*

» run of M on input x = agaia;--- € 2% is infinite sequence qp,q1,... of states such that
go € S and g1 € A(qgi, a;) for i > 0

» run qo,qi,... is accepting if g; € F for infinitely many i

» L(M) = {x € X¥ | x admits accepting run}

» set A C Y¥ is w-regular if A = L(M) for some NBA M

» deterministic Blichi automaton (DBA) is NBA (Q, X, A,S,F) with
@ |s|=1
@ |A(g,a)| =1forallgeQ and acx

every w-regular set is accepted by NBA with one start state
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Theorem

not every w-regular set is accepted by DBA

Theorem

@ w-regular sets are effectively closed under union and intersection
@ left-concatenation of regular set and w-regular set is w-regular

® w-iteration of regular set is w-regular

Theorem

A=Up-VEU - UUp- V¥

set A C Y¥ is w-regular <—
for some n € N and regular Uy, ..., Up, V1, ..., V, C ¥

AM_
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> ( alternating)

>

» (alternating) Bichi automata

> monadic second-order logic

>

» linear-time temporal logic
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Outline

2. Complementation
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~ L(M)
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often

idea: guess state from which no more visits to F take place
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often

idea: guess state from which no more visits to F take place

> @ = (@x{0})U((@—F) x{1})

M universitat i i
thhebruck 25W Automata and Logic lecture 9 2. Complementation 8/27



every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often
idea: guess state from which no more visits to F take place

» Q"= (@x{0}u((Q-F)x{1})

» S =5x{0}
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often

idea: guess state from which no more visits to F take place
@ =(@x{0})U((Q-F) x{1})

S =Sx{0}

FF=(Q@—-F)x {1}

v

v

v
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often

idea: guess state from which no more visits to F take place

» Q' =(@x{0}u((@-F)x{1})

» S’ =5Sx{0}

» F=(Q—F)x{1} {(9,0),(g,1)} ifi=0andg¢F
» if A(p,a) = {q} then A'((p,i),a) =
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often

idea: guess state from which no more visits to F take place

» Q' = (@x{0})Uu((@Q-F)x{1})
» ' =S5 x {0}

» F=(Q—F)x{1} {(9,0),(g,1)} ifi=0andg¢F
> if A(p,a) = {q} then A'((p,i),a) = {(q.0)} ifi=0andgeF
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often

idea: guess state from which no more visits to F take place

> @' = (0 x {0}) U((Q—F) x{1})

» S =5Sx{0}

» F=(Q—F)x{1} {(9,0),(g,1)} ifi=0andg¢F
. B , . ) {(q,0)} ifi=0and geF

» if A(p,a) = {q} then A'((p,i),a) = (1)) Fi1and q¢F
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every DBA M can be effectively transformed into NBA M’ such that L(M') = ~L(M)

» DBAM = (Q,%,A,S,F)

» NBA M’ should accept all strings for which (single) run of M visits F finitely often

idea: guess state from which no more visits to F take place

> @ = (@x{0})U((@—F) x{1})

» S’ =5Sx{0}
» F=(Q—F)x{1} {(9,0),(g,1)} ifi=0andg¢F
. B , . ) {(q,0)} ifi=0and geF
» if A(p,a) = {q} then A'((p,i),a) = (1)) Fi1and q¢F
(%] ifi=1and geF
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DBA M
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DBA M
abc

@

» L(M) = {x € {a,b,c}* | every a in x is immediately followed by b}
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DBA M
abc

4@

» L(M) = {x € {a,b,c}* | every a in x is immediately followed by b}

» ~L(M) = {x € {a,b,c}¥|x contains aa or ac as substring}
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DBA M
abc

4@

» L(M) = {x € {a,b,c}* | every a in x is immediately followed by b}
» ~L(M) = {x € {a,b,c}¥|x contains aa or ac as substring} is accepted by NBA M’

bc ‘Dabc
/

‘ ‘
\_/
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w-regular sets are closed under complement
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w-regular sets are closed under complement

for NBA M = (Q,X,A,S,F) and states p, g € Q
> Lpg = {x€T* g€ A({p},x)}
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w-regular sets are closed under complement

for NBA M = (Q,X,A,S,F) and states p, g € Q
> Lpg = {x€T* g€ A({p},x)}

> L5y = Lor - Liq
fEF
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w-regular sets are closed under complement

for NBA M = (Q,X,A,S,F) and states p, g € Q
> Lpg = {x€T* g€ A({p},x)}

> L5 = Lor - Liq
fEF

relation ~y on X* for NBA M = (Q,%X,A,S,F): u~yvifforall p,qgeQ

UELpg <= VElLpg
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w-regular sets are closed under complement

for NBA M = (Q,X,A,S,F) and states p, g € Q
> Lpg = {x€T* g€ A({p},x)}

> L5 = Lor - Liq
fEF

relation ~y on X* for NBA M = (Q,%X,A,S,F): u~yvifforall p,qgeQ

UELyy <« VELy and wuel), <« velL,
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NBA M

ab
—O_G
a
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NBA M
ab
—O_G
a

>a7émb

B universitat i i
B hhebrack 25W  Automata and Logic lecture 9 2. Complementation 11/27



NBA M

b
ab
—O_G
a

>a7émb: a¢Lzzandb€L22
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NBA M

b
ab
—O_G
a

>a7émb: a¢Lzzandb€L22
» b oty bb
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NBA M

b
ab
—O_G
a

» a oy b: aé¢ly, and b €Ly,
» b ’7(’M bb: b¢L11 and bb € L1,
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NBA M

» a ¢y b:
>b7¢Mbe

» a ~y aaa

ab
—O_G
a

a §é Ly, and b € Ly,
b ¢ L,1 and bb € L1,
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NBA M

ab
—O_G
a

v

a 4y b: aé¢ly, and b €Ly,

» b ’7(‘M bb: b ¢L11 and bb € L1,
» a ~y aaa
» bb ~y bbb
AM_
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Lemma

@ ~y is equivalence relation of finite index
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Lemma

@ ~y is equivalence relation of finite index

@ each equivalence class of ~y, is regular
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~y is equivalence relation of finite index

each equivalence class of ~y is regular

for string u € ©*
» Qu ={(P.g) €QxQ|u€lpg}
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~y is equivalence relation of finite index

each equivalence class of ~y is regular

for string u € ©*
> Qu ={(p,q) €QxQ|u€Lpg}
> O} ={(p,q) €QxQ|ueLh,}
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~y is equivalence relation of finite index

each equivalence class of ~y is regular

T
for string u € ©*

» Qu ={(P.g) €QxQ|u€lpg}

> Qf ={(p.q) €QxQ|ucLhy)

Q.=0x0—-0Q,

Qf,=0x0Q-0/

v

v
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~y is equivalence relation of finite index

each equivalence class of ~y is regular

T
for string u € ©*

» Qu ={(P.g) €QxQ|u€lpg}

> Qf ={(p.q) €QxQ|ucLhy)

» O, =0Xx0—-0Q,

» Q1 ,=0x0-0f

[ulwy = m pqﬁm’-

(p,q) €Qu (p,q)€Qf
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~y is equivalence relation of finite index

each equivalence class of ~y is regular

T
for string u € ©*

» Qu ={(p,q) €QxQ|uclpg}

> Qf ={(p.q) €QxQ|ucLhy)

» O, =0Xx0—-0Q,

» Q1 ,=0x0-0f

[ul~y = mpqﬁml- - UL‘?UU

(P, ) €Qu (P;q)€Q] (P, 9)€EQ-u (P, q eOiu
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» NBA M b
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» NBA M b

» L, = L((b+aa*b)*)
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» NBA M b

» L, = L((b+aa*b)") = L((a*b)*)
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» NBA M b

v Ly, = L((b+aa*b)*) = L((a"b)*)
Ly, = L((b+ aa*b)*aa®)
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» NBA M b

b
- Ly = L((b+aab)") = L((a"b)")
L, = L((b+ aa*b)*aa*) = L((a*b)*a™)
AM_
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~ NBA M b a

» L, =L((b+aa*b)*) = L((a*b)")
Ly, = L((b+ aa*b)*aa*) = L((a*b)*a™) = L((a + b)*a)
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» NBA M b a
fed
b

» L, =L((b+aa*b)*) = L((a*b)")
Ly, = L((b+ aa*b)*aa*) = L((@*b)*a™) = L((a + b)*a)
Ly, = L((a + bb*a)*bb*) = L((b*a)*b™) = L((a + b)*b)
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» NBA M b a
fed
b

» Ly, = L((b+aa*b
L, =L((b+aa*b
Ly, = L((a +bb*a
Ly, = L((a + bb*a

") = L((@"b))
*aa*) = L((a*b)*a™) = L((a + b)*a)
“bb*) = L((b*a)*b") = L((a + b)*b)
") = L((b*a)")

~— ~— ~— ~—
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» NBA M b

b
> Ly = L((a*b)")
Ly, = L((b*a)")
AM_
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» NBA M b

b
> Ly = L((a"b)") Ly =L -Ln
Ly, = L((b*a)")
AM_
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» NBA M b a
fed
b

» Ly, = L((a*b)*) LY, = Lip-Ly = L((a+b)*a(a + b)*b)
L, =L((a+b)*a)
Ly, = L((a +b)*b)
Ly, = L((b*a)")
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» NBA M b a
fed
b

» Ly, = L((a*b)*) LY, = Lip-Ly = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LYy =Li-Ly
Ly, = L((a +b)*b)
Ly, = L((b*a)")
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» NBA M b a
fed
b

» Ly, = L((a*b)*) LY, = Lip-Ly = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =Ly Ly = L((a+b)*a(b*a)*)
Ly, = L((a +b)*b)

Ly, = L((b*a)")
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» NBA M b a
fed
b

» Ly, = L((a*b)*) LY, = Lip-Ly = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =Lz Ly = L((a+b)*a(b*a)*) = L((a + b)*a) = L1»
Ly, = L((a +b)*b)
Ly, = L((b*a)")
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~ NBA M b a

() a ()
—@T

> Ly; = L((@*b)*) LYy = L2 - L1 = L((a + b)*a(a + b)*b)
Ly, = L((a+b)*a) LY, = L2 Ly = L((a + b)*a(b*a)*) = L((a +b)*a) = L1
Ly = L((a+b)*b) Ly = Ly - Loy = L((b*a)*(a + b)*b) = L((a + b)*b) = Lxn

Ly, = L((b*a)")
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> Ly = L((a*b)")
L, =L((a+b)*a)
Ly, = L((a +b)*b)
Ly, = L((b"a)")

L} = L1
L, = L1
Ly = Lo
L = Lo

b a

() a ()
—@T

-Ly1 = L((a+ b)*a(a+ b)*b)

Ly, = L((a+b)*a(b*a)*) = L((a + b)*a) = L1,
Loy = L((b*a)"(a + b)*b) = L((a + b)"b) = L
Ly = L((b*a)*) = Ly

lecture 9
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» NBA M b a

» L, = L((a"h)¥) qu = L((a+b)*a(a + b)*b)
L, = L((a+b)"a) Ll =L
Ly, = L((a+b)*b) Ly =Ln
Ly, = L((b"a)") L5, = Ly
AM_
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» NBA M b 5

» Ly, = L((a*b)*) LY, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly, = L((b™a)") ng = Ly

> [G]NM =1L11 NLy»mN ng
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» NBA M b 5

()
@ 0

» Ly, = L((a*b)*) LY, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly, = L((b™a)") ng = Ly

> [e]low = L NLya N LS, — (Liz ULy U LY, ULS, ULE)
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» NBA M b 5

()
@ 0

» Ly, = L((a*b)*) LY, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly, = L((b™a)") ng = Ly

> €]y = L NLya N LS, — (Liz ULy ULT, ULY, ULS) = Lin Nikyy — (L1p ULy ULY)
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» NBA M b 5

()
@ 0

» Ly, = L((a*b)*) LY, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly, = L((b™a)") ng = Ly

> [G]NM = L]_1 N L22 M ng — (L12 U I_21 U L?I.l U L§.2 U Lf21) = I_11 n L22 - (L12 U L21 U Lg.l) = {6}
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>~ NBA M b R

()
@ 0

> Ly = L((a*b)") Ly, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly; = L((b*a)") Ly =Ly

> [ely = {€}

[a]NM =L, NLy — (L11 ULl U Lf11)
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» NBA M b 2

()
@ 0

> Ly = L((a*b)") Ly, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly; = L((b*a)") Ly =Ly

> [ely = {€}

[a]NM =L, NLy — (L11 ULl U Lf11) = L((a =4 b)*a)

B universitat i i
B hhebruck 25W  Automata and Logic lecture 9 2. Complementation 13/27



>~ NBA M b R

()
@ 0

> Ly = L((a*b)") Ly, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly; = L((b*a)") Ly =Ly

> [ely = {€}

[a]~ = L((a+b)°a)
[b]~y = L11 N Lo1 — (L12 U Ly U Lfll)
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>~ NBA M b R

()
@ 0

> Ly = L((a*b)") Ly, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly; = L((b*a)") Ly =Ly

> [ely = {€}

[a]~, = L((a+b)*a)
[b]~, = L11 N Lo1 — (L12 U Ly U LY;) = L((a + b)*b) — L((a + b)*a(a + b)*b)
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>~ NBA M b R

()
@ 0

> Ly = L((a*b)") Ly, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly; = L((b*a)") Ly =Ly

> [ely = {€}

[a]~, = L((a+b)*a)
[bley = L11 N Ly1 — (L12 U Ly U LY,) = L((a + b)*b) — L((a + b)*a(a + b)*b) = L(b™)

B universitat i i
B hhebruck 25W  Automata and Logic lecture 9 2. Complementation 13/27



>~ NBA M b R

()
@ 0

> Ly = L((a*b)") Ly, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly; = L((b*a)") Ly =Ly

> [ely = {€}

[a]~, = L((a +b)"a)
[b]~, = L(b™)
[@ab]~, = L11 NLy N LY, — (L2 U Ly)
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>~ NBA M b R

()
@ 0

> Ly = L((a*b)") Ly, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly; = L((b*a)") Ly =Ly

> [ely = {€}

[a]~, = L((a+b)*a)
[b]~, = L(bT)
[ab]~, = L1 N Loy N LY — (L2 U Ly) = L((a+ b)*a(a + b)*b)
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()
@ 0

> Ly = L((a*b)") Ly, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly; = L((b*a)") Ly =Ly

> [ely = {€}

[a], = L((a +b)"a)
[b]~, = L(bT)
[ab]~, = L((a + b)"a(a + b)*b)

B universitat i i
B hhebruck 25W  Automata and Logic lecture 9 2. Complementation 13/27



~ NBA M b a

()
@ 0

» Ly, = L((a*b)*) LY, = L((a+b)*a(a + b)*b)
L, = L((a+b)*a) LY, =L
L,; = L((a+b)*b) L5, =Lxn
Ly, = L((b™a)") ng = Ly
> €]y = {€}
[a]l~, = L((a + b)"a) [e]oy U [a]~y U [b]~, U [ab]., = {a,b}"

[b]~, = L(bT)
[ab]~, = L((a+b)"a(a+b)*b)
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Lemma

forall x € U-V“ with equivalence classes U and V of ~y
» xeLM) = U-V¥ CL(M)
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forall x € U-V“ with equivalence classes U and V of ~y
xeLM) = U-V¥CL(M)
xX¢LM) = U-V¥C~L(M)

» X =UviVy--- withueU and v, eV —{¢} forall i > 1
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forall x € U-V“ with equivalence classes U and V of ~y
xelLM) = U-V¥CL(M)
xX¢LM) = U-V¥C~L(M)

» X =UviVy--- withueU and v, eV —{¢} forall i > 1

» arbitrary x’ € U-V* can be written as u'vjv5--- with v/ € U and v/ € V — {e} forall i > 1
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forall x € U-V“ with equivalence classes U and V of ~y
xeLM) = U-V¥CL(M)
xX¢LM) = U-V¥C~L(M)

» X =UviVy--- withueU and v, eV —{¢} forall i > 1

» arbitrary x’ € U-V* can be written as u'vjv5--- with v/ € U and v/ € V — {e} forall i > 1

» U~y U and v;~y Vv, forall i > 1
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forall x € U-V“ with equivalence classes U and V of ~y
xeLM) = U-V¥CL(M)
xX¢LM) = U-V¥C~L(M)

» X =UviVy--- withueU and v, eV —{¢} forall i > 1

» arbitrary x’ € U-V* can be written as u'vjv5--- with v/ € U and v/ € V — {e} forall i > 1

» u~yu and v~y Vv, foralli>1 = x and x’ have essentially same runs
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Theorem (Ramsey)

every infinite k—colored complete graph contains infinite complete monochromatic subgraph
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue

» construct infinite sequences wg, wy, ... € V and Vg, V1, ... CV
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue

» construct infinite sequences wg, wi, ... € V and Vg, Vi, ... C V inductively:

» wo = Vo and Vj is infinite subset of V such that all edges
{woVv | v € Vy} are same color
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue

» construct infinite sequences wg, wi, ... € V and Vg, Vi, ... C V inductively:
» wo = Vo and Vj is infinite subset of V such that all edges
{woVv | v € Vy} are same color

» w1 is arbitrary node in V; and Vj; is infinite subset of V; such that all edges
{Wjs1v | v € Vj;1} are same color
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue
» construct infinite sequences wg, wi, ... € V and Vg, Vi, ... C V inductively:

» wo = Vo and Vj is infinite subset of V such that all edges
{woVv | v € Vy} are same color

» w1 is arbitrary node in V; and Vj; is infinite subset of V; such that all edges
{Wjs1v | v € Vj;1} are same color

» i <j<k = w,weV
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue
» construct infinite sequences wg, wi, ... € V and Vg, Vi, ... C V inductively:

» wo = Vo and Vj is infinite subset of V such that all edges
{woVv | v € Vy} are same color

» w1 is arbitrary node in V; and Vj; is infinite subset of V; such that all edges
{Wjs1v | v € Vj;1} are same color

» i <j<k = w,wceV; = edges w;w; and w;w, are same color
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue
» construct infinite sequences wg, wi, ... € V and Vg, Vi, ... C V inductively:
» wo = Vo and Vj is infinite subset of V such that all edges
{woVv | v € Vy} are same color
» w1 is arbitrary node in V; and Vj; is infinite subset of V; such that all edges
{Wjs1v | v € Vj;1} are same color
» i <j<k = w,wceV; = edges w;w; and w;w, are same color
» w; is blue-based (red-based) if edge w;w; is blue (red) forall j > i
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue
» construct infinite sequences wg, wi, ... € V and Vg, Vi, ... C V inductively:
» wo = Vo and Vj is infinite subset of V such that all edges
{woVv | v € Vy} are same color
» w1 is arbitrary node in V; and Vj; is infinite subset of V; such that all edges
{Wjs1v | v € Vj;1} are same color
» i <j<k = w,wceV; = edges w;w; and w;w, are same color
» w; is blue-based (red-based) if edge w;w; is blue (red) forall j > i
» pigeon-hole principle: 3 wj,, wj,, ... such that all elements have same color base
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every infinite k—colored complete graph contains infinite complete monochromatic subgraph

Proof (for k = 2)

» V = {v;|ie N} is arbitrary countable subset of nodes of given graph; 2 colors: red blue
» construct infinite sequences wg, wi, ... € V and Vg, Vi, ... C V inductively:
» wo = Vo and Vj is infinite subset of V such that all edges
{woVv | v € Vy} are same color
» w1 is arbitrary node in V; and Vj; is infinite subset of V; such that all edges
{Wij;1v | v € Vi;1 } are same color
» i <j<k = w,wceV; = edges w;w; and w;w, are same color
» w; is blue-based (red-based) if edge w;w; is blue (red) forall j > i
» pigeon-hole principle: 3 wj,, wj,, ... such that all elements have same color base
> W;,, Wj,, ... induces infinite complete monochromotic subgraph
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Lemma

for all x € X% there exist equivalence classes U and V of ~y suchthat x e U-V¥
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for all x € 2 there exist equivalence classes U and V of ~y suchthat xe U V¥

» X = gpazady -
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for all x € 2 there exist equivalence classes U and V of ~y suchthat xe U V¥

» X = gpazady -

» forall i <j "color" ¢; is equivalence class of ~y containing finite substring x; = a;- - - a;
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for all x € 2 there exist equivalence classes U and V of ~y suchthat xe U V¥

» X = gpazady -

» forall i <j "color" ¢; is equivalence class of ~y containing finite substring x; = a;- - - a;

» ~y is of finite index
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for all x € 2 there exist equivalence classes U and V of ~y suchthat xe U V¥

» X = gpazady -

» forall i <j "color" ¢; is equivalence class of ~y containing finite substring x; = a;- - - a;
» ~y is of finite index = (theorem of Ramsey)

3 equivalence class V and infinite subset S of N such that x; € V forall /,j €S with i <
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for all x € 2 there exist equivalence classes U and V of ~y suchthat xe U V¥

» X = gpazady -

» forall i <j "color" ¢; is equivalence class of ~y containing finite substring x; = a;- - - a;
» ~y is of finite index = (theorem of Ramsey)

3 equivalence class V and infinite subset S of N such that x; € V forall /,j €S with i <
» U=[ao---ak-1]., where k = min(S)
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for all x € 2 there exist equivalence classes U and V of ~y suchthat xe U V¥

» X = gpazady -

» forall i <j "color" ¢; is equivalence class of ~y containing finite substring x; = a;- - - a;
» ~y is of finite index = (theorem of Ramsey)

3 equivalence class V and infinite subset S of N such that x; € V forall /,j €S with i <
» U=[ao---ak-1]., where k = min(S)
» xeVuU-vv
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Corollary

~L(M) =J{U-V¥ |U and V are equivalence classes of ~y suchthat U-V* NL(M) = o}
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Corollary

~L(M) =J{U-V¥|U and V are equivalence classes of ~y such that U-V* N L(M) = &}

Corollary

~L(M) is w-regular for every NBA M
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Corollary

~L(M) =J{U-V¥ |U and V are equivalence classes of ~y suchthat U-V* NL(M) = o}

Corollary

~L(M) is w-regular for every NBA M

» construction is double exponential
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Corollary

~L(M) =J{U-V¥ |U and V are equivalence classes of ~y suchthat U-V* NL(M) = o}

Corollary

~L(M) is w-regular for every NBA M

» construction is double exponential:
if M has n states then NBA for ~L(M) has 22°" states
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https://doi.org/10.1109/SFCS.1988.21948

Corollary

~L(M) =J{U-V¥ |U and V are equivalence classes of ~y suchthat U-V* NL(M) = o}

Corollary

~L(M) is w-regular for every NBA M

» construction is double exponential:
if M has n states then NBA for ~L(M) has 22°" states

» optimal construction (Safra 1988) produces 2°("'°¢") states
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» NBA M b a
() 2 ()
O =)
—_—
b
» equivalence classes of ~y:

0= {¢} @ =L((a+b)a) ® =L(b") ® = L((a+b)a(a+b)*b)
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~ NBA M b a

» equivalence classes of ~y:

0= {¢} @ =L((a+b)a) ® =L(b") ® = L((a+b)a(a+b)*b)

» U-V¥NLM) =g for U,Ve{0,0,0,0}?

M universitat 25W  Automata and Logic  lecture 9 2. Complementation 18/27
& innsbruck



~ NBA M b a

» equivalence classes of ~y:

0= {¢} @ =L((a+b)a) ® =L(b") ® = L((a+b)a(a+b)*b)

» U-VYNLM) =g for U,Ve{0,0,0,0}7? o 6ev ev oV
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~ NBA M b a

» equivalence classes of ~y:

0= {¢} @ =L((a+b)a) ® =L(b") ® = L((a+b)a(a+b)*b)

» U-VYNLM) =g for U,Ve{0,0,0,0}7? o 6ev ev oV
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~ NBA M b a

» equivalence classes of ~y:

0= {¢} @ =L((a+b)a) ® =L(b") ® = L((a+b)a(a+b)*b)

» U- V¢ NLM) =2 for U,VeE{0,0,0,0}7? o eY e+ o
0o ©
e ©
0 ©
0o ©
AM_
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» NBA M b

» equivalence classes of ~y:
0= {¢} ® = L((a+b)*a)

» U-V¥NLM) =g for U,Ve{0,0,0,0}?

0 = L(b*)

© = L((@+b)"a(a +b)b)
o eY e+ o
o © o
e « X
0 © 8
4]
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» NBA M b

» equivalence classes of ~y:
0= {¢} ® = L((a+b)*a)

» U-V¥NLM) =g for U,Ve{0,0,0,0}?

0 = L(b*)

0 = L((a+b)*a(a + b)*b)

ew ew ow

o0 O

e oo
o~ ~
o X
- ~
o oo
- ~
o X
- ~
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» NBA M b

» equivalence classes of ~y:
0= {¢} ® = L((a+b)*a)

» U-V¥NLM) =g for U,Ve{0,0,0,0}?

0 = L(b*)

0 = L((a+b)*a(a + b)*b)

o000

e oo .
o~ ~ -
o X .o
- ~ -
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» NBA M b

» equivalence classes of ~y:
0= {¢} ® = L((a+b)*a)

» U-V¥NLM) =g for U,Ve{0,0,0,0}?

» ~L(M) = (@OUOUOUO) (0°UBOv)

0 = L(b*)

© = L((@+b)"a(a +b)b)
o eY e+ o
o © o g g
e « B v o
0 © 2 L 8
o X . X .
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» NBA M b a

» equivalence classes of ~y:

0={ @=L(a+b)a) @=L

» U-V¥NLM) =g for U,Ve{0,0,0,0}?

0 = L((a+b)*a(a + b)*b)

» ~L(M) = (@UOUOUO) (0~ UB®-)={ab}{b}*

o eY e+ o
o © o g g
e « B v o
0 © 8 g 8
4]
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Outline

3. Intermezzo
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E]"ﬁCify with session ID
(Question |

What can be said about the equivalence relation ~y for the following NBA M ?

ab 5@7
—O 0

[elvy = {€}
ab ~y bb

a ~y x forall x € L(a(aa)*)

O O W >

ab ~y x forall x € L(ab*)
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4. Monadic Second-Order Logic
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» first-order variables V; = {x, y, ...} ranging over natural numbers

» second-order variables V, = {X, Y, ...} ranging over sets of natural numbers

» formulas of monadic second-order logic (MSO)
=L x<y | X(X) |~ | 1V | Ixp | IXe

with x, y € V1 and X € \\;
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» first-order variables V; = {x, y, ...} ranging over natural numbers

» second-order variables V, = {X, Y, ...} ranging over sets of natural numbers

» formulas of monadic second-order logic (MSO)
=L x<y | X(X) |~ | 1V | Ixp | IXe
with x, y € V1 and X € \\;

» assignment « is mapping from variables x € V; to N and X € V5 to subsets of N
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>

| 2

>

first—order variables V3 = {x, y, ...} ranging over natural numbers
second-order variables V, = {X, Y, ...} ranging over sets of natural numbers

formulas of monadic second-order logic (MSO)
pu= L x<y [X() | ~¢ | eV | Ixp | IX¢p
with x, y € V1 and X € \\;

assignment « is mapping from variables x € V; to N and X € V, to subsets of N

assignment « satisfies formula ¢ (a F ¢):

ak L

akFx<y << oax) <aly) aFE - — akFoy

a E X(x) — a(x) € aX) aEpiVy, <<= aFEpiorake
aF3Ix.e << a[x—n]FE e forsomeneN

aF3IX.p <= «a[X— N]E p for some subset N C N
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formula (Vx.x =0 — X(x)) A (Vx.X(x) = 3y.x <y AX(y))
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formula (Vx.x =0 — X(x)) A (Vx.X(x) = 3y.x <y AX(y))

» satisfiable: «(X) is infinite subset of N containing 0
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formula (Vx.x =0 — X(x)) A (Vx.X(x) = 3y.x <y AX(y))

» satisfiable: «(X) is infinite subset of N containing 0
» not satisfiable in WMSO
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formula (Vx.x =0 — X(x)) A (Vx.X(x) = 3y.x <y AX(y))
satisfiable: «(X) is infinite subset of N containing 0
not satisfiable in WMSO

» assignment « for MSO formula ¢ with FV(p) = (X1, ..., Xm, X1, ..., Xn)
is encoded as infinite string « € ({0,1}""")«

M universitat i i - i
thhebruck 25W Automata and Logic lecture 9 4. Monadic Second -Order Logic 23/27



formula (Vx.x =0 — X(x)) A (Vx.X(x) = 3y.x <y AX(y))
satisfiable: «(X) is infinite subset of N containing 0
not satisfiable in WMSO

Definitions

» assignment « for MSO formula ¢ with FV(p) = (X1, ..., Xm, X1, ..., Xn)
is encoded as infinite string « € ({0, 1 }™*")«:

a(x;)) =j if i-th entry of j—th symbol in « is 1
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formula (Vx.x =0 — X(x)) A (Vx.X(x) = 3y.x <y AX(y))
satisfiable: «(X) is infinite subset of N containing 0
not satisfiable in WMSO

Definitions

» assignment « for MSO formula ¢ with FV(p) = (X1, ..., Xm, X1, ..., Xn)
is encoded as infinite string a € ({0,1}"")«:
a(x;)) =j if i—th entry of j—th symbol in « is 1
a(Xi) = {Jj| (m+i)-th entry of j—th symbolin o is1}
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formula (Vx.x =0 — X(x)) A (Vx.X(x) = 3y.x <y AX(y))
satisfiable: «(X) is infinite subset of N containing 0
not satisfiable in WMSO

Definitions

» assignment « for MSO formula ¢ with FV(p) = (X1, ..., Xm, X1, ..., Xn)
is encoded as infinite string a € ({0,1}"")«:
a(x;)) =j if i—th entry of j—th symbol in « is 1
a(Xi) = {Jj| (m+i)-th entry of j—th symbolin o is1}

» infinite string over {0,1}™*" is m-admissible if first m rows contain exactly one 1 each
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formula (Vx.x =0 — X(x)) A (Vx.X(x) = 3y.x <y AX(y))
satisfiable: «(X) is infinite subset of N containing 0
not satisfiable in WMSO

Definitions

» assignment « for MSO formula ¢ with FV(p) = (X1, ..., Xm, X1, ..., Xn)
is encoded as infinite string a € ({0,1}"")«:
a(x;)) =j if i—th entry of j—th symbol in « is 1
a(Xi) = {Jj| (m+i)-th entry of j—th symbolin o is1}

» infinite string over {0,1}™*" is m-admissible if first m rows contain exactly one 1 each

» Lo(p) = {x € ({0,1}™M)“ | x is m-admissible and x F ¢}
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(X, X) = (Vy.y < x—=X(y)) A (3y.—X(y))
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(X, X) = (Vy.y < x—=X(y)) A (3y.—X(y))

> La(e) = (3)"[(6) + (D) Q) (IIG) + (D]
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(X, X) = (Vy.y < x—=X(y)) A (3y.—X(y))

> La(e) = (3)"[(6) + (D) Q) (IIG) + (D]

Theorem

Lo(p) is w-regular for every MSO formula ¢
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e(x,X) = (Vy.y < x—=X(y)) A (3y.—X(y))

La(p) = (2)"[(o) + (D)D) (@) + (D]”

La(¢p) is w-regular for every MSO formula ¢

proof similar to WMSO case, using (closure properties of) NBAs
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o, X) = (Vy.y <x—=X(y) A (By.—X(y))

> La(e) = (3)"[(6) + (D Q) IIE) + (D]

Theorem

La(¢p) is w-regular for every MSO formula ¢

proof similar to WMSO case, using (closure properties of) NBAs

Theorem

set A C Y% is w-reqgularif and only if A is MSO definable
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» {xe{a,b}¥||x| = oo} is represented by MSO formula

Vx.3y.x <y APay)
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» {xe{a,b}¥||x| = oo} is represented by MSO formula

Vx.3y.x <y APay)

» {xe{a,b}¥| |x|]s # o} is represented by MSO formula

Ix.Vy.x <y — Ppy)
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Outline

5. Further Reading
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Important Concepts

-~ > MSO

» monadic second-order logic » Ramsey’s theorem
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http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/09.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/10.pdf

Important Concepts

>~ > MSO

» monadic second-order logic » Ramsey’s theorem

homework for December 5
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http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/09.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/10.pdf

Important Concepts

>~ > MSO

» monadic second-order logic » Ramsey’s theorem

homework for December 5

homework for December 12
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http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/09.pdf
http://cl-informatik.uibk.ac.at/teaching/ws25/al/exercises/10.pdf
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